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Dimension and product structure
of hyperbolic measures

By Luis BARREIRA, YAKOV PESIN, and JORG SCHMELING*

Abstract

We prove that every hyperbolic measure invariant under a C'*+< diffeo-
morphism of a smooth Riemannian manifold possesses asymptotically “almost”
local product structure, i.e., its density can be approximated by the product
of the densities on stable and unstable manifolds up to small exponentials.
This has not been known even for measures supported on locally maximal
hyperbolic sets.

Using this property of hyperbolic measures we prove the long-standing
Eckmann-Ruelle conjecture in dimension theory of smooth dynamical systems:
the pointwise dimension of every hyperbolic measure invariant under a C'*®
diffeomorphism exists almost everywhere. This implies the crucial fact that
virtually all the characteristics of dimension type of the measure (including
the Hausdorff dimension, box dimension, and information dimension) coincide.
This provides the rigorous mathematical justification of the concept of fractal
dimension for hyperbolic measures.

1. Introduction

In this paper we provide an affirmative solution of the long-standing prob-
lem in the interface of dimension theory and dynamical systems known as the
Eckmann-Ruelle conjecture.

In the late 70’s—beginning 80’s, attention of many physicists and applied
mathematicians had turned to the study of dimension of strange attractors
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756 LUIS BARREIRA, YAKOV PESIN, AND JORG SCHMELING

(i.e., attracting invariant sets with some hyperbolic structure) in evolution-
type systems (see, for example, [6], [7], [22]). The dimension was used to
characterize a (finite) number of independent modes needed to describe the
infinite-dimensional system. Several results were obtained which indicated
relations between the dimension of the attractor and other invariants of the
system (such as Lyapunov exponents and entropy; see, for example, [13], [14],
[16], [23]). This study has become an important breakthrough in understanding
the structure of systems of evolution type.

In the survey article [4], Eckmann and Ruelle summarized this activity and
outlined a rigorous mathematical foundation for it. They considered dynamical
systems with chaotic behavior of trajectories and described relations between
persistence of chaotic motions and existence of strange attractors. They also
discussed various concepts of dimension and pointed out the importance of
the so-called pointwise (local) dimension of invariant measures. For a Borel
measure p on a complete metric space M, the latter is defined by

aer 1. log u(B(z,7))
(1) d(z) = }I_I}g]”—TOE;—“

where B(z,r) is the ball centered at z of radius r (provided the limit exists).
It was introduced by Young in [23] and characterizes the local geometrical
structure of an invariant measure with respect to the metric in the phase space
of the system. Its crucial role in dimension theory of dynamical systems was
acknowledged by many experts in the field (see, for example, the paper by
Farmer, Ott, and Yorke [6], the ICM address by Young [24, p. 1232] and also
[25, p. 318]).

If the limit in (1) does not exist one can consider the lower and upper
limits and introduce respectively the lower and upper pointwise dimensions of
u at = which we denote by d(z) and d(z).

The existence of the limit in (1) for a Borel probability measure p on M
implies the crucial fact that virtually all the known characteristics of dimension
type of the measure coincide (this is partly described in Prop. 1 in §2). The
common value is a fundamental characteristic of the fractal structure of u —
the fractal dimension of .

In this paper we consider a C11t® diffeomorphism of a compact smooth
Riemannian manifold without boundary. Our goal is to show the existence of
the pointwise dimension in the case when p is hyperbolic, i.e., all the Lyapunov
exponents of f are nonzero at p-almost every point (see Main Theorem in §3).
This statement has been an open problem in dimension theory of dynamical
systems for about 15 years and is often referred to as the Eckmann-Ruelle
conjecture.
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DIMENSION AND PRODUCT STRUCTURE OF HYPERBOLIC MEASURES 757

Since hyperbolic measures play a crucial role in studying physical models
with persistent chaotic behavior and fractal structure of invariant sets, our
result provides a rigorous mathematical foundation for such a study.

The problem of the existence of the pointwise dimension has a long history.
In [23], Young obtained a positive answer for a hyperbolic measure p invariant
under a C'*® surface diffeomorphism f. Moreover, she showed that in this
case for almost every point z,

- 1 1
) =) = (1) (3~ 55 )
where h,(f) is the metric entropy of f and A\; > 0 > Xy are the Lyapunov
exponents of y.

In [12], Ledrappier established the existence of the pointwise dimension
for arbitrary SRB-measures (called so after Sinai, Ruelle, and Bowen). In
[20], Pesin and Yue extended his approach and proved the existence for hyper-
bolic measures satisfying the so-called semi-local product structure (this class
includes, for example, Gibbs measures on locally maximal hyperbolic sets).

A substantial breakthrough in studying the pointwise dimension was made
by Ledrappier and Young in [16]. They proved the existence of the stable and
unstable pointwise dimensions, i.e., the pointwise dimensions along stable and
unstable local manifolds for typical points (see Prop. 2 in §2). They also showed
that the upper pointwise dimension at a typical point does not exceed the sum
of the stable and unstable pointwise dimensions.

Our proof exploits their result in an essential way. It also uses a new
and nontrivial property of hyperbolic ergodic measures that we establish in
this paper. Loosely speaking, this property means that such measures have
asymptotically “almost” local product structure. Let us point out that this
property has not been known even for invariant measures on locally maximal
hyperbolic sets (whose local topological structure is the direct product). This
property also enables us to show that the pointwise dimension of a hyperbolic
measure is almost everywhere the sum of the pointwise dimensions along stable
and unstable local manifolds.

Acknowledgment. We would like to thank Francois Ledrappier for useful
discussions and comments.

2. Preliminaries

2.1. Facts from dimension theory. We describe some most important
characteristics of dimension type (see, for example, [5], [18]). Let X be a
complete separable metric space. For a subset Z C X and a number o > 0 the
a-Hausdorff measure of Z is defined by
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758 LUIS BARREIRA, YAKOV PESIN, AND JORG SCHMELING
my(Z,a) = hmmfz (diam U)“,
Ueg

where the infimum is taken over all finite or countable coverings G of Z by
open sets with diam G < e. The Hausdorff dimension of Z (denoted dimpy Z)

is defined by
dimyg Z = inf{a: my(Z,a) = 0} = sup{a: my(Z, o) = oo}.
We define the_lower and upper bozx dimensions of Z (denoted respectively by
dimzpZ and dimpZ) by
dimpZ = inf{a: rg(Z,a) =0} - sup{a : rg(Z,a) = oo},
dimpZ = inf{a : 7g(Z, o) = 0} = sup{a : 75 (Z, a) = oo},

where

ry(Z,a) = 11m1ans ) Ta(Z,0) = hmmfZe
=09 freg veg

and the infimum is taken over all finite or countable coverings G of Z by open
sets of diameter €. One can show that

. log N(Z,¢) -—.-logN(Z €)
dimpZ = lim ————"—~ dimpZ = e A==/
SRS T N log(1/e) 0 C Y T S0 T og(1/e)

where N(Z,¢€) is the smallest number of balls of radlus € needed to cover the

set Z.
It is easy to see that

dimgZ < dimpZ < dimpZ.

