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PARTIALLY HYPERBOLIC DYNAMICAL SYSTEMS

UDC 517.9
M. I. BRIN AND JA. B. PESIN

Abstract. Smooth dynamical systems having contracting and expanding invari-
ant foliations (of not necessarily complementary dimensions ) are investigated. Er-
godicity and the K-property are established for such dynamical systems under addi-
tional assumptions.

$1. Introduction

1. In the present paper we study the metric and topological properties of a cer-
tain class of smooth dynamical systems on compact Riemannian manifolds.

Consider the Banach space I'°(TM™) of continuous vector fields on a compact
smooth n-dimensional Riemannian manifold M”. It is a module over the ring of con-
tinuous functions C(M"). We define the dynamical systems of interest to us. Let f
be an arbitrary diffeomorphism of M™ and let /. denote the continuous and invertible

linear operator in T%TM™?) defined by the formula

(fe) () = dfo (1 (), v T (TM).

By the spectrum of a diffeomorphism [ is meant the spectrum of the complexification
of the operator f,.

Definition 1.1 (see [9]). A diffeomorphism f of a compact Riemannian manifold
M™ is said to be partially hyperbolic if the spectrum of the operator [, is contained
in three annuli with radii A; and p; such that 0 <A} <p) <Ay <1 <py <Ay <y
and at least two of these annuli contain nonempty components of the spectrum.

Definition 1.2 (see [9]). A flow f* on a compact Riemannian manifold is said to
be partially byperbolic if the diffeomorphism fl is partially hyperbolic.

By a partially hyperbolic dynamical system we will understand a partially hyper-
bolic diffeomorphism or flow.

A special case of partially hyperbolic dynamical systems is afforded by the Ano-

sov systems (for a definition of which and proofs of the facts presented below, see
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178 M. I. BRIN AND JA. B. PESIN

[1-3, 5, 11-13]). The spectrum of an Anosov diffeomorphism f consists of two compo-
nents S, and S, respectively tying strictly inside and strictly outside the unit circle.
To these components there corresponds a splitting of %TM™) into a direct sum of
two submodules I'"; and I',: r%T™») = [, ® ', such that sp f,| r, = S; and sp f*lrz =

S,. To the submodules I} and I', there correspond distributions E| and E, such
that T _M" = E (x) ® E (x) for each x € M". The distributions E,; and E, satisfy a
Hélder condition and are integrable, their integral manifolds respectively forming con-
tracting and expanding foliations ©° and ©¥. Each of these foliations is absolutely
continuous and metrically transitive. An Anosov diffeomorphism [ preserving a smooth
measure g is a K-automorphism of the measure space (M”, u). Analogous facts are
valid for Anosov flows. We note that a diffeomorphism of an Anosov flow is not neces-
sarily an Anosov diffeomorphism, whereas any diffeomorphism of a partially hyperbolic
flow is partially hyperbolic.

2. Partially hyperbolic dynamical systems have a number of metric and topologi-
cal properties, many of which generalize the corresponding properties of Anosov sys-
tems. However, a similar genefalization of the characteristic properties of Anosov
systems to partially hyperbolic dynamical systems encounters significant difficulties
and apparently cannot be fully realized.

In $2 we show that to the components, of the spectrum of a partially hyperbolic
dynamical system f, lying in annuli with radii A, and p , i =1, 2, 3, there correspond
certain distributions Ei' These distributions satisfy a Hélder condition and, under
certain conditions on the numbers )\z. and f;; even turn out to be smooth. Moreover,
the distributions E, and E; are integrable and their integral manifolds respectively
form contracting and expanding foliations of the dynamical systems.

In $3 we prove that these foliations are absolutely continuous. We note that the
notion itself of absolute continuity of foliations, as it was introduced, for example,
in [2], does not carry over verbatim to our case. However, this notion admits a natus-
al modification, which is formulated in $3.1. The general direction of our proof of
absolute continuity of the foliations follows the main ideas of the corresponding proof
presented in [2] for the foliations of Anosov systems but differs from it in certain
essential respects. It is also proved in this section that a translation along the tra-
jectories of a vector field subordinate to one of these foliations (see Definition 3.2)

is an absolutely continuous homeomorphism of the manifold.

In $4 we describe a series of topological properties that the contracting and ex-
panding foliations of a partially hyperbolic dynamical system can possess; in particu-
lar, the absolute nonintegrability and transitivity of a pair of foliations. The first of
these properties pertains to the case of sufficiently smooth foliations and corresponds
to the absolute nonintegrability of a pair of distributions (see [14]). The property of
transitivity of a pair of foliations is a generalization of the property of absolute non-
integrability for nonsmooth foliations and consists, roughly, in the fact that any two
points of the manifold can be joined by a finite chain of leaves of the contracting and
expanding foliations. Clearly, the foliations of an Anosov diffeomorphism possess a

similar property.
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An important result is contained in Theorem 4.1, which asserts that the property
of transitivity of a pair of foliations is preserved under a small perturbation of the
dynamical system in the class C? if the original system has a pair of foliations of a
sufficiently high smoothness class,

If a partially hyperbolic dynamical system has the indicated topological proper-
ties, then, under certain additional assumptions, it is ergodic, mixing, and even a
K-system. For example, if the contracting and expanding foliations are absolutely
nonintegrable, then, as was shown in [14], a dynamical system is mixing and, in addi-
tion (see Theorem 5.2 of the present paper), has the K-property. Apparently, addition-
al assumptions of this kind are essential, and the conjecture that any partially hyper-
bolic dynamical system with a transitive pair of foliations is a K-system is not true.

In §5 we consider the group G of transformations of a manifold M" generated by
translations along the trajectories of the vector fields subordinate to the contracting
and expanding foliations of a partially hyperbolic dynamical system f. If the pair of
foliations is transitive, G acts transitively on M™. If G acts metrically transitively
on M", the dynamical system f has the K-property. In $5 we cite a series of condi-
tions that are sufficient for a group G to act metrically transitively on a manifold
(see Theorems 5.1-5.4).

3. As was mentioned above, Anosov systems are examples of partially hyperbolic
dynamical systems. It should be noted that Anosov systems can be regarded in some
cases as nontrivial examples of partially hyperbolic dynamical systems. Suppose, for
example, that the component §; of the spectrum of an Anosov diffeomorphism splits
into two nonempty sets §; and S| lying respectively in annuli with radii A}, g; and
/\.1', y; such that 0 < Ai' < p{ < /\{' < p{' < 1. Such an Anosov diffeomorphism can be
regarded as partially hyperbolic with the three components of its spectrum respective-
ly contained in the annuli with radii )\{, [Lll; )\'1', 1 and A,, ¢, (here )\2 and p, are
the radii of the annulus containing the sécond component of the spectrum of the Ano-
sov diffeomorphism).

4. Another important example of partially hyperbolic dynamical systems is af-
forded by fiber bundles over Anosov systems for which the hyperbolic properties of

an Anosov system acting in the base space of a fiber bundle are ‘‘stronger’’ than the
hyperbolic properties in the direction of the fiber (for the definitions and correspond-
ing results, see $32.6 and 5.6). If the pair of foliations of such a fiber bundle is
transitive, then, under certain restrictions on the spectrum, this dynamical system has
the K-property (see Corollary 5.3). Moreover, in $5 we show that the class of fiber
bundles over Anosov systems contains an open set of dynamical systems having the
K-property.

