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On Morse -Smal e E n d o m o r p h i s m s 

M. Bri n an d Ya . Pesi n 

ABSTRACT. A  C^-ma p /  o f a  compac t manifol d M  i s a  Morse-Smal e endomor -
phism i f the nonwanderin g se t o f /  i s finite an d hyperboli c an d th e loca l stabl e an d 
global unstable manifolds o f periodic points intersect transversally . Morse-Smal e en -
domorphisms appea r naturall y i n th e dynamic s o f th e evolutio n operato r o n th e se t 
of traveling wav e solutions fo r lattic e model s o f unbounded media . Th e mai n resul t 
of this paper i s the opennes s o f the set of Morse-Smal e endomorphism s i n the spac e 
Cl(M, M)  o f C^-map s o f M  int o itself . Th e usua l orde r relatio n o n /  (give n by 
the intersections o f local stable and globa l unstable manifolds) i s used to describe th e 
orbit structur e o f / an d it s small C l -perturbations . 

§1. Introductio n 

Morse-Smale endomorphisms arise naturally in lattice models of unbounded me-
dia with the evolution operator of diffusion typ e (see, e.g., [AP]). For such systems, the 
dynamics of the evolution operator on the set of traveling wave solutions is completely 
determined by the following multi-dimensiona l Heno n type map 

F£{xi,...,xk,...,xn) =  {x2,... 9xk+u...,h(xk)+eg(x\,...,xn)), 

where x { e  R d, h  :  Rd -^  R d i s a  C r-diffeomorphism, r  >  1 , g :  Rdn - > R d i s a 
Cr-map, and e is sufficiently small . I f the map F£ i s chaotic, i.e., preserves an invariant 
mixing measure , the n th e lattic e syste m display s a  spatial-temporal  chaos,  i.e. , ther e 
exists a measure o n the se t of traveling wave solutions, which i s invariant an d mixin g 
with respec t t o bot h th e evolution operato r an d th e spac e translation operator . I t i s 
plausible that in several physically interesting  situations the dynamics of the map F£ i s 
completely determined b y the map h  for al l sufficiently smal l e. 

The first case  is when th e ma p h  ha s a  locally maximal hyperboli c set . On e ca n 
easily se e that th e map JF O also has a  locally maximal hyperboli c set . Not e tha t Fo  is 
not invertible , whereas F £ ma y b e a  diffeomorphism (thi s i s the case if , fo r example , 
one assumes that the matrix J^ - i s nondegenerate). Th e stability o f a locally maximal 
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36 M. BRI N AN D YA. PESIN 

hyperbolic set for a C l -endomorphism unde r smal l perturbations by endomorphisms 
(or diffeomorphisms) wa s established in [AP]. 

Another cas e is when the map h is a Morse-Smale diffeomorphism , i.e. , its non-
wandering set is finite and hyperbolic and the global stable and unstable manifolds of 
periodic points intersect transversally (sinc e h acts on Rd on e should also assume tha t 
infinity i s a repelling fixed point for h). 

From a physical point of view this situation often occur s when h is one-dimensio-
nal. Th e map FQ is (see [AP]) a Morse-Smale endomorphism,  i.e. , its nonwandering set 
is finite and hyperbolic and the local stable and global unstable manifolds o f periodic 
points intersect transversally (se e §2). 

In thi s contex t i t i s important t o kno w whethe r Morse-Smal e endomorphism s 
form a n ope n se t in the C 1-topology. Th e main resul t o f this pape r (se e Theorem 
4.1) provide s a positive answer . A  major stil l open questio n is whether Morse-Smal e 
endomorphisms are structurally semi-stable, i.e., a small C 1-perturbation o f a Morse-
Smale endomorphism is topologically semiconjugat e t o it. 

F. Przytycki [Prl , Pr2] studied regula r Axiom A endomorphisms (i.e. , those tha t 
are locally invertible). H e proved that an Axiom A endomorphism is structurally stable 
if and only if it is expanding or is a diffeomorphism . 