The coincidence of the Hausdorff dimension and lower and upper box dimension
is a relatively rare phenomenon and can occur only in some “rigid” situations

(see [1], [5], [19]).

In order to describe the geometric structure of a subset Z invariant under
a dynamical system f acting on X we consider a measure u supported on
Z. Its Hausdorff dimension and lower and upper boz dimensions (which are

denoted by dimpu, dimgu, and dimpp, respectively) are
dimpgp = inf{dimy Z : u(2) = 1},
dimpy = lim inf{dimpZ : u(2) > 1 - 6},
dimpp = lim inf{@impZ : u(Z) > 1 - 6}.
From the definition it follows that

dimpp < dimpy < dimpy.
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DIMENSION AND PRODUCT STRUCTURE OF HYPERBOLIC MEASURES 759

Another important characteristic of dimension type of u is its information
dimension. Given a partition € of X, define the entropy of £ with respect to u
by

H,(€) = - > _ u(Ck) log u(C¢)
Ce

where C; is an element of the partition £. Given a number & > 0, set
H,(g) = inf {H,(§): diam& < €}

where diam{ = maxdiam C;. We define the lower and upper information
dimensions of u by

. Hu(e) = — H,(e)
I = i —#=2 I = Jim —£\2
100 = ez ) = hiog(1/e)
There is a powerful criterion established by Young in [23] that guarantees
the coincidence of the Hausdorff dimension and lower and upper box dimen-
sions of measures as well as their lower and upper information dimensions.

PROPOSITION 1 ([23]). Let X be a compact separable metric space of

finite topological dimension and u a Borel probability measure on X. Assume
that

(2) d(z) = d(z) =d
for p-almost every x € X. Then

dimpp = dimpy = dimpy = I(u) = I(1) = d.

A measure p which satisfies (2) is called ezact dimensional.

2.2. Hyperbolic measures. Let M be a smooth Riemannian manifold
without boundary, and f: M — M a C**2 diffeomorphism on M. Let also u
be an f-invariant ergodic Borel probability measure on M.

Given z € M and v € T, M define the Lyapunov exponent of v at x by the
formula

| .,
Mz, v) = lim ~log|ldsf™ |-

If z is fixed then the function A(z,-) can take on only finitely many values
A1(z) < -+ < Ag(g)(@). The functions A;(z) are measurable and f-invariant.
Since u is ergodic, these functions are constant u-almost everywhere. We
denote these constants by A\; < -+ < Ag. The measure y is said to be hyperbolic
if\;#0foreveryi=1,..., k.
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760 LUIS BARREIRA, YAKOV PESIN, AND JORG SCHMELING

There exists a measurable function r(z) > 0 such that for y-almost every
x € M the sets

W@ = {v e Blar(@) T Tlogd(fe, ") < o},

Wio) = {u e Blar(a) s m Togd(e, ™) >0
n——00
are immersed local manifolds called stable and wunstable local manifolds
at z (see [17] for details). For each r € (0,r(z)) we consider the balls
B(z,r) ¢ W*(z) and B%(z,r) C W*%(z) centered at = with respect to the
induced distances on W*(z) and W*(x) respectively.

Let £ be a measurable partition of M. It has a canonical system of con-
ditional measures: for u-almost every z there is a probability measure u, de-
fined on the element £(x) of £ containing z. The conditional measures u, are
uniquely characterized by the following property: if B is the o-subalgebra (of
the Borel o-algebra) whose elements are unions of elements of £, and A C M
is a measurable set, then  — p;(ANE(x)) is Be-measurable and

u(A) = / (A N E(2)) dps().

In [16], Ledrappier and Young constructed two measurable partitions &£°
and &% of M such that for u-almost every z € M:

1. &(z) € W3(z) and £%(z) C W¥(z);
2. £%(z) and £%(z) contain the intersection of an open neighborhood of z
with W#(z) and W*(x) respectively.

We denote the system of conditional measures of p with respect to the
partitions £€° and &%, respectively by u$ and %, and for any measurable set
A C M we write pz(A) = pz(ANE*(z)) and pz(A) = pz(ANEY(x)).

Given x € M, consider the lower and upper pointwise dimensions of u
at z, d(z) and d(z). Since these functions are measurable and f-invariant
they are constant u-almost everywhere. We denote these constants by d and
d respectively.

In [16], Ledrappier and Young introduced the quantities

log uz (B*(z, 7))

@*(z) ¥ lim

logr
Ul RU

du(.’ll) dof lim IOg,U/w(B (217, T))
r—0 log r

provided that the corresponding limits exist at z € M. We call them, respec-
tively, stable and unstable pointwise dimensions of u.
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DIMENSION AND PRODUCT STRUCTURE OF HYPERBOLIC MEASURES 761

PROPOSITION 2 ([16]).

1. For p-almost every € M the limits d°(z) and d“(z) exist and are con-
stant p-almost everywhere; we denote these constants by d° and d*.

2. If u is a hyperbolic measure then

d<d®+d-

When the entropy of f is zero it follows from [16] that d°* = d* = 0 and
hence d =d = d° +d* = 0.

Let us point out that in [16] the authors consider a class of measures more
general than hyperbolic measures (some of the Lyapunov exponents may be
zero). They prove Proposition 2 under the assumption that the diffeomor-
phism f is of class C2. The main ingredient of their proof is the existence of
intermediate pointwise dimensions, i.e., the pointwise dimensions of the condi-
tional measures generated by the invariant measure on the intermediate stable
and unstable leaves. This, in turn, relies on the Lipschitz continuity of the
holonomy map generated by these intermediate leaves (see the Appendix for
definitions and precise statements) and is where the assumption that f is of
class C? is used (see §(4.2) in [16]; other arguments in [16] do not use the Lip-
schitz continuity of the holonomy map and go well for C**¢ diffeomorphisms).

In the Appendix to the paper we provide a proof of the fact that for hy-
perbolic measures the Lipschitz property of the holonomy map holds for diffeo-
morphisms of class C1*T®. Indeed, we prove a slightly more general statement:
the Lipschitz property holds for intermediate stable and unstable foliations
even if some of the Lyapunov exponents are zero. Our approach gives a new
proof of this property even in the case of diffeomorphisms of class C2. As a
consequence we obtain that Proposition 2 holds for diffeomorphisms of class
C** and so does our Main Theorem.

Let us point out that the Lipschitz continuity of the holonomy map pre-
sumably fails if the map is generated by stable leaves inside the stable-neutral
foliation.

3. Main Theorem

In this paper we prove the following statement.