We consider a concrete example of a fiber bundle over an Anosov flow, viz. a
k-frame flow on a manifold of negative curvature (see {4, 10]). Let M” be a smooth
Riemannian manifold. By a k-frame on M" is meant a pair w = {x, &), where x €
M" and &% is an ordered set (€ Ireees fk) of k orthonormal vectors fi €T M".

W2n—1

The set of all k-frames on M" is a locally trivial bundle =: Q, - whose base
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space is the manifold W27=1 of unit linear elements @ = (x, {"1) and whose fiber is
the Stiefel manifold V_ 1,k-1 (viz. the manifold of ordered sets of & - 1 orthonormal
vectors in T _M" that are orthogonal to £ ). We denote by PYw, 771) the parallel
translation in time ¢ of an ordered set nl =, 7]1) of I orthonormal vectors along
the trajectory passing through the linear element @ of the geodesic flow S%.

Definition 1.3. By a k-frame flow on a smooth Riemannian manifold is meant a

one parameter group @' of transformations of Qk acting as follows:
Do = (So, P(0, §7), 200 © = (x, £) = (0, &)

Clearly, a k-frame flow is a fiber bundle over a geodesic flow.

In $6 we will show that if a manifold M” has negative curvature, then a k-frame
flow ®' on M™ is a partially hyperbolic system, and if the Riemannian metric on M”
is sufficiently close to a metric of constant negative curvature, then @ is a K-flow.

5. Another example of partially hyperbolic dynamical systems is afforded by flows
on homogeneous spaces of simple and semisimple Lie groups. Let X = G/T" be a
homogeneous space of a simple Lie group G (I' is discrete) and let x be an element
of the Lie algebra of G such that the spectrum of its adjoint representation ad x con-
tains at least one eigenvalue with a nonzero real part. It can be shown that the flow
induced by the element x in the space X is partially hyperbolic. Inasmuch as the
contracting and expanding foliations of this flow (corresponding to its horospherical
subgroups) are transitive, the flow exp tx is a K-flow.

A concrete example of such a flow, which was proposed by L. Auslander, is
given in [14].

Analogous results are valid for flows on homogeneous spaces of semisimple Lie
groups. Namely, if in some simple ideal the operator ad x has at least one not pure-
ly imaginary eigenvalue, the corresponding flow is partially hyperbolic. If this is true
for every simple ideal, the flow exp ix is a K-flow. Similar dynamical systems are
studied in more detail in [20, 21].

6. The authors are grateful to D. V. Anosov for the attention he has given to the
work and for many valuable discussions. The general direction of the investigations
was suggested by A. B. Katok, under whose guidance the work was carried out. To
him the authors express their most heartfelt thanks.

The results of $3, as well as Theorems 4.1 and 4.2, are due to M. I. Brin. The

results of $2 are due to Ja. B. Pesin. The remaining results were obtained jointly.

§$2. The existence of invariant distributions and foliations
1. Let { be a dynamical system (i.e. a diffeomorphism or flow) of class C7, 7>
1, on a compact n-dimensional smooth Riemannian manifold M®. We assume that the
spectrum of [ consists of p components Sé = S, and that each set §; is contained

in an annulus with radii )\i, p; such that

D<A S < e <Ap < i
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The results of [8] and [12] imply the following propositions.

Proposition 2.1. Suppose that the nonperiodic points of [ are everywhere dense
in M®, that A € sp f, and that |€] = 1. Then A € sp e

In other words, the spectrum of [ consists of circles |A| = const.

Proposition 2.2. The following decomposition holds:
PTMY=T:® ... T,

where the U, i =1,..., p, are the invariant (relative to {.) submodules of oM
for which sp [ | =S5,
I

To each submodule ['; there corresponds a distribution, which we denote by
El-E.
From Proposition 2.2 it follows that p <n and TM” = @‘{Ei.

Proposition 2.3. If p, <1, then the distribution E| is integrable and its integral
manifolds form a continuous invariant foliation © with smooth leaves (see [11] as well
as 1, 21) and TXG (x) = E (x). Moreover, there exist C,>0 and C,>0 such that
for any x, x, € 6(x)

C1Ml96(x) (%1 %) < Py (" (x), f )< Czp.fp@(x) (%1, x,)- (2.1)

Here and below ©(x) is the leaf of G through x and Pe(x) is the internal metric
induced on &(x) by the Riemannian metric p on the manifold M

We denote by P the metric in the space Diff Ymmy of ct diffeomorphisms of
M" induced by the Riemannian metric, and by d the metric in the space of continuous

distributions on M”:

d(Ey, Ep) = max p(E1 (%), By (x))

U1 Uz

Noall  Hfee

== ImMax max min
xeMn 1EE, 0,cE,

Proposition 2.4. Let f e Diff YM™). Then for every sufficiently small ¢>0
there exists @ & >0 such that for any diffeomorphism g with [ A IR
Pl e
Sp g& = U Sl’
=1
where Sf is contained in the annulus with radii ’\i —€ and p, + ¢, and d(EZ/., Ef) < €.
Proposition 2.4 shows that the properties of dynamical systems formulated in

Propositions 2.2 and 2.3 are preserved under a small perturbation in the class ct

(in regard to this assertion, see also [13]).
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2. Let { be a partially hyperbolic dynamical system. We denote by E*, EY and
E* the invariant distributions corresponding to the submodules I‘l, 1"2 and F3 for

which sp f, lies in the annulus with radii A; and B i=1,2,3, and by G* and

Ir.
H
G* the invariant foliations corresponding to the distributions E° and E¥. We have

TM"=E°@QEDE", T8 (k) =E(x), T8 %) =E*®).

3. Definition 2.1 (see [3]). A distribution E satisfies a H5lder §-condition with
constant C and exponent a, 0 < a < 1, if for any x, y € M” such that p(x, y) <&

o (MoE (), E (1)) < Co (x, 9)*.

Here ny denotes parallel translation along the geodesic joining x and y. If &
is sufficiently small, this geodesic is unique and the definition makes sense. In the

sequel, when it will not cause confusion, we will drop the symbol ny.

Theorem 2.1, Let f be a dynamical system of class C?ona manifold M" whose
spectrum consists of two nonintersecting components S| and S, respectively lying
in annuli with radii Ay, p, and A,, p, such that 0 <A <y, <A, <p,. Then for cer-
tain 8, C and a the distributions E; satisfy a Hlder d-condition with constant C

and exponent a, i.e.
? (B (x), E1 (9)) < Cp (x, §)* (2.2)
when plx, y) < &.

Proof. It suffices to establish the assertion of the theorem for diffeomorphisms.

We will also assume that the diameter of the manifold is less than 1.

Lemma 1. Let E be an arbitrary continuous distribution such that dim E(x) =
dim E ((x) and E(x) NEXx) =0 for all x € M* and &E,, E) <Y. Then the sequence

of distributions [ "E converges to the distribution E | in the metric d.

Proof. Let x € M”. The invariance of the distributions E; and E, relative to

{4« implies

o (F"E (%), E; (0) = p (F"E (%), f."Ey (%))

7, -1,
= max min v 4w
veE(f) weE (M) L (14"l [[df "w ]|
-1, ~1
< max min u i _di" |
" vEE(fR () weEL i || || ¢f 0l df "ol \

df'"’vl . df""w

-+ max min
Hdf"mll  Haf "ol

VEE(f(x)) wEEy(f(x))
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Here v=v, + v, vy € E;(fA(x), v, € E,(f*(x)), where, by virtue of the conditions of
the lemma, {|v,|| £ 0 and, moreover, {lv,/|v| || <%. Hence |jv /o] | > %, and con-
sequently |lv,[/|lv,|| < 1. If v ranges over all of E(f*(x)), then v, ranges over all
of E (f"(x)) and the second term of the sum is equal to zero:

OEG () Ey (" (4)) =0.