In §2 we formulate th e necessary properties of the stable and unstable manifolds . 
In §3 we define Morse-Smale endomorphisms and consider the usual partial order 

relation >  o n the set of nonwandering point s o f a Morse-Smale endomorphis m / , 
i.e., p  >  q if the unstable manifold o f p intersect s the local stable manifold o f q. We 
prove that >  is a partial orde r without cycles , and that there are 3 > 0  and e > 0 such 
that p  >  q  i f and only i f there i s an e-orbit o f / fro m th e ^-neighborhood o f p t o 
the 3-neighborhood o f q. Th e last property i s a major ingredien t i n the proof o f the 
openness of Morse-Smale endomorphisms in §4. 

§2. Stabl e and unstable manifolds for endomorphisms 

We begin wit h a  standard stabl e manifol d theore m fo r a differentiate ma p (see 
[Rob, Rue , Shu]). Le t p  b e a fixed  poin t o f a  C^-ma p f  :  U  -+  Rd. Denot e b y 
Es(p), E u(p) th e stable  an d unstable  subspaces  spanne d b y the generalize d eigen -
vectors o f df(p)  correspondin g t o th e eigenvalue s X  with |  X  | < 1  and |  X  | > 1 , 
respectively. Th e point p i s hyperbolic if no eigenvalue of df(p) ha s absolute value 1, 
or equivalently, E s{p) an d Eu(p) spa n R d. 

2.1. THEORE M (see [Rob, Rue, Shu]). Let  p be a hyperbolic fixed point of  a C[ -map 
f :  U —• Rd. Then  there exist local  stable W* oc{p) and unstable W^Q{p) manifolds with 
the following properties'. 

(1) the  manifolds W* oc(p) and W^ c(p) are  of class  C\  pass  through  p, and  are 
tangent at p to  the subspaces Es (p)  and Eu(p), respectively; 

(2) W* oc(p) and W^c{p) are  invariant under f, i.e., 

f(WfJp)) C  Wfjp),  f(W&(p))  D  W^{p); 

(3) there  are constants C  > 0 and AG (0,1 ) such that for any  n > 0, 

d{fnx,fny)<CXnd{x,y) 

ifx,y £  W ]lc{p)and 
d(f"x,f"y)>C2.-"d(x,y) 

iffkx, f«y  e  W&(p)for  k=0,l,...,n; 
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(4) there  isS >  0  such that 

Wf0C(p) =  {xeR d :  d(f nx,p)<SforaIln>0}, 

W^c{p) =  {x  eR d :  there  exist points x n e  R d such  that 

fnxn —  x andd(f kxn,p) <  S for all  n >  0  andk  =  0 , 1 , . . . ,n  }. 

The existence of the local unstable manifold W£ c(p) i s shown in [Shu ] (se e The-
orem 5.2) . Th e existenc e of the local stabl e manifold W* oc(p) i s proved i n [Rob ] (se e 
Theorem 10.1) . 

Denote by C l ( U, Rd) th e space of C x -maps of a neighborhood U  cR d int o R d 

with the C 1-topology. 

2.2. THEORE M (se e [Shu , Rue]) . Let  p  be  a  hyperbolic  fixed point  of  a  C x-map 
f: U  — • Rd. Then  for any  e >  0  there exists an  open neighborhood U.3 f  in  Cx (U,  R d) 
such that  every  g G  U has  a unique hyperbolic fixed point  in  the e -neighborhood of  p. 
The local stable and unstable manifolds of  this point depend  continuously on g eU. 

Let /  :  U  — > Rd b e a C^-ma p wit h a  hyperbolic fixed point p  e  U.  Defin e th e 
global unstable manifold W u(p) o f p b y 

Wu{p)=\Jf"{W&{p)). 
n>0 

We wil l nee d th e followin g lemm a whic h follow s directl y fro m th e A-lemm a (o r 
inclination lemma) o f Palis (see [PaMe]). 

2.3. LEMMA . Let  p  e  NW{f),  R,  e  >  0 . Let  G  be  a submanifold of  dimension 
k >  u(p)  which  intersects Wf^p)  transversally  at a  point x,  i.e.,  the  intersection of the 
tangent planes at  x has  dimension <  max(/: + s{p)  —  d, 0). 

Then there is n >  0  such that fnG contains  a submanifold G  which is C1 e-close  to 
the ball of radius RinWu{p) in  the induced metric. • 

§3. Morse-Smal e endomorphism s an d their orbi t structure 

Let / :  M — » M b e a C^-map of a compact d  -dimensional Riemannian manifol d 
M. Theore m 2.1 allows one to construct loca l stable and unstable manifolds W{ QC(p) 
and W^ocl/ 7) a nd th e global unstable manifold W u{p) fo r any hyperbolic/?£rzW/c point 
poff. 