MAIN THEOREM. Let f be a C1T¢ diffeomorphism on a smooth Riemann-
ian manifold M without boundary, and p an f-invariant compactly supported
ergodic Borel probability measure. If u is hyperbolic then the following proper-
ties hold:
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762 LUIS BARREIRA, YAKOV PESIN, AND JORG SCHMELING

1. for every 6 > 0, there exist a set A C M with u(A) > 1—6 and a constant
k > 1 such that for every x € A and every sufficiently small r (depending
on x),

(8)  ruB (@, )uk(B (=, ) < w(B(a,r))
< 17U (B (a, k) (B (z, k)

2. p is exact dimensional and its pointwise dimension is equal to the sum of
the stable and unstable pointwise dimensions, i.e.,

d=d=d°+d"

This statement provides an affirmative solution to the Eckmann-Ruelle
conjecture and describes the most broad class of measures invariant under
smooth dynamical systems which are exact dimensional.

Note that an SRB-measure is locally equivalent on A to the direct product
of an absolutely continuous measure on an unstable leaf and a measure on a
stable leaf (see [12]). Hence, statement 1 holds in this case automatically. One
can also show that Gibbs measures on a locally maximal hyperbolic set A are
locally equivalent to the direct product of a measure on an unstable leaf and
a measure on a stable leaf (see [9]). Therefore, statement 1 holds in this case
as well.

Let us also point out that neither of the assumptions of the Main Theorem
can be omitted. Ledrappier and Misiurewicz [15] constructed an example of
a smooth map of a circle preserving an ergodic measure with zero Lyapunov
exponent which is not exact dimensional. In [19], Pesin and Weiss presented
an example of a Holder homeomorphism with Holder constant arbitrarily close
to 1 whose measure of maximal entropy is not exact dimensional.

Remarks. 1. Statement 1 of the Main Theorem establishes a new and
nontrivial property of an arbitrary hyperbolic measure. Loosely speaking, it
means that every hyperbolic invariant measure possesses asymptotically “al-
most” local product structure. This statement has not been known even for
measures supported on (uniformly) hyperbolic locally maximal invariant sets.
The lower bound in (3) can be easily obtained from results in [16] while the
upper bound is one of the main ingredients of our proof. Note that statement 2
follows from statement 1. The proof of statement 2 exploits the existence of
stable and unstable pointwise dimensions and the argument in [20] (see §6).

In order to illustrate the property of having asymptotically “almost” local
product structure, let us consider an ergodic measure u invariant under the full
shift o on the space L, of all two-sided infinite sequences of p numbers. This
space is endowed with the usual “symbolic” metric dg, for each fixed number
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DIMENSION AND PRODUCT STRUCTURE OF HYPERBOLIC MEASURES 763

B > 2, defined by .
dp(w',w?) =Y B H|w} —uf|,
i€EZ
where w! = (w}) and w? = (w?). Fix w = (w;) € Tp. The cylinder
Cr(w) ={@ = (&) : & =w; for i = —n,...,n}
can be identified with the direct product C;F(w) x C;; (w) where
CHw)={@w=(®):@=wfori=0,...,n}

and
C, (w)={w= (&) & =w; for i = —n,...,0}

are the “positive” and “negative” cylinders at w of “size” n. Define measures
py W) = plCy (w) and  pg (W) = p|Cy ().

The measure u is said to have local product structure if the measure p|Cp(w)
is equivalent to the product u;f(w) X py; (w) uniformly over w € £, and n >
0. It is known that Gibbs measures have local product structure (see, for
example, [18]). For an arbitrary o-invariant ergodic measure y it follows from
statement 1 of the Main Theorem (see (3)) that for every § > 0 there exist a
set A C X, with u(A) > 1 — 6 and an integer m > 1 such that for every w € A
and every sufficiently large n (depending on w),

Bt (@) X b (W) < plCn(w) < Bt (@) X b (W)

2. It follows immediately from the Main Theorem that the pointwise di-
mension of an ergodic invariant measure supported on a (uniformly) hyperbolic
locally maximal invariant set is exact dimensional. This result has not been
known before. We emphasize that in this situation the stable and unstable
foliations need not be Lipschitz (in fact, they are “generically” not Lipschitz;
see [21]), and, in general, the measure need not have a local product struc-
ture despite the fact that the set itself does. Therefore, both statements of
the Main Theorem are nontrivial even for measures supported on hyperbolic
locally maximal invariant sets.

3. The role of the Eckmann-Ruelle conjecture in dimension theory of
dynamical systems is similar to the role of the Shannon-McMillan-Breiman
theorem in the entropy theory. In order to illustrate this, consider the full
shift o on the space Xy

Let p be a o-invariant ergodic measure on ¥,. By the Shannon-McMillan-
Breiman theorem, for p-almost every w € ¥y,

. 1
4) A~ 1 B H(Cn() =
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764 LUIS BARREIRA, YAKOV PESIN, AND JORG SCHMELING

where h = h, (o). Since the cylinder Cy(w) is the ball (in the symbolic metric
dg) centered at w of radius ¢8™ (for some ¢ > 0), the quantity in the right-
hand side in (4) divided by log 3 is the pointwise dimension of y at w. The
Shannon-McMillan-Breiman theorem (applied to the shift map) thus claims
that the pointwise dimension of u exists almost everywhere; it is clearly almost
everywhere constant; furthermore, the common value is the measure-theoretic
entropy of u divided by log 3.

As an important consequence of this theorem one obtains that various
definitions of the entropy (due to Kolmogorov and Sinai [11], Katok [8], Brin
and Katok [2], etc.) coincide (see [18] for details).

4. Let p be an arbitrary (not necessarily ergodic) invariant measure for a
Cl* diffeomorphism f of M. The measure y is said to be hyperbolic if on al-
most every ergodic component the induced measure is a hyperbolic measure on
M. The Main Theorem remains true for any f-invariant compactly supported
hyperbolic Borel probability measure, i.e., the pointwise dimension of such a
measure exists almost everywhere (but may not be any longer a constant; see

§7).

4. Description of a special partition

We use the following notation. Let 7 be a partition. For every integers
k, 1 > 1, we define the partition 7} = il=_k f7"n. We observe that n?(z) N
16(z) = nk ().

From now on we assume that u is hyperbolic. In [16], Ledrappier and
Young constructed a special countable partition P of M of finite entropy sat-
isfying the following properties. Given 0 < € < 1, there exists a set I' C M of
measure §(I') > 1 —¢/2, an integer ng > 1, and a number C' > 1 such that for
every z € I' and any integer n > ng, the following statements hold:

a. For all integers &k, [ > 1 we have

(5) O~ le—(Hk)h—(l+k)e < ,u(fPfc(w)) < Ce—(l+k)h+(l+k')s,
(6) C—le—kh—ks < M;(g}%(w)) < Ce_kh+k€,
(7) Cr—le—lh,—le < Mg(g)(l)(w)) < Ce_lh'+l€,
where h is the Kolmogorov-Sinai entropy of f with respect to u.
b.
(8) &) N () Pg(z) > B*(z,e™™),
n>0
9) ()N () Ph(z) D B¥(z,e™™).
n>0
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DIMENSION AND PRODUCT STRUCTURE OF HYPERBOLIC MEASURES

(10) eHNE < s (B (m,e™) < e,
(11) emd"nne < (B 1)) < gmd nne,
d.