We also have

“ df " df "o l “ d"wtv)  df"

™ol fdr"o] Wdrmoll [ 4l

<harta | (1= A2 |+ LT g,
il df~"o|| || df "o ||

<o ldf "y || <2 9,0 [l <2 % 9 (pl) _
I df"o || ar Nl Ae

Here we have made use of the following inequalities implied by Proposition 2.2:
AT (X < df ", ”é‘l;k;n fos I, )

gabz" lo, | <) df v, ”<q;x2n”02 Il

H ! E . .« .
where 7 is a patural number and ¢q,, ¢, ¢4, ¢, are certain pos1t1ve numbers. Thus

(2.3)

d(F7°E, Ey) = max p(f"E (1), E, (1)) < 2 = (A ) -0

x=MP

where n > . The lemma is proved.

Lemma 2. There exist positive numbers € and K such that the inequalities
d(E', E|)<e¢ i=1, 2, are valid for any two distributions E! and E%, and the in-
equality

PUFEE ), B EN<K (2] FE @), B @) @20

is valid for all x € M* and natural n.

Proof. Let v ¢ El(f"(x)), el =1, v= Uy + U, vy € El(/"(x)), v, € Ez(["(x)). By
virtue of the conditions of the lemma, |lv,{| > 1 — € and ||v,||/|v|| <e/(1 =€)
It follows from (2.3) that if € is sufficiently small,

Ild o, —1 df v, > qi” ol —‘72’3';" Izl

B gy Ly
S (1) ]a—a> e
Consider a vector w € EX(fx)), |lw|| = 1, w = wy + w,, for which v, = w,. It can be

shown that if € is sufficiently small, there exists a constant C; > 0 such that

. 2.5)

T [‘h — q; 1
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lo—w||< Cip (o, E2 (" (x)))- (2.6)
Inequalities (2.3), (2.5) and (2.6) imply
? (———"’__ ©_ afE (x))) < “ AL
f df~ v Naf™ell |l 4
é“ ™ df"e 4 “ dfi"w  df"e <2 af " (v — w)
Il df"o |l 1 df~" |l [1af™|| I df "w | Wi df "o ||

I| df™" (ve — ws) || M P\~ 2 ront
<2 < 4q; v—w| <K o (v, E x)))-
I} df "oy || — ) df "0, I * <M) : : ( ) A

The assertion of the lemma follows.

Lemma 3. There exist positive numbers 8, C and o and a natural number n,
such that if a distribution E satisfies the Holder 8-condition with constant C and
exponent o and d(E, E ) <¢, then these same conditions are satisfied by the dis-
tribution [, "OE.

Proof. Let E be such a distribution and choose 7, so that K(pl/)\z)"o =5 <1,
Clearly d(f,"OE, E))<e.
Let x, y € M and let

@ (f) = o (Maf."E (), FE (9))»
oy (f) = o (Maydf ' s E (™ (), Ay Tnagyprogey E (7 ),
0, () = 2 (@f e MirnagmysroyE (™ s dfmagy)E G ().
Clearly w(f) < w,(f) + w (). Since f e Diff (M), we have

o, () <|| H;ydff-r:?(x) no(y) <Ko (™ @) f* W) < Ko (s, y), (2.7

where the constant K; does not depend on x or y. For sufficiently small & inequal-

ity (2.4) implies
o, ()< n? (ano(x)f”o(y)E ("™ (), E (f(9)))- (2.8)

We consider two cases:

a) o(f* @), I @)<s,
b o (" (), ™ () >9.
In case a) the conditions of the lemma and inequality (2.8) imply
@, (H <o (7™ (x), [ (N)* < nC (u2)™ e (x, )*. (2.9)
From (2.7) and (2.9) we get that

o () < (Kypz® + nus™C) o (x, 1) * < Co (v, y)°
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an
for a < nal In 7~ 1/1n By (ie. nu, %<1), and

>t
1— m"'z °
In case b) we have
o, (H<n - 1= (f* (x), f* @) < —}MZ’P *, 4. (2.10)

From (2.7) and (2.10) it follows that

o< (Klu;“ ~ 1 uZ") o (%, 5)*< Co (x, 5)°

for any a and C> (K, + T)/S)p;lo. The lemma is proved.

We go over to the proof of the theorem. Let E be the distribution constructed in
Lemma 3. Since this distribution satisfies the condition of Lemma 1, as m » « the
sequence of distributions f;_mnoE converges in the metric & to the distribution E,.
By making use of Lemma 3 and proceeding by induction on m, we get that this se-
quence of distributions converges to the distribution E, in a space of distributions
satisfying a HSlder &-condition with fixed constant and exponent. Thus the distribu-

tion E, satisfies a Holder d-condition. The theorem is proved.

4. Corollary 2.1. Let  be a partially hyperbolic dynamical system. Then the
distributions E, E%, E°, E® E° and E*® E° satisfy a Hlder 8-condition with

constant and exponent depending only on the numbers A, and p.

5. We note that, as can be seen from the proof of Theorem 2.1,
1 -1 1 -1 pi\ 7/,
a —InnVYnp, = —InK —{—ln(—) 1n p,. (2.11)
Ny No )\.2 /

Inasmuch as K does not depend on 7, which can be chosen sufficiently large, in-

equality (2.11) implies

a ln (%t—‘)—l/ln o (2.12)

2

Inequality (2.12) provides an estimate of the Hélder exponent for the distribution E,

in terms of the boundary of the spectrum of the diffeomorphism f. This implies

Corollary 2.2, If, under the conditions of Theorem 2.1, pip,/A, <1 (or p,/A\,
< 1), then the distribution E | (E,) satisfies a Lipschitz condition.

As was pointed out by Anosov, this result can be strengthened somewhat.

Corollary 2.3. If, under the conditions of Theorem 2.1, p /A, <1 (or py/AA
< 1), then the distribution E | (E,) and the foliation G, (©,) are smooth.

This result was also announced in [16]. It immediately implies
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Corollary 2.4. If { is an Anosov diffeomorphism with a *‘point”’ spectrum, i.e.
0 <A =p,; <L<A,=p,, then the distributions E| and E, are smooth and the con-
tracting and expanding foliations of [ are smooth foliations. Moreover, there exists
a neighborhood n C Diff (M") of the diffeomorphism [ such that any diffeomorphism
g €n is an Anosov diffeomorphism with smooth contracting and expanding foliations.

6. Consider a fiber bundle (M, /) over an Anosov system g. This means that the
. dynamical system { acts in a bundle #: M > P with fiber O (P and Q are compact

manifolds) and the following diagram is commutative:

MM
Jtl g ‘!,:n,'
P=P
Suppose the spectrum of the Anosov system g is contained in two annuli with
radii Ay, p; and Ay, p, (if g is an Anosov flow, one must add the unit circle) such
that

0 =p, 1T Q< p,

The compact sets 7~ '(2), z € P, clearly form an invariant (relative to f) smooth

foliation of the manifold M, which we denote by SO,

Theorem 2.2, Let I'y C TO(TM") be the invariant submodule of continuous vec-
tor fields v such that (x) € TXGO(x), x € M, and suppose that the spectrum of the
operator /*’l‘ is contained in an annulus with radii \; and p, such that 0 <A, <

0

By <Ay <pg <A, S, Then the following assertions are true:

1) f is a partially hyperbolic dynamical system whose spectrum is contained in
the three annuli with radii Aj, ny, Ay, p, and Ay, p.