3.1 DEFINITION . A  C^-ma p /  :  M -*  M  o f a  compact <i-dimensiona l manifol d 
M i s a Morse-Smale endomorphism  if 

(i) th e nonwandering se t NW{f)  i s finite and hyperbolic , i.e. , NW{f)  i s the se t 
Per(/) o f periodic points o f / an d al l of them are hyperbolic ; 

(ii) th e loca l stabl e an d globa l unstabl e manifold s o f periodi c point s intersec t 
transversally, i.e., if x e  W£ c{p)nWu{q) withp,q  e  Per( / ) , then Tx W(l c{p)& 
TxW

u{q) =  T xM. 

Note tha t i f /  i s an invertibl e Morse-Smal e endomorphis m the n i t i s a  Morse -
Smale diffeomorphism . 

It follow s immediatel y fro m th e definitio n tha t an y orbi t o f /  eventuall y enter s 
a smal l neighborhoo d o f NW(f)  an d stay s in i t forever . Thi s implie s th e followin g 
important property o f Morse-Smale endomorphisms . 
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38 M BRI N AN D YA . PESI N 

3.2. PROPOSITION . For  any x  e  M  there  is  n  >  0  and  p  e  NW(f)  such  that 
fnx e  wf oc(p). 

We assume now and for the remainder of this section that / :  M — » M  i s a Morse-
Smale endomorphism . Followin g Smale' s argument s i n th e proo f o f th e spectra l 
theorem fo r Axio m A  diffeomorphisms , w e defin e a  partia l orde r >  o n NW(f)  b y 
p>qif W u (p)  n Wf oc(q) ^  0 . A  point x i s called heteroclinic if x e  W u (p)  n  Wf oc(q) 
and transversal  heteroclinic if the intersection i s transversal. 

3.3. PROPOSITION . The  partial order  > is  transitive  and  has no cycles,  i.e., p\  > 
p2 >  •  • •  > pk  —  p\  implies  that /?/ — p\,  i  —  2,  3,..., k. 

PROOF. Fo r p  e  NM(f)  denot e b y s(p)  an d u(p)  th e dimension s o f Wf 0Q(q) 
and W u(p), respectively . I f p  >  q  the n u(p)  >  u(q)  b y th e transversalit y o f th e 
intersections o f loca l stabl e an d globa l unstabl e manifolds . Th e transitivit y o f > 
follows immediately from Lemm a 2.3. 

Assume no w tha t p\  >  pi  >  -  • -  > Pk  =  P\-  B y Lemm a 2. 3 applie d k  time s 
to W u(p\), th e submanifolds W u(p\) an d W^ oc{p\) intersect transversally a t a poin t 
x /  p\.  I t i s easy to se e that x  i s a nonwandering poin t o f / wit h a n infinit e orbit . 
This contradicts the fact tha t f  i s a Morse-Smale endomorphism. • 

For 8 > 0  denote by Us  {A) the ^-neighborhood o f A i n M . 

3.4. PROPOSITION . (1 ) For  every 3 >  0  there  is n{6) such  that every  finite orbit  of 
length at least n{8) must  enter  the 5-neighborhoodof NW{f),  i.e.,  for every  x G  M 

n(S) 

UfxftUsiNWif))^^ 

(2) For  every 8 >  0  there  is N{8) such  that  the  total  time  that  an  orbit  can  spend 
outside of the 8-neighborhood of  NW (f)  does  not exceed N(8), i.e.,  for every  x £  M, 

oo 

Y,XUs(NW(f)){fix)<N(5). 
i=0 

PROOF. Assum e tha t ther e i s a numbe r 8  >  0  and a  sequenc e o f point s x k suc h 
that f lxk £  U${NW{f))  fo r al l k an d al l /  <  n k, wher e nk — > o c as k  — > oo . Sinc e 
M i s compact, the sequence xk ha s a limit point x  whos e positive semiorbit obviousl y 
stays out o f Us  (NW{f)). A n co-limi t point o f x  i s a nonwandering poin t o f /  lyin g 
outside Us(NW(f)).  Thi s i s a contradiction , whic h prove s the first  statement . Th e 
second statement can be proved in a similar way. • 

A sequence of points Zk  G  M, k  =  1 , . . . , n, is called an e-orbit if  d(fzk,Zk+\) < 
e. W e formulate a n analog of Proposition 3. 4 for ^-orbits . Th e proof i s quite simila r 
to the proof o f Proposition 3.4 . 