(12) Pan(z) C B(z,e™) C P(a),

(13) 73,(2) N€%(z) C B(z,¢™) C P(2) N€(2),
(14) P8"(2) N€%(2) C BY(z,e™) C P@) N€(x),

where a is the integer part of 2(1 + &) max{—X1, A, 1}.
e. Define Qn(z) by

(15) (@) = o5

where the union is taken over all y € T' for which

P"(y) N BY(z,2¢™") # @ and P, (y) N B*(2,2e™") # @;

then
(16) B(z,e™™)NT C Qn(z) C B(z,4e™™),

and for each y € Qn(z),

Pan(y) C Qn(z).
Increasing ng if necessary we may also assume that

f. For every z € I' and n > ng,
an B%(z,e ™) NT C Qn(z) N&°(z) C B¥(z,4e™"),
(18) B%(z,e ™) NT C Qn(z) N&*(z) C B¥(z,4e™™).

765

The above statements are slightly different versions of statements in [16].
Property (5) essentially follows from the Shannon-McMillan-Breiman theorem
applied to the partition P while properties (6) and (7) follow from “leaf-wise”
versions of this theorem. The inequalities in (10) and (11) are easy conse-
quences of the existence of the stable and unstable pointwise dimensions d*
and d* (see Prop. 2). Since the Lyapunov exponents at u-almost every point
are constant and equal to Ay, ..., A, the properties (12), (13), and (14) follow
from (8), (9), and the choice of a indicated above. The inclusions in (16) are
based upon the continuous dependence of stable and unstable manifolds in the
C'*+2 topology on the base point (in each Pesin set). We need the following

well-known result.
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766 LUIS BARREIRA, YAKOV PESIN, AND JORG SCHMELING

PROPOSITION 3 (Borel density lemma). Let pu be a finite Borel measure
and A C M a measurable set. Then for p-almost every x € A,

p(B@NNA)

" u(Bla, )
Furthermore, if w(A) > 0 then, for each § > 0, there is a set A C A with
w(A) > pu(A) -8, and a number ro > 0 such that for allz € A and 0 < r < ry,
we have

u(B(z,r) N 4) > Zu(Bz,T)).

It immediately follows from the Borel density lemma that one can choose
an integer n; > ng and a set I' C I of measure u(I') > 1 — ¢ such that for
everyn>nj;andzx €T,

(19) u(B(z,e™) NT) > Lu(Blz,e™);
(20) p(B* @, e NT) 2 23 (B%(z,e™™);
(21) WE(B (@, e ™) NT) 2 (B (z,e ™).

We establish two additional properties of the partitions P§ and PI.

PROPOSITION 4. There ezists a positive constant D = D(T') < 1 such that
foreveryk>1 and z €T,

e (P§(z)NT) = D;
p5(PR(z)NT) 2 D.

Proof. By (8), for every k > 1 and z € I, the set P&(z) N T contains the
set B%(z,e™™) NI It follows from (20) and (10) that

1 s .
N;(?’g(x) NT) > ‘Z-M;(Bs(m,e'"o)) > %e"d no—noe &f 1y

The second inequality in the proposition can be proved in a similar fashion
using the properties (9), (21), and (11). O

The next statement establishes the property of the partition P which sim-
ulates the well-known Markov property.

PROPOSITION 5. For every x € T and n > ng,
Pon(@) NE(z) = Py (2) N €3 (a);
Pan(x) NE(z) = PG (z) N E¥ ().
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DIMENSION AND PRODUCT STRUCTURE OF HYPERBOLIC MEASURES 767

Proof. 1t follows from (13) and (8) that
Pan(2) NE°(z) C Pon(2) N B*(2,67") C Pon(2) N B*(z,e7™)
C Pon(z) N PG (z) N €°(2) = P () N €°(2).

Since P (x) C P, (x), this completes the proof of the first identity. The proof
of the other identity is similar. : O

5. Preparatory lemmata

Fixz € T and an integer n > n;. We consider the following two classes
R(n) and F(n) of elements of the partition P2 (we call these elements “rect-
angles”):

R(n) = {Pen(y) C P(z) : Pon(y) NT # O}
F(n) = {Pan(y) C P(2) : Pon(v) NT # @ and P§"(y) NT # 2}
The rectangles in R(n) carry all the measure of the set fP(:z) NT, ie.,

Y. WRNT) = p(P)NT).
ReR(n)

Obviously, the rectangles in R(n) that intersect T' belong to F(n). If these
were the only ones in F(n), the measure u|P(z) N T would have the “direct
product structure” at the “level” n. One could then use the approach in [12],
[20] to estimate the measure of a ball by the product of its stable and unstable
measures. In the general case, the rectangles in the class F(n) are obtained
from the rectangles in R(n) (that intersect f) by “filling in” the gaps in the
“product structure” (see Fig. 1).

We wish to compare the number of rectangles in R(n) and F(n) intersect-
ing a given set. This will allow us to evaluate the deviation of the measure
u from the direct product structure at the level n. Our main observation is
that for “typical” points y € T the number of rectangles from the class R(n)
intersecting W*(y) (respectively W*(y)) is “asymptotically” the same up to a
factor that grows at most subexponentially with n.

However, in general, the distribution of these rectangles along W*(y) (re-
spectively W¥(y)) may be different for different points y. This causes a devi-
ation from the direct product structure. We will use a simple combinatorial
argument to show that this deviation grows at most subexponentially with n.
One can then say that the measure p has an “almost direct product structure.”
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768 LUIS BARREIRA, YAKOV PESIN, AND JORG SCHMELING

’ W*(x)

W*(x)

R\ F(n) Bz nre - Fn)\ R(n)

Figure 1. The procedure of “filling in” rectangles.

To effect this, for each set A C P(z), we define

N(n,A) =card{R € R(n) : RN A # @},
N?(n,y,A) =card{R € R(n) : RNE&(y)NT' N A # @},
N¥%(n,y,A) =card{R e R(n) : RN&“(y) NT'N A # @},
N*(n,y, 4) = card {R € F(n) : RNE(y) N A £ B},
N*(n,y, A) = card {ReF(n): RN&"(y)N A # D}

Note that N(n,P(x)) is the cardinality of the set R(n), and N°(n,y, P(x))
(respectively N*(n,y, P(z))) is the number of rectangles in R(n) that intersect
I' and the stable (respectively unstable) local manifold at y. The product
N5(n,y,P(z)) x N%(n,y, P(z)) is the cardinality of the set F(n) for a “typical”

point y € P(z).
Let Qn(y) be the set defined by (15).