2) The distribution E is integrable and its integral manifolds form the folia-
tion G,

3) There exist contracting and expanding foliations G~ and G* respectively
corresponding to the distributions E, and E, having the property that (6™ (x)) =
G%(n(x)), MG Hx)) = G*(a(x)), where x € M and G° and G* are the contracting and
expanding foliations of the Anosov action g.

4) The distributions Ey ®@E| and E,® E, are integrable, i.e. the pairs of foli-
ations (67, 8°) and (G*, G°) are integrable.

5) 1f papg/Ng <1 (g/AyAg < 1), the foliation &~ (6") is smooth among the leaves
of the foliation co.

Proof. With the use of arguments analogous to those presented in (1], [2] and
[8], it can be shown that the dynamical system [ has contracting and expanding
foliations respectively projecting into the foliations ©° and ©* of the Anosov sys-

tem g. This implies assertions 1) and 3), inasmuch as
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TM=T&(x) DTS (x) D T:S*(x)

(if [ is a flow, one must add a one-dimensional direction of motion).

For the proof of assertion 4) we consider the continuous partition of M into the
sets 7~ 1(67(2)), which locally are submanifolds of M. Thus we have a continuous
foliation on M, which we denote by W. Clearly, if x € W(x,), then %) ¢ W(xo).
Assertion 4) will follow if we show that € (x) C W(x,) when x € W(x). Let y € G(xo). Inasmuch

as ©° is a smooth foliation and its leaves are compact, it follows from (2.1) that

o (f" (&° (%)), f* (B° (%)) < Curp (x, 1), (2.13)

where C is a certain consrant. Hence p(g™(n(x)), g"(m(y))) < Cplip(x, ¥). It is known
(see [1]) that a leaf ©°(2) is the geometric locus of points z, such that

p(g"(2), 8" (2))—>0

as n » co. Therefore m(y) € ©°(n(x)) and consequently y € W(x,).
Assertion 5) follows from assertion 4) and Corollary 2.3 (inasmuch as the proof
of Corollary 2.3 involves not the compactness of the manifold but the existence of

uniform estimates). The theorem is proved.

Theorem 2.3. Let [ be a partially hyperbolic dynamical system and let E be a
smooth and integrable distribution whose integral manifolds form a smooth foliation
G% with compact leaves. Suppose there exists for each ¢ >0 a 8 >0 such that if
plx, y) <8, then E%x) = b(GO(y)), where b is a diffeomorphism of the manifold lying
in an e-neighborbood of the identity diffeomorphism in the c® topology. Then the
distributions E\ @ E, and E,® E, are integrable. If pipo/Ay <1 (uo/A2Ag < 1),
the foliation G~ (8%) is smooth along the leaves of the foliation .

Proof. The assertion of the theorem follows from Theorem 2.2 and the following
lemma.

Lemma. Under the conditions of the theorem, a dynamical system { can be re-

presented as a fiber bundle over an Anosov system.

Proof. Consider the quotient set M/G° (S0 is a partition of M) and introduce the
structure of a smooth manifold in it. We denote by = the natural projection m: M -
M/GP. Let x €M, let W(x) (3 x) be a smooth (n — k)-dimensional submanifold (n =
dim M, £ = dim G%4x)) that is transversal to the leaves of the foliation GO, and let
U(x) (C W(x)) be a neighborhood of the point x. We put

Ux= U &°(2).
22U
Consider the mapping ¢(x): U(x) » Ulx), $(x)(y) = z, where y € 6%2) and z € U(x).
Clearly, it induces a bijective mapping &(x): #(U(x)) » U(x). Therefore, since &°

is a smooth foliation with compact leaves, the introduction in M/G° of the system of
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charts (#{(U(x)), ¢(x)) (relative to all possible x € M and neighborhoods U(x)) con-
verts the set M/G° into a smooth compact manifold. The manifold M can then be con-
sidered as a bundle space over M/G® with fibers 7~ 1(2) = 6%%x), z = n(x) € M/C°.

By virtue of the invariance of the foliation &0, the dynamical system [ induces a
smooth dynamical system g on the manifold M/G® such that wof= g °n. It remains

to show that g is an Anosov system. Since for every x € M
TM=T,8*(x) T (x) D T:E (x),

we have

TM/E = °T,8% (x) ® T8 (x),
where z = m{x). If v e 7"T_G7(x), then v = #"w and
dg" |l = || dg"w'w || = || w*df"w |
<o ||| <epr |0

If ve n*TxG+(x), then, as above, it can be shown that ||dg™"v|| <c,p;"||v||. Hence
g is an Anosov system whose spectrum is contained in the two annuli with radii A,
g, and Ay, p, (if g is a flow, one must add the unit circle), while the corresponding
distributions E; and E, are such that E(z) = Tr*TxG_(x) and E,(2) = n*Tx~6+(x),

z = m{x). The lemma is proved.

$3. Absolute continuity of the foliations

1. We consider an arbitrary continuous k-foliation © on a compact Riemannian
manifold M”? (see [11]). Let x € M" and y € ©(x), and consider a pair of open smooth
(n - k)-submanifolds W;3 x and W, 3 y that are diffeomorphic to an open ball in
R"™* and transversal to the leaves of the foliation G. If >0 is sufficiently small
and p'G(x)(x, y) <¢, then there exist submanifolds (x&) W _CW, and (ye) Wy CW, and
a bijective continuous mapping p: W _ - Wy taking an arbitrary point x; € W into a
point y; = plx;) € W, N S(x,) such that Poix*p Y1) < 2

We denote by p, and p the internal measures induced on W_ and v, by the
Riemannian metric.

Definition 3.1. A foliation © is said to be absolutely continuous if, for any two
submanifolds W_ and Wy of the type described above, the measures p_ and p*yy

are equivalent.

2. Theorem 3.1. Let f* be a dynamical system of class C* on a compact smooth
Riemannian manifold M" (¢ is a continuous or discrete parameter). Suppose that the
spectrum of ' consists of two nonintersecting components S, and S, respectively
lying in annuli with radii A, p, and Ay, p, such that 0 <Ay <p; <A, <py,py <L
Then the foliation & corresponding to the distribution E | (see Proposition 2.3) is

absolutely continuous.

For the proof of the theorem we require a series of lemmas.
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Lemma 1. There exists a constant C3 >0 such that for any x, € W _and y, €
W, (see Definition 3.1) and any t> 0

~ t
P Wyl (W Ex (F () < G (B2, (3.1
2
~ t
P Ty W), B2 (F () < €, (‘;—) : (3.2)
2
Proof. Let v € Ty Ve lvll = 1. We represent the vector v in the form v =
Y1V1 + ¥V, where vy € E(x)), vy € Ey(x)), v, ] = |v,]l = 1, with y, # 0 inasmuch

as Tx w_n El(x 1) = 0. By making use of the invariance of the distributions E, and
1

E,, we obtain an analogous decomposition for the vector dffv: dftv = ylca’/tv1 + yzd/‘vz.