3.5. PROPOSITION . For  every 8 >  0  there is n{8) >  0  and e >  0  such that for every 
e-orbit {zk},  k  —  1 , . . ., n with n >  n(8), 

n 

\Jzkf}us(Nw(f))^q>. a 
k=0 
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We will characterize the partial order > in terms of the behavior of the orbits of/ . 
We do this under the additional assumptio n tha t the nonwandering se t of /  consist s 
only of fixed points which is sufficient fo r the proof o f the perturbation Theore m 4.1. 
However, the corresponding arguments in the proofs of Propositions 3.8,3.9, and 3.1 1 
below can be easily modified t o work in the general case. 

Assume tha t an y poin t i n NW{f)  i s a  fixed point o f / . Denot e b y U#{x)  th e 
^-neighborhood o f x G  M. 

Given S > 0  and p,  r  G  NW(f) w e say that r  S-follows p i f there exist a sequence 
of points xn G  M an d sequences of integers an, b n, c n — » oo, a n <b n <  c n suc h that 

1. x n — > p an d f c"xn — • r ; 
2. f kxn G  Us(p) for O <  k  <  a n an d f kxn G  Us(r) fo r b n <  k <  c n; 
3. f kxn £  U s(NW(f)) for  an <k<b n. 

We need the following tw o lemmas. 

3.6. LEMMA . Let  p,  q  G  NW(f) and  assume  that  there  are sequences of  points 
xn — • p  and  integers  t n •— » oo such  that  f tnxn — > g. 77z£/ 7 there  exists  a  point 
r G  NW(f) such  that  r  S-follows  p,  a  sequence of points y n G  M and  a sequence of 
integers kn such  that yn — » r, f k"yn —>  q  andkn -^  oo  as n -^  oo. 

PROOF. Give n n >  0, we associate to each collection of points f lxn,i =  0,...,t n, 
a word 

in th e followin g wa y Th e orde r o f point s /? z- ( w), 7 =  1, . . . ,m(n), correspond s t o 
the order in which the trajectory f lxn,i =  1, . . . ,k(n),  enter s the ^-neighborhoods of 
nonwandering points p\,..., p s an d the number kj(n), j  =  1 , . . . ,m(n),  i s the amount 
of time the trajectory spend s in the corresponding neighborhood . Sinc e tcn >  0 0 as 
n — • 00 , it follows from Propositio n 3. 5 that 

1. ther e exist M >  0 such that m  («) <  M  fo r any n >  0 ; 

2. YlT=\  kj{n)  — > 00 as « — * 00. 
We claim that there exists a point ps =  r  e  NW(f)  an d a subsequence of words iu («/) 
such that k s(ni) — • 00 as /  — > 00 and fcy(«/) <  cons t fo r al l 7 =  1 , . . . , 5  -  1  and al l 
/. I t is easy to se e that r  <5-follows /?. To prove the claim consider the smallest index j 
for which the sequence kj(n) i s unbounded. Le t kj(nj)  — > 00. Sinc e there are finitely 
many possibl e values fo r th e index / 7-(«/), we can pass to a  subsequenc e an d assum e 
that there is s suc h that / / («/) =  s  fo r al l /, and the claim follows. • 

3.7. LEMMA . Ifp,  r  G  NW(f) are  two points  such  that r  S-follows p,  then  p >  r. 

PROOF. Sinc e the poin t r  <5-follows p,  w e have the correspondin g sequence s x n, 
&n, bn,  c n. Le t y n —  fa"+]xn. Le t y  b e a  limi t poin t o f th e sequenc e {y n}- Sinc e 
yn i  UsiNWif)),  w e have that y  i  U siNWif)). Clearl y ther e i s K >  0  such tha t 
fky G  Us  (r) for all k >  K. Henc e for sufficiently smal l S, by Statement 4 of Theorem 
2.1, f Ky G  W?ocir). Similarly , one can show that y  G  Wuip). D 

The following proposition i s an immediate corollary of Lemmas 3.6 and 3.7 . 