LEMMA 1. For each y € P(z) NT and integer n > ng, we have:

Ns(n’ya Qn(y)) < ,uZ(Bs(y, 46"")) . Cecmh+cme;
N"(n,y,Qn(y)) < /J,g(B“(y, 4e™™)) - Ceonhtane
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DIMENSION AND PRODUCT STRUCTURE OF HYPERBOLIC MEASURES 769

Proof. It follows from (17) that
ty(B®(y,4e™™)) > uy(Qn(y)) = N°(n,y, Qn(y)) ,
-min{us(R) : R € R(n) and RN & (y) N Quly) NT # B}.
(Note that the condition RN &*(y) N Qn(y) # @ implies that R € R(n).) Let
z € RNE(y) N Qu(y) NT for some R € R(n). By Proposition 5 we obtain
us(R) = p (Po,(2)) = ps(Poy(2)). The first inequality in the lemma follows
now from (6). The proof of the second inequality is similar. O
LEMMA 2. For each y € P(z)N T and integer n > nq,

u(B(y,e™) < N(n, Qn(y)) - 20e2anh+2ane,
Proof. It follows from (19) and (16) that

%,u,(B(y, e ™) < u(B(y,e ™) NT) < u(Qn(y) NT)

< N(n,Qn(y)) - max{u(R) : R € R(n) and RN Qn(y) # P}

(Note that the condition RN Qn(y) # @ implies that R € R(n).) The desired
inequality follows from (5). a

We now estimate the number of rectangles in the classes R(n) and F(n).

LEMMA 3. For p-almost everyy € P(z)NT there is an integer na(y) > my
such that for each n > ny(y), we have:

N(n+2,Qn+2(®)) < N°(n,9,Qn(¥)) - N¥(n,y, Qu(y)) - 202t h+e) lane,

Proof. By the Borel density lemma (with A = f), for p-almost every y € T
there is an integer na(y) > n1 such that for all n > na(y),

2u(B(y,e™™) NT) > u(B(y,e™)).
Since I’ C T, it follows from (16) that for all n > na(y),
(22) 20(Qn(y) NT) 2 2u(B(y,e ™) NT) 2 u(Bly,e™))

> w(B(y,4¢7"7%)) 2 p(Qn+2(¥)).
For any m > ng(y), by (5) and property (e), we have
p@m@) = > w®Pm(2)) = N(m,Qm(y)) - C~le 2amh-2ome,
Pem(2)cQm )

Similarly, for every n > na(y), we obtain

:U'(Qn(y) N f) = Z N(TZZ(Z) N f) <N, - Oe—2anh+2cme,
Pen(2)CQn(y)
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770 LUIS BARREIRA, YAKOV PESIN, AND JORG SCHMELING

where N, is the number of rectangles P%(z) € R(n) that have nonempty

intersection with T.
Set m = n + 2. The last two inequalities together with (22) imply that

(23) N(n+2,Qn+2(y)) < Ny - 202 Aa(hte)+dane

On the other hand, since y € T' the intersections Pr(y) N &4 (y) N T and
P (y) N &€(y) N T are nonempty.

Consider a rectangle P%(v) C Qn(y) that has nonempty intersection
with T'. Then the rectangles P0_(v) N Pen(y) and PO, (y) N P& (v) are in F(n)
and intersect respectively the stable and unstable local manifolds at y. Hence,
to any rectangle P27 (v) C Qn(y) with nonempty intersection with T, one can
associate the pair of rectangles (P9, (v) N P& (y), PY,.(y) N P& (v)) in

{Re€F(n): RNE(y) N Qn(y) # @} x {R € F(n) : RNEX(y) N Qn(y) # P}
Clearly this correspondence is injective. Therefore,
]’\73(”, Y, Qn(y)) : ﬁu(na Y, Qn(y)) 2 Np.

The desired inequality follows from (23). O

Our next goal is to compare the growth rate in n of the number of rectan-
gles in F(n) with the number of rectangles in R(n). We start with an auxiliary

result.

LEMMA 4. For eachz € T and integer n > n1, we have:

N*(n,z,P(z)) < D~1C%eonh+3ans;
]’\}u(n, z, P(x)) < D™C2eanh+3ane,

Proof. Since the partition P is countable we can find points y; such that
the union of the rectangles P§"(y;) is P(z), and these rectangles are mutually
disjoint. Without loss of generality we can assume that y; € T' whenever
P (yi) N T # . We have

(24) N(n,P(z)) = > N*(n,y:, Pe" (i) > S N,y P (w).
i:Pgn (yi)TAD
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We now estimate N*(n,y;, P§"(y;)) from below for y; € T. By Propositions 4
and 5, and (6),
s n /“Lsi (?gn (y’b) n F)
(25) - N P00 2 ot m ) s € 6 nP@ AT
S D
~ max{u3(P(2)) : 2 € £(yi) N P(z) N T}
D
max{u$ (P, (2)) : 2 € €5(y:) N P(z) NT}

> DO—l eanh—ans .

Similarly (5) implies that

v w(P(z)) g2anh+2ane
(26)  N(n,P(z)) < min{u(Pin(2)) : z € P(z) NT} s¢ .

We now observe that
(27) N*(n,z,P(z)) = card {i : Pg"(ys) NT # B}
Putting (24), (25), (26), and (27) together we conclude that
Cetanhtans > N (n, P(z))
> Y N°(n,4, P8 (w)
#Pg" (yi)TAD
> N¥(n, z, P(z)) - DC~1eanh—ane,

This yields N¥(n,z,P(z)) < D~1C2e*h+3ane The other inequality can be
proved in a similar way. . O

We emphasize that the procedure of “filling in” rectangles to obtain the
class F(n) may substantially increase the number of rectangles in the neigh-
borhood of some points. However, the next lemma shows that this procedure
of “filling in” does not add too many rectangles at almost every point.

LEMMA 5. For u-almost every y € P(x) N f we have:

—_ Ns(n Y, Qn(y)) g—Tane
e Ny, (9]

Nu(n y’Qn(y)) —7ans
L 0,4, Qn(9)°

<1

<1

Proof. By (17) and (20), for each.n >ny and y €T,

K(@n(v) > 1B (5, NT) > Lpup(B°(3,e™).
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772 LUIS BARREIRA, YAKOV PESIN, AND JORG SCHMELING

Since P (z) C PY,.(z) for every 2, by virtue of (6) and (10) we obtain
s Hy(@n(y))

B9 V@) 2 S TE) 2  CGNP@ AT

1 py(B(y,e™™))

2 max{ug(P3,(2)) : z € £5(y) N P(z) N T}

—dSn—
ednne

%

v

1
%"‘ e—anh+ane :

Let us consider the set

B (n Y, Qn(y)) —Tane
F= {y el: Im (1,9, Qn(¥)) - 1}

For each y € F there exists an increasing sequence {mj}] 21 = {m;(y)}32; of
positive integers such that

(29) Ns(mjayanj () > %Ns(mj,y,Qmj (y))e7amj5

i_e—dsmj-f-amj h+5amje

>
—4C

for all j (note that a > 1).
We wish to show that x(F) = 0. Assume on the contrary that u(F) > 0.
Let F' C F be the set of points y € F' for which there exists the limit

log py (B%(y, 7))
r—0 logr

=d°.