Hence
p (df{v» E, (f‘ (x)) <K, “ dftv1 ll, (3.3
where K is a certain constant, From (3.3) and (2.3) (where n is replaced by ¢) it fol-
lows that
~ t AY t
¢ (A B e < 2 (), .6
” df v " 72‘72 12

Inasmuch as the set W _ is compact while the angles between W_ and the leaves of

the foliation © are different from zero, we have

max IL>0
VST, W iloli=1 T2

Inequality (3.1) now follows directly from (3.4). Inequality (3.2) is proved analogous-
ly. The lemma is proved.

Lemma 2. There exist constants n, €(0, 1) and C, >0 such that for any x, €
W, and y, € W, Hx) =y
~ t t - 1
p(Tft(x‘)i (‘Vx)’ Tfi(y’)f (W!I)) < me- (3.5)
Proof. The assertion of the lemma immediately follows from Lemma 1 and in-
equalities (2.1) (where 7 is replaced by t) and (2.2).

Lemma 3. For each & € (0, A, — p,) there exists a constant C5 >0 such that
for x4, x, €W _and yy, y, € Wy

pft(Wx) (ft (xl)’ ft (x2)) > CS (}"2 - 6)1 14 (xlv xz)’ (3.6)
o5t (F @ F (U2)) >Cs (e —8) 0 (1, 1)- (3.7)

Proof. From (3.1) and the compactness of W it follows that for any ¢ >0 there

exists a t, >0 such that for all ¢ >t and for any x; € W_

E(Tfl(xl) F W), E, (f () <e.
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We choose any & € (0, A, — u,;). By virtue of Proposition 2.2 (see also (2.3)) for the
chosen 3 there exists an ¢ = ¢(8) such that for all >t any x; € W_and v e

T lw(W ), = 1,
/‘6(x1>/ 2 1

-t
A, N0l > e —8) o]l (3.8)
f E(xy)
Consider an arbitrary smooth curve
4 z z
VI (Wa, 90 =Fo @), v(1)=F°(x)
The length || of this curve is given by the formula
1
ol =l @ llds.
]
The length of the image of i under the action of the mapping /t—tf, t>t, is equal to

T IR ATOR Y

From (3.8) it follows that

HEp @) 1> (e — 0 10 O

This immediately implies the first assertion of the lemma. The second assertion is

i-ip

proved analogously.

Lemma 4. There exists a number y >0 such that if x;, x, € f{(W ), yp. y, €
/‘(Wy), plxy, x,) <y and ply,, y,) <y, then

o (T’ (7., Toff (W.)) < Colx, 9)* +2C; (t;-) , (3.9)

B Tl 7, Toff (7)< Co (9 +:265 (2. (3.10)

2

The proof immediately follows from (3.1), (3.2), (2.2) and the triangle inequality.
Let p (¢) and p.y(t) denote the internal measures induced on the submanifolds
[z(Wx) and /t(Wy) by the Riemannian metric, let p, = ffopoft and let

Bi={x' &F Wlopg, (' 2 r (@), xg &F (W)}

Lemma 5. If r(£) - 0, c,p/re) > 0 and

P (3B,, of (W,))
_——
r (0

as t - o, then
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M () (By)

O -, (3.11)
T R

with €(t) >0 as t > o,

Proof. We cover the manifold M” by a standard finite system of coordinate
neighborhoods (U}, ¢.), where ¢(U) is a ball in R”. Most of the subsequent asser-
tions should, whenever necessary, be referred not to the objects themselves but to
their images under the action of the appropriate mappings ;.

We consider for sufficiently large ¢ pieces of the submanifolds (W ) and /t(Wy)
that lie in a coordinate neighborhood of x; and contain the balls B, and 1’:(3;) re-
spectively. These pieces of submanifolds are represented in this neighborhood by

the graphs of certain smooth mappings

81,85+ Tx Bt — T, & (x,).

Let x) € B, y; =p x)) and y, = Hn/t(Wy ), where Il is the k-plane passing

through x that is parallel to the plane T, O(x;). It is easily seen that there exists
0

a constant C; >0 (depending only on the distance between W _ and W) such thar
ply s y,) < Cep. It therefore follows from (3.1), (3.2) and (2.2) that for certain 7, €
(0, 1) and C, >0

0 (Typr (B, Ty (B)) < Comi (3.12)
Inequality (3.5) implies
‘; (Tx;Bt: Ty;pt (Bl)) < C4T|i. (3. 1 3)

From (3.12), (3.13) and the triangle inequality it follows that

o (Tx,Bt, Tyt (BY) < Cony (3.14)

where Cg = C; + C5 and 75 = max{n, 7,}
Let z, i= 1,..., n — k, denote coordinates on the plane TxoBt. Inequality
(3.14) implies

5

i=1

o1 _ Og
3, —Ek Canes (3.15)

whete C9 iS a certain constant. We put
ﬁ t) = inf px, prlx
() x&By ( t( ))

and denote by B_g,, the B(t)-interior, and by By, the B(r)-inflation, of the set

B, on the submanifold /(W ). From (2.1) it follows that B(#) < C,uiB(0) and con-
sequently, by virtue of the conditions of the lemma, that B(z)/A¢) > 0. There there-
fore exists a function y(t), y(l) -0 as t - oo, for which
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1, (2) (By)

EOB) o, :

oy ® (B ﬁ(t)) <'\’() (3.16)
My &) (Bgqry)

RSN L AP | f). .1

1 (2 (Bggsy) <10) G-17)

Let P denote the operator of projection onto the plane T, along the plane T _ 'G(xo).
0
Clearly, 0

P (B_gay) — P (p:(B2)) C P (Bpy)- (3.18)

The measure of any set A C /AW ) (A C f’(Wy)) can be calculated according to the

(%)«
0z / \ 0z
where i=1 and p=p () (i=2 and p= /,ty(t)). Inequalities (3.18) and (3.19) imply

‘/14«

P(B_g(ty)

S Y

P(Bgy

formula

b () = § 1/1 -

P(4)

z, (3.19)

(%) (%) | < (oec)

(fﬂ) (‘E)I
0z / \oz
where i=1 and p=p (1) (=2 and p= #y(t)). The assertion of the lemma now fol-

lows from (3.15)—(3.17) and (3.20),
Let p; <7, <min {1, AL For given area elements W, and Wy there exist a

(3.20)

dz,

point x, € W_ and a constant C, >0 such that if

r(f) = 10"]47 (3.21)

then the ball B, of radius 7(z) with center at /‘(xo) satisfies the conditions of Lem-
ma S.

We fix a sufficiently large ¢, >0 and consider the preimages [~ t(B ) for t <
to- Inequality (3.6) implies

diam [ (B) < —
Cs (Ay — Yo

It therefore follows from (3.21) that

diam £~ (By,) <C Cyymi, (3.22)

where C,, = 2C,,/Cg and 15 =17,/(A, - 8). We choose the number 8 in Lemma 3
so that 75 <1.
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Analogous arguments (using (3.7) and (3.21)) show that
diam f* (p, (B1)) < Cuemi, (3.23)
where C, is a certain constant.