3.8. PROPOSITION . Let  p,  q  G  NWif)  and  assume  that  there  are  sequences  of 
points x n — > /? and integers tn -*  o o such that f tnxn — > #. 77ẑ « p >  q.  • 

Licensed to Penn St Univ, University Park.  Prepared on Wed Aug  2 21:42:11 EDT 2023for download from IP 132.174.254.159.



40 M BRI N AN D YA . PESI N 

3.9. PROPOSITION . There  exists So > 0  such that for any  S <  So the  following holds. 
Whenever p, q  G  NW(f) and  there is a point x  G  Us  {p) for which  fkx G  Us{q)  for 
some k >  0,  we have p >  q. 

PROOF. Assum e th e contrary . The n ther e exis t number s S n — » 0 , k n — > o c an d 
points p, q  G  NW(f), x n G  £/<$„ (/?) such that f knxn G  £fcn (#) and i t is not true tha t 
p >  q.  Thi s contradicts Proposition 3.8 . • 

3.10 Remark . On e ca n prov e th e followin g stronge r versio n o f Propositio n 3.9 . 
For any a >  0  there is So > 0 such that fo r an y S <  So, whenever p,  q  G  NW(f) an d 
there is a point x G  Us (p) fo r which fkxe Us  (q) for some k >  0, we have /? > q  and 
there is a heteroclinic point ^ G  Wu{p) n  W^Ctf ) wit h <af(*, .y) <  a . 

An analog of Proposition 3. 9 holds true for e-orbits . 

3.11. PROPOSITION . For  any positive S  <  So/4  there  is e >  0  such that,  whenever 
p, q  G  NW(f) and  there is an e-orbit {z^}  with  z\ G  Us{p) and  zn G  Us{q), we  have 

p>q-

PROOF. Le t p, q,  z n b e as above. On e can find a  point r  G  NW(f)  an d number s 
a, b,  an d c  such that z ^ G  %(/?) fo r k  =  1 , . . . , a, z^  G  £^(r ) fo r A : =  b, ..., c,  an d 
^ ^  U s(NW(f)) fo r fc = «  + 1 , . . . , b.  B y Proposition 3.4 , 0 <  b  - a  <  n(S/2)  fo r a 
sufficiently smal l e. Therefore , if e is small enough, then there exists a point x e  Us  (p) 
for which fkx G  %(r) fo r som e k >  0. Thu s by Proposition 3.9 , p >  r. 

We repeatedly appl y the abov e argument t o th e e-orbit , an d th e proposition fol -
lows. • 

§4. Perturbatio n theore m 

Denote by C l (M,  M) th e space of C x-maps o f M. 

4.1. THEOREM . Let  f  \  M -^  M  be  a Morse-Smale endomorphism.  Then  there  is 
So > 0  such that  for any  positive S  <  So  there exists an  open neighborhood U  3  f  in 
Cl(M, M)  with  the  property that  any g <EU  is  a Morse-Smale endomorphism  and 

1. there  is  a bijection %  : NW(f)  — • NW(g) with  d(p,  %(p))  <  S  for any  p  G 
NW{f\, 

2. for  p\,p 2 G  NW(f) we  have px <  p2 if  and only if'x(pi) <  x(pi)\ 
3. for  any  q\,  qi  G  NW(g) we  have that  q\  <  q 2 if  and  only  if  there  is  a point 

x G  Us^qi) such  that gk x  G  U§{q\) for some  k >  0. 

PROOF. Th e followin g lemm a allow s us t o reduc e th e theore m t o th e cas e whe n 
NW{f) consist s only of fixed points. 

4.2. LEMMA . If  g is  a C l-map of  M such  that gm is  a Morse-Smale endomorphism 
then g is  a Morse-Smale endomorphism. 

PROOF O F LEMM A 4.2 . I t i s sufficien t t o sho w tha t an y poin t x  £  NW(g m) i s a 
wandering point fo r g.  I f x i s such a point then , by Proposition 3.2 , gmnx G  W* oc(p) 
for som e n >  0 and p  G  NW(gm). Hence , x i s a wandering point under g. • 

From now on, by switching to the corresponding power, we assume that NW(f) 
consists only of fixed points. T o show that an y g clos e enough to /  i s a Morse-Smal e 
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endomorphism w e have to prov e tha t i t satisfie s propertie s (i ) an d (ii ) o f Definitio n 
3.1. 