Clearly u(F') = u(F) > 0. Then we can find y € F such that
py(F) = py(F') = pg(F' N P(y) N €*(y)) > 0.
It follows from Frostman’s lemma that
(30) dimp (F' N €°(y)) = d°.
Let us consider the countable collection of balls
B ={B(2,4e ™)) : 2 e F'NE(y);j=1,2,...}.

By the Besicovitch covering lemma (see, for example, [3]) one can find a sub-
cover ¢ C B of F' N &%(y) of arbitrarily small diameter and finite multiplic-
ity p = p(dimM). This means that for any L > 0 one can choose a se-
quence of points {z; € F' N€*(y)}2; and a sequence of integers {¢;}5°,, where
t; € {m;(2:)}52; and t; > L for each i, such that the collection of balls

¢ = {B(z,4e7 ") :i=1,2,...}
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DIMENSION AND PRODUCT STRUCTURE OF HYPERBOLIC MEASURES 773

comprises a cover of F' N&%(y) whose multiplicity does not exceed p. We write
Q(%) = Q¢,(2z;). The Hausdorff sum corresponding to this cover is

Z (diam B)*' ¢ = (8%°~¢) Z e“ti(ds_s)_.
i=1

Bee

By (29), we obtain

00 00
Z e—ti(ds——s) < Z Ns(ti, 2, Q(’L)) . 4Ce—atih—4atis

=1 i=1

<4C Ze_“"h faae N " N*(g, 2, Q()).

iit;=q

Since the mu1t1p11c1ty of the subcover ¢ is at most p, each set (i) appears in
the sum ), Ne (¢, 2i,Q(t)) at most p times. Hence,

3 N(g,2,Q() < pN*(q,9, P(y)).

itt;=q

i:ti=q

From Lemma 4 it follows that

o0
> (diam B)* 7€ < 4(8%7)C' ) " e79h 1995 p N2 (g, y, P(y))

Bee g=1

)
< 4(8ds_5)D——1O3p Z e—aqh—4aqe+aqh+3aqe
g=1

(e}
= 4(8d8_5)D_1C3pZ e % < oo.
g=1

Since L can be chosen arbitrarily large (and so also the numbers ¢;), it follows
that dimg (F' N €%(y)) < d® — e < d°. This contradicts (30). Hence u(F) =0
and this yields the first inequality in the lemma. The proof of the second
inequality is similar. O

By Lemma 5, for p-almost every y € P(z) N T there exists an integer
n3(y) > na2(y) such that if n > nz(y), then

(31) N*(n,y,Qn(y)) < N*(n,y, Qn(y))e™™™,
(32) N*(n,y,Qn(¥)) < N*(n,y, Qu(y))e™"™.

This content downloaded from
132.174.254.159 on Thu, 03 Aug 2023 01:33:53 +00:00
All use subject to https://about.jstor.org/terms



774 LUIS BARREIRA, YAKOV PESIN, AND JORG SCHMELING

Moreover, by Lusin’s theorem, for every € > 0 there exists a subset I'; C T
such that

w(le) > u() —e and ne sup{ny, n3(y) : y € T} < oo,

and the inequalities (31) and (32) hold for every n > n, and y € I',.
A version of the following statement was proved by Ledrappier and Young
in [16]. For the sake of the reader’s convenience we include its proof.

LEMMA 6. For everye >0, ify € I'c and n > ne, then

(B (3, M) (BY(y, e™)) < p(Bly, 4e™)) - 4GP,

Proof. Let z € I'e N Qn(y). By (32), if n > n, then
N¥(n, 3, @n(v)) < N (1,5, Qn(y)) = N*(n, 2, Qn(y)) < N*(n, 2, Qn(y))e’™
and
(33) N*(n,y, Qn(y)) < inf{N*(n,2,Qn(y)) : € Te N Qn(y)}e™"™.
Since N(n, Qn(y)) is equal to the number of rectangles R C Qn(y) we have
N°(n,,Qn(y)) x mf{N*(n,2,Qn(¥)) : 7 € Qu(¥)} < N(n, @u(y))-
By (33), if y € I'; and n > n, then
N°(n,y, Qu(y)) x N*(n,y,Qu(y)) < N(n, Qu(y))e’™™.
Asin (28), if y € I'c and n > n, then
N*(n,y,Qn(y)) 2 py(B(y,e™™)) - (2C)~lehome,
N¥(n,y,Qn(y)) 2 uy(B*(y,e™)) - (20)eh=ame,
Moreover, by (5) and (16),

1(@n(y)) - 2anh+2
N(n,Q < — < w(B(y,4e™ ")) Ce2anht2ane
( ) n(y)) mln{,u(?gg(z)) = Qn(y) ﬂI‘} Iu’( (y ))
Putting together these inequalities we obtain the desired statement. O

6. Proof of the Main Theorem
Given € > 0, let the set T be as jn the previous sections. By Lemmas 2
and 3, for p-almost every y € P(z) NI and n > na(y), we obtain
#(B(% e—n—2)) < ﬁs(n,y,Qn(y)) . ]’V\-u(n’ v, Qn('y)) . 40364a(h+6)e—2anh+60m6.
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By (31), (32), and Lemma 1 we obtain

(34)

,u(B(y, e——n—2)) < Ns(n’ v, Qn(y)) . Nu(n, v, Qn(y)) . 4C3e4a(h+s)e—2anh+20ane
< (B (u, 4e ™) (B (y, 4e™™)) - AP ekl ane

Statement 1 of the theorem follows now immediately from (34) and Lemma 6.
By (34) and statement 1 in Proposition 2, we obtain

1 o
li_r_l'_l_ Og,""(B(y’e )) st+du—22a€

n——+00 —-n

for u-almost every y € T. Since ,u(f) > 1—¢ and € > 0 is arbitrarily small, we
conclude that

= 1im 2BHBW) _ o 10gpBOET) o s

r—0 logr n——+00 -n

for p-almost every y € M. Combining this property with statement 2 in
Proposition 2, we obtain statement 2 of the theorem. O

7. The case of nonergodic measures

We show how to modify our arguments in the case when the measure p
is not ergodic. Notice that in this case Proposition 2 is still valid, i.e., for
u-almost every x € M the stable and unstable dimensions d°(z) and d“(x)
exist but may depend on the point. Moreover, given € > 0, there is a set I of
measure > 1 — ¢ and, for every = € I, a number h(z) such that (5)-(18) hold
if h is replaced by h(z), d® by d*(z) and d* by d*(z). Let us fix & > 0 and
consider the sets

I(z) ={y € M : |h(z) — h(y)| < &, |d°(z) — d°(y)| < &, |d*(z) — d*(y)| < K}.