Lemma 6. Under the conditions of Lemma 5 (for example, if condition (3.21) is
satisfied) there exists a constant C13 >0, depending only on the original submani-
folds W_ and Wy, such that

1 B, (FF (B))

_L < Cys .24
o b P B (3.24)

Proof. Consider the open submanifolds f~(B) CW_ and [~'(p(B,)). We have

(B = [14F" |y 5, 1 due 0 (), (3.25)
By
(BN = | 1df ] 5 duy (@)1 (3.26)
pt (By)
Here z € B, z €p(B,) and | * | denotes the coefficient of volume expansion for

a mapping d/;l*A. Let us estimate the difference in the values of the integrand in
(3.25) at two points z; and z,. Inasmuch as /1 € Diff2(M"), there exists a constant
C14>0 such that

| af S —df ;zl | < Ciao(21,2)

(see (2.7)). There therefore exists a constant Cy5 >0 such that for any subspace A

Hdfz [ —ldfz (1] < Cus? (2, 22)- (3.27)

In addition, there exists a constant C;, >0 such that for any subspaces A; and 4,
in T_B
z L

a2 o, 1 —1f2" |, 1] < Cre? (4s, A)). (3.28)

It follows from (3.27), (3.28) and (3.9) (see Lemma 4) that for sufficiently small
oz, z,)

| F 5 — N, 5,
(3.29)

X3
< Cust (a1 ) + CuoCo 21 20" + 26, [£2] ).
2

Let
J (1:7 2) = “ df;i‘f(z) ,Tf"‘(z)f‘t( By) “ .

Replacing z; and z, by /_7(21) and /"'r(zz) respectively in (3.29) and making use
of (3.22), we get



194 M. I. BRIN AND JA. B. PESIN
| I (v, 2) — T (x, 2)| < Cpp0 ¢ @), [ (22))

+ Cie (CP (" @), 7 (@)° + 2G4 (:—:)1_1) (3.30)

t a af py VT {-T
<L Ci5Cims + Ci6CCaMs + 2C, (T) <Cgms .
2
Clearly, there exists a constant &,>>0 such that
I < I, 2)< Y, (3.31)

forall 0 <7<t and z € B, Inasmuch as 7, <1, it follows from (3.30) and (3.31)

that
-1

d<ll a2 @< C (3.32)
=0 -
where C18 is a certain constant.
By considering points zj, zz' €p,(B) and a funxtion T (7, z'), which is defined

on the submanifold pz(Bz) analogously to the function J(r, z), we can prove that

-1
<[ 10E2)5" @21 <Cys (3.33)
=0
The latter two inequalities show that if the integrands in (3.25) and (3.26) are re-
placed by their values at certain points z, and p(z,) respectively, the measures
yx(f—'(Bt)) and py(f—t(pt(Bt)) themselves do not change by more than a factor Cg.
For the completion of the proof of Lemma 6 it remains to estimate the product

1-1

Ty (v, 2) I (v, pe(2))-

T=0

Consider points z, and p(z;) € &z,). Inasmuch as (3.29) is valid for any two suf-
ficiently close points of the manifold M” while the points under consideration satis-

fy (3.22) (with some other constant; see also (2.1)), we have
[ (%, 2) — T (v, p; @< Clsﬂ:—t:

where C;g isa certain constant. Therefore, since the functions J(r, z) and
J~'(r, z) are uniformly bounded with respect to 7 and z and are different from zero

and inasmuch as 74 < 1, there exists a constant C,; >0, not depending on ¢, such

that
-1
m<ll o (% 2) [J (x, pr )™ < Cop (3.34)
T=0
It follows from (3.32)—(3.34) that the assertion of the lemma is valid for C13 =
C218C2 0

The absolute continuity of the foliation © is equivalent to the absolute contin-

uity of the mapping p (see Definition 3.1). We will actually prove somewhat more.
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Namely, we will show that the Jacobians of the mappings p are uniformly bounded
and different from zero. For this purpose it suffices to prove (see [7]) that any ball
Dplxg) ={x; € Wx|pwx(x1, x9) <R, x, € W_{ satisfies the inequality
1 < b, (Dg (%))
—_— R R
Co b, (p(Dg (%))

where C,, does not depend on the ball D (x,) in question. We note that Lemma 5

< C‘Z]_’ (3-35)

permits one to equate the measures of a ball B, and its image p(B); but these
sets lie in '‘distant’’ images of the submanifolds W_ and v, under the action of the
dynamical system /. Lemma 6 makes it possible to equate the measures of the pre-
images f~%B,) and f—’(pt(Bt)) = p (/7B ), which lie on the submanifolds W _ and
Wy but are not balls. In order to overcome this difficulty, we select a number ¢, so

that
p, (D)
By (Dg (x0))

1 ’<o, 1,
(3.36)

1

\ B, 0 (D) <ol

by (P (DR (%))
where D_, denotes the ¢,-interior of a ball Dp(x,) on the submanifold W_. By
0
virtue of (3.6)

Pitar o U (D=2, O (D (x6))) > Cs (b — 8)'e,,
There therefore exists a 1, >0 such that for all 1> ¢,
r (t) < 20y, (' (D=, OF (D= (%0))); (3.37)
here 7(z) = Cn} (see (3.21)).

Lemma 7. If ¢ > ty, then on the manifold fY Wx) there exist m = mt) balls B’t.
of radius 1(t) that cover the set /’(D_€ ) and lie interior to f‘(DR(xo)), the multi-
plicity of the covering (i.e. the maxima(} number of balls covering one point) being
finite and depending only on the distribution E, and the geometric properties of the
manifold M”.

Proof. We note that the coordinate mappings ¢, and ¢>:l (see Lemma 5) satis-
fy a Lipschitz condition with some constant C,,. Consider in the ball ¢ (u) a
cubic lattice with edge length «()/2\/nC,,. If a cube intersects ¢i(/Z(D_€0)), we

. . . . . -1
choose in each component of the intersection an arbitrary point u. Let x. = @] (u].).

The points x; form an 7{(¢)/2-net in the set /l(D_6 ). As the balls BZ, we consider
0

the balls of radius #{t) with centers at the points X o It is easily seen that these
balls lie interior to 4D p(x,)) and cover the set (D _, ), the multiplicity of the
covering being not greater than (16\/;2-C§2)" (n = dim M?). The lemma is proved.
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The assertion of the theorem now follows from Lemmas 5—7 (see (3.11), (3.24),

(3.36) and (3.37)), it being possible to put C,; = 2C,(16ynC3,)" in (3.35).

3. Corollary 3.1. The foliations €% and ©° of a partially hyperbolic dynamical
system | of class C? are absolutely continuous, the Jacobians of the corresponding

mappings p being uniformly bounded and different from zero.

The proof follows directly from Corollary 2.1 and Theorem 3.1 (see also §2.2).
4. Definition 3.2. A vector field v € [%(TM") is subordinate to a continuous
foliation © with smooth leaves if v(x) € T 6(x) and v|,, is a vector field of class

C? that continuously depends on x in the ct topology.

Theorem 3.2. Suppose that a vector field v € TUTM™) is subordinate to a con-
tinuous k-foliation G with smooth leaves, and suppose that the foliation © is abso-
lutely continuous, the Jacobians of the mappings appearing in Definition 3.1 being
uniformly bounded and different from zero. If g is a translation by a certain time
along the trajectories of the vector field 1(x), then the homeomorphism g is absolute-

ly continuous and its Jacobian is bounded and different from zero.