Fix 8 >  0 . B y standard transversalit y arguments , i f g i s close enough t o / , the n 
for an y p  G  NW{f) ther e is a unique hyperbolic fixed point q  =  %(p)  of g suc h tha t 
d{p, q)  <  8. Le t x  b e a nonwandering poin t of g. The n arbitrarily close to x  ther e is 
a point y an d an arbitrarily large k suc h that the finite orbit O —  {y, gy,..., g ky} i s a 
closed e -orbit of /. I f 8 and U are small enough, Propositions 3. 8 and 3.11 imply that 
O lies in a small neighborhood o f a fixed point p G  NW{f). I t follows that x =  %(p). 
This completes the proof of property (i) . 

To prove (ii) we assume the contrary. The n there is a sequence of C 1 -maps gn tha t 
converges to / i n the C 1-topology an d each map gn ha s a nontransversal heterodini c 
point. T o simplify the notation in the arguments below we use the following convention: 
p (possibl y with an index) denote s a  fixed point of / , q(n)  (possibl y with a n index) , 
denotes a  fixed point o f gn, W

u(p), denote s the unstable manifold o f / , W u(q(n)), 
denotes the unstable manifold o f gn, an d similarl y fo r th e local stable manifolds. B y 
passing t o a  subsequence , i f necessary, w e can assum e tha t fo r an y sufficientl y smal l 
8>0 

1. ther e ar e fixed points po  >  p\  >  •  •  •  > pi  o f /  an d fixed  point s qj{n),  j  = 
0 , 1 , . . . , /  o f gn suc h that qj  (n) — • pj  a s n —» oo ; 

2. ther e ar e nontransversa l heterodini c point s y n e  W u(qo(n)) n  W{ 0Q{qi(n)) 
with th e commo n uni t vector s v n o f th e tangen t space s suc h tha t KS  < 
d(yn, <2 7 W) <  8  fo r som e K  >  0 , th e sequenc e {y n} converge s t o a  poin t 
y e  Wf oc(qi(n)) 3ndv n - > v  G  TyWf0C(Pl), \\v\\  = 1 ; 

3. ther e are points xn G  ^Vu(qo(n)) suc h tha t 

d(xn, qo{n))  <  3 <  d(gnxn, qo(n)), 

and the sequence {x n} converge s to a point x  G  Wu (/? 0); 
4. ther e ar e sequence s o f integers ao{n)  =  0  <  bo{n)  <  a\{n)  <  b\{n)  <  •  •  •  < 

ai(n) <  b[(n) suc h that for j  —  1 , . . . ,/ an d n  —  1,2,..., 

gl
nxn G  U3{qj(n)) if  a j{n) <  i  <  bj{n) 

and 

gn*n i  U 3(NW{gn)) ifbj(n)  <  i  < a j+l(n)\ 

c ai{n) 

Clearly d{x,p 0) <  3, d{fx,p 0) >  3  and d(y,p t) <  8. Hence , d{x,p0) >  C3,  where 
C =max X G M | |< i / (x ) | | . 

By Proposition 3.4 , 

i-\ 

Y,{aj+iW-bj(n))<N(S). 
7=0 

Assume first  that ai(n)  -  bo(n)  i s bounded uniforml y i n n.  The n y  =  f kx fo r som e 
k >  0 , and hence , y G  Wu(po). Therefor e y  i s a nontransversal heterodini c poin t o f 
/ . Thi s is a contradiction . 
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Suppose no w tha t a\{n)  —  b§{n) i s no t bounde d i n n.  Then , b y passin g t o a 
subsequence, decreasing S, and deleting some of the fixed point s if necessary, we may 
assume that for ever y j =  1 , . . . , / - 1 

6. bj{n)  -  aj(n)  — > oo as n — > oo and th e difference aj+\(n)  -  6/(w ) eventuall y 
becomes constant (whic h we denote by kj)\ 

7. th e sequence s o f point s g„ } x n an d g n'
 n  x n converg e t o point s z 7- and WJ 

respectively. 
For convenience , we set w0 =  x  an d zi  =  y.  Not e tha t Zj  G  W{oc{pj) C)  W u(pj_\) is 
a heteroclinic point of / . 