The collection of these sets covers I'. Moreover, there exists a countable
subcollection of sets {I"};en which still covers I'. Let u' be the conditional
measure generated by u on I'*. We can apply the arguments in the proof of
the Main Theorem to the measures ¢ and show that for almost every = € I'*
the following inequality holds

d*(z) + d*(z) — ck < d'(z),

where d’(x) is the pointwise dimension of the measure x* and ¢ does not depend
on z or k. Since the cover {I"};cy is countable letting x go to zero yields that
for p-almost every x € M

d*(z) + d*(z) < d(z).
It follows from [16] that d(z) < d*(z) + d%(z).
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Appendix. Lipschitz property of intermediate foliations

Let M be a smooth compact connected Riemannian manifold with dis-
tance d and f: M — M a C't® diffeomorphism. We denote the Lyapunov

exponents at a point £ € M by
)\1(:12) << /\k(m)(:l:).

Recall that a pomt x e M is called Lyapunov regular if there exists a decom-
position T, M = @ E’(a:) where Ef(z) is the vector space
; o 1
E'Y(z) = {v € TM\ {0} : nllgxoo - log ||dz ™| = A,(x)} u {0}

such that

1 k(z)

LJim ~log|det dq f"| = > Xi(z) dim B'(z).
i=1

Note that \;(f(z)) = \i(z) and d,fE*(z) = E*(f(z)) for each i.

We denote by A C M the set of all Lyapunov regular points. Below
we describe some notions and results on nonuniformly hyperbolic dynamical
systems. For references, see [18], [14], [9], and [10].

Set s(z) = max{i : A;(z) < 0} and u(z) = min{i : \;(z) > 0}. Fixz € A
and r(z) > 0. For every i =1, . .., S(z) one defines the ith stable leaf at x by

W) = {y € Bla, (o) lmsup > 108 d(/"(2), /") < M) |
and for every i = u(z), ..., k(x) the ith unstable leaf at = by
Wi(zx) = {y € B(z,r(z)) : llmsup Tl logd(fn(x) M) < =X\ (x)}

Clearly, Wi(x) ¢ Witl(z) if i < s(z) and W*(z) D Wt1(z) if i > u(z). We
write W4(z) = W*®)(z) and W¥(z) = W*®)(z) and call them, respectively,
the stable and unstable manifolds at z. One can prove that if r(z) is sufficiently
small than W¥(z) is a C'*® immersed submanifold.

For every i < s(z), set D'(z) = @; _1 E¥(z), and for every i > u(z), set
Di(z) = @k(m) EJ(z). If i is such that A;(z) # 0, then T,W*(z) = D(z).

Recall that a function A: A — R is called tempered (with respect to f) if
for every z € A we have

3 1 C£N _
i~ log |A(f (=) = 0.

Given r € (0,7(z)) we denote by B*(z,r) C W(x) the ball centered at z
of radius r with respect to the induced distance on W*(z).

Given 7 > 0 and z € A, let (U, ¢) be a Lyapunov chart at . This means
the following:
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1. pz: Uy, — R™ is a local diffeomorphism with the property that the spaces
E® = ¢y (exp, E*(x)) form an orthogonal decomposition of R™;

2. the subspaces D = ¢, (exp, D*(x)) are independent of x;
3.ifi=1,..., k(z) and v € E*(z) then

(A1) M@y (exp, V)| < llps(@) (XD 4(x) da V)| < XEFT | pr(expg V)5

4. there is a constant K and a tempered function A:A — R such that if
y,2 € Uy then

K|lpzy — wez| < d(y,2) < A(x)||0ey — @uzll;

5. there exists p(x) € (0,7(x)) such that B*(z, p(z)) C Wi(z) N U, for every
z€Aandi=1,..., k(z) with \;(z) # 0. Moreover, for 1 < i < s(z),
the manifolds ¢, (W?(x)) are graphs of smooth functions g*:D! — Di+!
and for u(z) < i < k(z), of smooth functions g*:D* — D*~!; the first
derivatives of g° are bounded by 1/3.

It follows that if i < s(z) then
FWHa) NUz) € WH(f (@) N Us(a),
and if i > u(z) then
FE W) NUz) € WHF (=) N Up-1y).

Each set A can be decomposed into sets Ag in which the numbers k(z),
dim E*(z), and A;(z) are constant for each i. For every ergodic measure u
invariant under f there exists a unique § for which the set Ag has full u-
measure. From now on we restrict our consideration to a subset Ag C A and
set k(z) =k, s(z) = s, u(z) = u, and Aj(z) = A; for each i and x € Ag.

Given ¢ > 0, consider a set

Apy={z € Ag: p(z) > 1/¢, A(z) < ¢,

L(E' ), P E () > 1/, i=1... ,k}.
J#i

Let Agy be the closure of Aj,. For each z € A}, there exists an invariant
decomposition T,M = @fg) Ei(z), invariant i** stable and unstable leaves
Wt(z), and Lyapunov chart (U, ¢,) at = with the above properties. In
particular, the functions p(z) and A(z) can be extended to Aj, such that
p(x) > 1/L, A(z) < £, and L(E'(z),@;4 Ei(x)) > 1/€ for i = 1... k.
The set Agy is obviously compact. We also have that Agy C Ag(41y and Ag =
U£>0 Age (mod 0).
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Let us fix ¢ > 0,£ > 0,z € Ag, and y € Age N Bt (z,c/€). For each
i < s, consider two local smooth manifolds £, and £,/ in W**1(z), containing
x and 3/, respectively and transversal to W(z) for all z € Age N B+ (z,c/L).
The holonomy map

I = IL;(Zs, y): T N Age N B (z,¢/8) — Ty
is defined by .
IL(z') = Wz') N Zy
with z’ € ;. This map is well-defined if ¢ is sufficiently small (¢ may depend

on ¢ but does not depend on z and y).
Our goal is to prove the following theorem.

THEOREM. Let f be a C'1T% diffeomorphism. For each £ > 0, i < s,
x € Mgy, and y' € Age N\ B'(x,c/) the holonomy map I1;(E4, Ey) 4s Lipschitz
continuous with the Lipschitz constant depending only on 3 and £.

Proof. We need a series of lemmas. First we observe that the Lipschitz
property does not depend on the choice of transversal sections.

LEMMA Al. For any local smooth manifolds X!, and X, in Witl(z) con-
taining « and y' respectively and transversal to W¥(z) for z € B+ (z, c/)NAg,
the holonomy map I1;(55, ) s Lipschitz continuous if and only if the map
I1;(X5, Ey) ts Lipschitz continuous (possibly with a different Lipschitz constant
depending only on the angles between the tangent spaces to the transversals).

Proof. Since the foliation W* is continuous on the compact set
B (z,c/)N Agy

and its leaves are at least C', the angle between any transversal section to
Wi(z) (in W*l(z)) and any leaf of W* is uniformly bounded away from 0.
Therefore, if z € £, and 2/ = £/, N W¥(z) then the ratio d(z, z)/d(x,2) is
bounded from below and above (uniformly in z) by constants (depending only
on those angles). This implies the desired result. O

For each z € M and n € N, we will write z, = f*(z). Given z € Ag,
consider a map ®,: B™(z, p(z)) — D' @ E“*! by

Py = (m1(Pay), m2(P2y)) »
where 71:D**! — D and mp: D! — E*! are the orthogonal projections.
The following two lemmas are immediate consequences of the properties of the
Lyapunov charts.