Proof. Let (U, &) be a chart at a point x, € M", let ¢ denote the partition of
U into the connected components of the intersection of the leaves of the foliation ©
with the neighborhood U and let C§ =C, (x) denote the element of the partition &,
viz. the local leaf, that passes through the point x € U. The neighborhood U and the
diffeomorphism ¢ can be chosen so that (see [2])

1) #(U) is the unit cube I” in R";

2) q,S(Cf) is a smooth surface that projects single-valuedly along an (n - &)-
plane Q containing an (n — k)-face of the cube " onto a k-plane P containing a
k-face of the cube.

We denote by 1 a partition of U into smooth submanifolds transversal to the
leaves of © such that ¢(C77) is an (n - k)-plane parallel to Q. Inasmuch as £ is
a measurable partition of U, the Lebesgue measure p of any measurable set ACU

can be calculated according to the formula

B = [La@dn= [ dn(C) [ tdv. (3.38)
U U/t Cy(x)

Here v,() is the measure in the quotient space U/&, v,(*) is the conditional

measure on an element C,é_-(x) and X, is the characteristic function of the set A.

Lemma 1. The measure v,(*) on C(x) is absolutely continuous with respect
to Lebesgue measure on Cf(x); the measure v (*) induces on any C77 a measure

that is absolutely continuous with respect to Lebesgue measure on C ..

Proof. By making use of Theorem 3.1, the proof of this lemma can be carried

out in the same way as the proof of the analogous assertion for Anosov systems in

[2) (see $5).
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Consider on some plane ¢(C"7) a cube A, and consider through each point x of
this cube the surface ¢(C§(x)). Let A,(x) be a set such that x € Az(x) C qS(Cf(x))
and A,(x) projects into a cube A, on the plane P with center at the point of inter-
section of P and ¢>(Cn). The set I = UxeAlAz(") CI" is called a cylinder in I™;
Ay is called the base, and A, is called the generator, of the cylinder. By a cylinder

in U is meant the preimage of a cylinder in [” under the mapping .

Lemma 2. Let B = A*® x A"™* denote a cube in 1" with center at <,‘b(x0) whose
k-face A® lies in a plane P, parallel to P and whose (n - k)-face A"k liesina
plane Q. parallel to Q. Then there exist positive numbers 15, C, and C, not de-
pending on the chosen cube such that, if diam B <r,, there exist cylinders 11, and
I, in I" for which

MCBCH, Cyp () <p(B) < Can (). (3.39)

Proof. Let a(x) be the magnirude of the angle between the plane ¢(C,n(x)) and
the surface qS(Cg(x)) at the point x. It is obvious that the function a(x) is continu-

ous. Consequently there exist

o, =mina(x) >0 and q,=maxa(x) < =
x=I" x=I" 2

A""* and whose

Consider on the plane @, a cube A that is homothetic to the cube
edge length is 2 tan a; + 1 times greater. If r; is sufficiently small, this cube lies
in I". Let Il, denote the cylinder with k-generator A* and (n - k)-base Al Iris

obvious that B CIl; and w(B)> Culll,), where C; =(2¢tan o + 1)"~%, The cylin-

der Il, is constructed analogously. The lemma is proved.

Lemma 3. There exist numbers 7y C3 and C, such that for any cylinder whose

diameter is less than 1

Cyp (I) < p (g (M) < Capu (I1). (3.40)

Proof. Suppose the cylinder 1l is contained in a local chart U at a point x, €

0

int II. If the diameter of Il is sufficiently small, there exists a ¢, >0 such that

g(Il) C g(U) C V, where g is a translation by a time ¢ <ty and Vois another local
chart at x; such that U C V. We identify these local charts with corresponding cubes
in R®. Let W denote the (n — k)-base of the cylinder Il. We partition W into cubes
W, i= 1,..., m, and consider the local leaves Cg through all of the points of each
W, The resulting cylinders Il with bases W, form a partition of II. It suffices to
prove (3.40) for each cylinder Il.. The set g(ﬂi) cannot be a cylinder, since the set
g(W) is generally only a C® submanifold of M". But if one chooses the diameters

of the cubes W sufficiently small, then, by virtue of the uniform continuity of g on
W, the oscillation of g on each cube W, can be made less than any preassigned «.

If € is sufficiently small, the set g(I1,) can be approximated by cylinders II| and
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I’ so that 1) Cg(I) CIIY and %p(IL') < p(g(M1)) < 2u(I)), the (n - k)-bases W/ and
sz' of the cylinders Hz.' and Hz." being images under the successor mapping effected

by means of the local leaves of the foliation ©. Formula (3.38) implies

p@) = | viCalx) [ % (¥ dvex)
{9V Cgn ¢

(3.41)
= Jroie |t @@l
g X,

M

Here g€ denotes the partition of g(U) into the sets g(Cf) = Cgf' (It is obvious that
g¢ is the partition into the connected components of the intersection of the leaves of
G and g(U).) v{(*) is the measure in the quotient space g(U)/g&, which, by virtue
of Lemma 1 and the absolute continuity of the mapping p: W, » Wi' , is absolutely con-
tinuous with respect to the measure p_v,(*) (the measure v,(*) in (3.38) can be re-
garded as given on W). We have denoted the density of the measure Vl' by T. Ir:l
addition, there exist K; >0 and K, >0 such that K; < T(x) < K, forall x eM .
vz'(') is the conditional measure on ng(x)’ which, according to Lemma 1, is abso-
lutely continuous with respect to Lebesgue measure on Cgf(x),. |A(x)] is the coeffi-
cient of volume expansion of the mapping gl ¢, With respect to the measure v,( ).
From Definition 3.2 and the boundedness of the density of the measure v, with respect
to Lebesgue measure it follows that the function |Mx)| is equal to the product of a
bounded function and a continuous function. There therefore exist numbers A, and
A, depending only on g such that A, < |Mx)| <A, forall x € M”. We also note that
< X,~1n") < Xy p since I/ Cg(Il,). It consequently follows from (3.38) and (3.41)

that p.(g(fli)l) < 2u(Il/) < 2K ,Au(T1)). Analogous arguments show that p(g(ll)) >
%Klz\l,u(ﬂi). Thus the lemma is proved for translations by a sufficiently small time.
The proof in the general case is easily obtained by making use of the group proper-
ties of translations.

Let B be a cube with diam B <7, and let I, and HZ be the cylinders con-
structed in B in Lemma 2. If T is sufficiently small, then diam Il, < 7,. Inequali-

ties (3.39) and (3.40) imply
1 (g (B)) < (g () K Cop () < CLT'p (B), (3.42)
B (g (B) > 1 (g (I1y) > Cyu (TIe) > C,C2 1 (B). (3.43)

The assertion of the theorem now follows dire.ctly from (3.42) and (3.43) and the
Radon-Nikodym theorem (see [71).

Corollary 3.2, Under the conditions of Theorem 3.2, for every T >0 the Jacob-
ians of the transformations g', viz. the translations by a time t, |t| < T, along the
trajectories of the vector field 1(x), are uniformly bounded.

Proof. We note that the coefficient of volume expansion of the mapping g‘[e(x)

is bounded on the compactum M” x [~ T, T}, i.e. there exist numbers A; and A,
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such that A, < [A, x)| <A, for — T <t <T. The corollary is proved.