In the argumen t belo w we need to compare tw o subspace s i n the tangent space s 
at tw o differen t point s lyin g i n th e ^-neighborhoo d o f pj  fo r j  =  0 , . . . , / . Fo r a 
sufficiently smal l S,  w e identif y th e neighborhoo d wit h a  bal l i n R d. W e paralle l 
translate any subspace a t any point to 0 and calculate the distance between subspace s 
at 0 using, for example , the Grassmann metric . 

Consider th e image E n c  T ynM o f the tangent spac e to W u(q$(n)) a t x n unde r 
dgw .  To obtain a  contradiction w e will show that fo r an y e >  0  and al l sufficientl y 
large n there is a subspace V n C  En whic h is £-close to T y W

u (pi_  x ) an d not transver -
sal to Wf oc(qi(n)). Thi s means tha t W u(pi_i) an d W* oc(pi) are not transversa l a t y 
which is impossible. 

We need the following lemmas . 

4.3. LEMMA . For  any p  >  0  there  are a >  0  and a neighborhood V  3  f,V  C  U 
such that for any  j =  0 , . . . , /  the  following holds  true: if  x is  a point withd(x,  Wj)  <  a, 
E c  T XM is  a subspace a-close to  T Wj W

u(pj), and  g G  V, then  d(gkJx, z 7-+1) <  p 
and the subspace dgk]E is  P-close to TZ]+l W

u (pj). 

PROOF OF LEMMA 4.3 . W e have by Proposition 3.4(1 ) tha t kj  <  n(S)  fo r al l j an d 
the lemma follows. • 

4.4. LEMMA . For  any y  >  0  there are p >  0  and a neighborhood W 3  / , W  C  U 
such that for any  j =  0,..., /  the  following holds  true: if  x is  a point with  d(x, zf)  <  p, 
E C  T XM is  a subspace P-close to TZf W

u(pj_\), andg  G  V is such that d(gkx, Wj)  < 
P for some  integer  k >  0 , then  the  subspace d xg

kE contains  a  subspace E'  which  is 
y-close to  TWj W

u{pj). 

PROOF O F LEMM A 4.4 . Recal l tha t z 7-, j =  1 , . . . , / ar e transversa l heteroclini c 
points of /. A s before, we identify th e ^-neighborhoods of/?/ s wit h balls in Rd an d 
use paralle l translatio n i n R d t o identif y subspace s a t differen t points . B y Theore m 
2.2, fo r a sufficiently smal l S >  0, any g close enough to / ha s a unique hyperbolic fixed 
point qj  =  qj(g)  i n Us(pj),  whic h depend s continuousl y o n g\  th e loca l stabl e an d 
unstable manifolds o f g a t qj  depen d continuously o n g  i n the C l -topology. Denot e 
by F  th e orthogona l complemen t t o T Zj W*oc {pj) i n E  an d vie w i t a s a  submanifol d 
passing through x.  I t follows fro m th e remarks abov e that i f g i s sufficiently clos e t o 
/ an d P  is small enough, the n th e submanifold F  intersect s Wf oc(qj) transversall y a t 
a point tha t i s C/?-close to x  an d z 7-, where C  >  0  does not depend on p  an d g. Not e 
that k  — > oo as P  — > 0. Hence , by the /l-lemma of Palis (se e [PaMe]) fo r a  sufficientl y 
small p we have that d xg

kF i s y-close to T W] W
u(pj). • 

We now complete th e proo f o f the theorem . Recal l tha t z / =  y  an d W u(pi_{) 
intersects Wf oc(pi) transversall y a t y.  Therefore , th e difference betwee n an y two uni t 
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vectors, one from T y lV {
s
0C(pi) and anothe r fro m T y W

u(pi__\), i s uniformly bounde d 
away fro m 0 . W e choos e th e first  vecto r t o b e th e accumulatio n vecto r v  o f th e 
common vector s v n fo r th e nontransversa l intersection s above . B y movin g bac k 
from pi  t o po  an d applyin g repeatedl y Lemma s 4. 3 an d 4.4 , w e construc t vector s 
con G  TXn W\o C(qoW) such tha t th e vector w n =  dg a'^vn i s arbitrarily clos e to th e 
space T y W

u(pi_i) fo r a  sufficiently larg e n.  W e multiply v n b y appropriate positiv e 
numbers to get wn o f unit length and obtain a  contradiction. • 
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