LEMMA A2. The map ®, is a diffeomorphism with all derivatives tem-
pered. Moreover, there is a constant Cy (depending only on £) such that for
every x € Agy, n € N, and y, 2z € B+ (z, p(x)) we have
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L. “(I)wnyn - (I)xnzn” < Cle(’\i+1+r)n|l‘1’xy - q’mz”;
2. if |71 (®py ~ ®2)||/||72(Pry — 822)|| < 32 then

[71( @2 tn — Bapzn)|| < CreP1t7%||my (Boy — 8,2)]),
l|72(®e, yn — Qy,2)|| < Cle()‘i+1+7—)n”7"2(q)wy - ®;2)||.

For each z € Ag we introduce the map Fy: &,(B*(z, p(x))) — Df @ E*+!
by

Fp(v) = ‘I’f(m)f(‘b;l(v))-

We write
Fp o0---0F; n>0

r={1d n=0.
F;lo--woF;! n<0

LEMMA A3. For every z € Ag, the map Fy is a C1*® diffeomorphism
onto its image, the Holder constant d(z) of the differential dF;(0) at 0 is a
tempered function of x, for every £ > 0 there exists a constant dy > 0 such that
d(z) < dy for every € Agy, and, finally, dF,(0)E! = E¢ for every z € A and
every i.

LEMMA A4. There is a constant Co (depending only on £) such that if
n €N, z € Ag, y, 2z € Bt (z, p(z)), and

|71(22y — Pz2)||/lI72(R2y — Pa2)|| < 3¢
then

(A2) 02_1”7"2(<I)my ~®z2)|| < “WZdFa:—nn(O)(q’mnyn ~ @z, 20)||
< Co|me(@zy — @22)]-

Proof. We first observe that

1@z, Yn — ey, 20|
< max{[|71 (@, Yn — Panzn)|l, [|72(P2nyn — Punzn)l}
< max{C1e )| m) (Dgy — Bo2) ||, C1eP+ M my(Bpy — 52)][}
< max{C1eMF 34| 1y (Bpy — ®52) |, CLePit1 T |y (By — Bo2)||}
< G137 | my (B0 — @52)| A

< C4€2Tn“7r2(‘bacnyn ~ @z, 20) |,
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780 LUIS BARREIRA, YAKOV PESIN, AND JORG SCHMELING

where C3 > 0 and Cy > 0 are constants. By Lemma A3 there is a constant
C5 > 0 (depending only on £) such that if » € N then

[72(®s,_1Yn—1 — Pz, 1 2n—1 — dF, 1(<I>mnyn)(q)wnyn D, 20))l
< P21 Yn—1 — Pa,_y 201 — dF, 1((Pznyn)(q)wnyn Dy, 2n) ||
< CSGTn“q)wnyn - Qwﬁznlll—l—a'
If mo®,y = meP, 2, then the statement follows from the Lyapunov block form
of dF;"(0). Assume now that mo®,y # m2®;2. By Lemma A2 and (A1) there

are positive constants Cg and C7 (depending only on ¢) such that if n € N
then, letting wy, = @4, yn — Pz, 2n,

[medF7.™ (0) (@, Yn — P 2n) ||
ImzdFz,” =1(0) (B y Y1 — By 2n-1)

| ImadFe "1 (0)(wp—1 — dF;1(0)w) |
Imad P, (0)wp |

1dFz" 1 (0) o (w1 — dF52(0)wn)]|

<1
|dF5, "1 (0) [rawn 1]l

||7r2(wn_1—dF 1(0)'wn)||
||772wn—1||
l1ma(wn—1 — dF, 1(q)mnyn)wn)“
(| mown—1|
|2 ((dF ;. (®r,yn) — dF,(0))wyl
| 7rawn—1]|
clern“wn“1+a
[[rown—1 ]|
|dF, (@2, Yn) — dF5 1 0)]] - [lwall
[ mown—1]|

<1+ Cge™

S 1+C66Tn

+ Cge™

<14 Cge™

+ Cge™

S 14+ 050604e4rn||wn“a + Cﬁerno,?ern“(pwnyn”a . 04627'17,

<14+ (Cs+ 07)060401ae[()\i+1+7')a+47’]’n.v
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DIMENSION AND PRODUCT STRUCTURE OF HYPERBOLIC MEASURES 781

Set Cs = (C5 + C7)CsC3C1*. Choosing 7 sufficiently small we may assume
that 47 4+ (A1 + 7)a < 7y < 0. Therefore,

Im2dFy(0) (P, ¥n — P 2n)ll _ Ty ar+(
T, n d < 1 + CgeltTirtm)aln
”7"2(<Dacy - <I>a:z)” H ( 5 )

n=0

oo
<[+ Cee™) =Ca < +o0

n=0

and the upper estimate in (A2) follows. The lower estimate can be obtained
in a similar way. d

We now proceed with the proof of the theorem. By Lemma Al we may
specify the choice of the transversals.

We say that a transversal section ¥ is good if ¢(X) is the graph of a
function

h': pa(B™ (2, p(x))) NEF! — D

whose first derivative is bounded by 1/3. If 27 < |\ — Ai11| and 2 € Agy,
then, by the properties of the Lyapunov charts, all the images f™(X) are good
provided ¥ is good. Moreover, there is a constant Cy > 0 such that

(A3) Cy ', (P2ys 022) < ||T2(@ay — 022)|| < Codipns(Pays Pa?)

for any good transversal section where dy,x is the induced distance on ¢gX.

Let z € Agg. We fix good transversals ¥, and ,s with y’ € B*1(z,¢/0)N
Ape. Let y =II;(z) and 3 = II;(z’). Since the transversals are good we know
that ‘

171 (@2y — @21/)/ I m2(Pay — Do) || < 3L

We also have that
|71 (@22)[|/[|m2(@22")|| < 32.
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Set C = 10¢2Cy2C52. By Lemma A4 and (A3), for every n € N

d(y,y) _ .95,y
d(z,z') = dg,(z,2)

d(szy (¢zy, wzy) < 10@2002 [|72(®ey — @.1) I

< 1042
- Ay, 5, (0, Pa’) |2 (@o2’) |
B |medFz," (0)®z, 24|
< 0 1+ I O B )
- [m2dFz," (0) @z, 27|
<C (1 + |m2dF5. " (0)(Pa, T — Pann)ll + ||772dF£1”(0)‘1’mnyn||)
- |m2dFz," (0) @z, 27|
e""d(Zn, Yp) + €7"d(Tn, Yn)
S c (1 + e()\i+1—‘r)n

_<.. C(]. + 6(3T+Ai‘)‘i+l)n).
Choosing 7 such that 37 + A; — A1 < 0, we conclude that II; is Lipschitz. [
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