S. Corollary 3.3. Let g' be a translation by a time t along the trajectories of a
vector field v(x) subordinate to the foliation ©* (C°) of a partially hyperbolic dynam-
ical system. Then the transformations g' are absolutely continuous, and for every
T >0 the Jacobians of the transformations g, |t| < T, are uniformly bounded and dif-

[erent from zero.
The proof follows directly from Corollaries 3.1 and 3.2.
$4. Trausitivity of the foliations

1. Consider an arbitrary Anosov diffeomorphism g of a compact Riemannian man-
ifold M™, and let its contracting and expanding foliations be denoted by W* and W*
respectively. It is easily seen that there exists a number 8> 0 for which the follow-
ing condition is satisfied: for any two points x, x, € M* with p(x,, x,) < there

exists a point x; € M” such that
X E W (%) N W (),

Pwsizy) (x4, %5) < 3B, Pwi(x,) (%2, x35) < 3B.

The pair of foliations ©° and ©* of a partially hyperbolic dynamical system f
on a compact Riemannian manifold M” can possess an analogous property.

Definition 4.1. A pair of continuous foliations ©; and ©, with smooth leaves
of dimensions dim ©,(x) = £, and dim 6,(x) = k, respectively is said to be transi-
tive if there exist a natural number N and a positive number R for which the follow-
ing condition is satisfied: for any two points x, x' € M" there exist points Kiseees
xp € M such that x| = x, Xy = %', and x4 667'("1')’ i=1,2,...,N=-1,7=10r 2,

with
p@)(xl) (xiy xi+l) < R-

2. Theorem 4.1. Suppose that the pair of foliations ©F and G} of a partially
hyperbolic dynamical system [, on a manifold M" is transitive, and suppose that the
smoothness class r, the transitivity index N (see Definition 4.1) and the dimensions
ky and k, of these foliations are connected with the dimension n of the manifold

by the inequality

,>/L<£1_;ﬁ__n_ (4.1)

Then in the space of dynamical systems of class C? on the manifold M* there ex-
ists a neighborhood U 3 [, such that any dynamical system { € U is partially by-

perbolic and its pair of foliations ©° and ©% is transitive.

In the case of diffeomorphisms, U is a neighborhood of /, in the space Diffz(M”),
and in the case of flows, U is a neighborhood of the corresponding vector field in
the space ['2(TM™).)
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Proof. Consider an arbitrary point x € M", and let

Br(x) = {x, =& (x) ' Peg(x) (x, x) << R} C &5 (%),
(4.2)
Br(x) = {x, =6 (x)] 0 cén (%, %) < R} & (x).

The sekts B;}Ex) and B%(x) are respectively diffeomorphic;e to open balls Bk lkC Rk1
and B 2 CR 2, i.e. thire exist injective mapfings ¢ B 1, M” and Y, B 2, M2
of class C” with ¢ (B h= Bx(x) and ¥ (B Dy B%(x). We define the mappings
Bz, y,): M* x Bk1 » M* and ¥(x, y,): M” x Bkz -+ M” by the formulas

(X, 1) = @x(¥1) and P (X, Y2) = Px(¥)-

Inasmuch as the foliations ©F and G are foliations of class C7, the mappings ¢,
and ¥_ can be chosen to be compatible in such a way that the mappings ¢ and ¥

are also of class C". Let

(B x B*¥)* = (B" x B*) x ... x (B" x B_’:’).

k

kq

k
We fix a point x; € M” and put 6! = ¢x0. A mapping 0%: B ' x B % M" is defined

as follows:

92 (§17 gz) = lprg@x) (gz)

k k
Suppose that a mapping 6%k (B ! x B 9% 5 M” has already been defined. Then

k k k k k
mappings 0287 1: (B 'x B 2®* xB !> M" and %" (B ! x B 2+l M2 are de-

fined by the formulas

szﬂ (gs TI) = CPQZ’?@) (7]), prrse (ga M, E) 1P92k+1(§ m (O
Here & E(Bk1 x Bkz)]e and 7 € Bkl, 4 eBkz.

Thus a mapping 6™: D™ - M" of clkass C’, where D™ (CR™™) is the corres-
ponding cartesian product of the balls B ! and B 2, is defined for any natural num-
ber m. From the transitivity of the pair of foliations ©j and ©f it follows that oN
is a mapping of D" onto all of the manifold M”. Inequality (4.1) connects the
smoothness class of the mapping 6N with the dimensions of D" and M”. Under
these conditions the set of regular values of the mapping 6N is the set of second
category and of full measure on the manifold M” (see {181, Sard’s theorem). Consider
an arbitrary regular value x; € M” and any preimage y € D"N of it. The differential
d0 maps the tangent space T D™ onto all of the tangent space T M" There

therefore exists an n-subspace E* CT D "N Such that d@N(E") =T, M" Consider

the sphere §%~ 1 C E™ of radius & with center at the origin. For a sufﬁcxently small
& the sphere S'g-l can be assumed to be imbedded in D"N. If & is sufficiently small,
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then the set GN(S%- 1) is diffeomorphic to 85 1, while a set bounded by it on M” is

diffeomorphic to a ball and contains the point x;.

Lemma. For each € >0 there exists a neighborhood U(x,) of the dynamical sys-
tem [ in the space Diff 2(M™) (or in the space_ rz(TMz)) such that for any dynamical
system [ € Ulx) the corresponding mappings ¢ l/ly and 0 (y) can be chosen so
that

N N
sup o (87 (), 67 (1)) e
ye0"N
Proof. The assertion of the lemma immediately follows from Proposition 2.4,

In the assertion of the lemma we put

1
—  max 2 (x, x).
2 xSz

g =

Then for any dynamical system [ € U(x;) the complete preimage (6 Ny= (xl) is not
empty and, moreover, for each point x with p(x,, x) <¢/2 the preimage (¢ 8~ 1)
is not empty. There therefore exists a collection of points yy,..., yy € M” such
that y, = x5, yy =%y ¥;41 €60y, i=1,..., N-1, v==5 or u, with

p@b(y‘) (yh yi-}l) < 2R-

For a dynamical system [ ¢ U(x;) consider the mapping 6 2N constructed for

the balls B‘;R(x) and BYp(x) (see (4.2)), and let M'(xo) deno’t\t‘e the range of this map-
ping. Inasmuch as M'(xo) contains the range of the mapping 6~ and hence a neigh-
borhood of x, it also contains a neighborhood of y, _,. By successively consider-
ing the points yy_ 1, ¥Yy_2s+++» ¥1 = ¥, it is not difficult to verify that M'(x,) con-
tains a neighborhood M"(x,) of x.

We construct the sets U(xo) and M "(xo) for each point x, € M™, The sets M"(xo)
are open and cover all of M”, We choose a finite covering M"(x;), cors M), The
intersection U = [)7_,U(x) can be taken as the neighborhood U in the assertion of
Theorem 4.1. The pair of foliations ©° and ©* for any dynamical system f € U is
transitive with indices 2Nm and 2R. Theorem 4.1 is proved.

3. Definition 4.2. Let G, and ©, be two foliations of class C* (see [11]) and
lec I'} and T', be the modules of vector fields of class C™ that are respectively
tangent to them. The pair of foliations ©; and ©, is said to be absolutely nonin-
tegrable if there exists a natural number N such that for any x € M” the Lie brackets
of order not exceeding N of the vector fields of I'; or ', generate T _M". (We note
that Definition 4.2 makes sense, since the distributions E, corresponding to sub-
modules of I'; and T', are infinitely smooth.)

Definition 4.3. A pair of foliations G, and ©, with smooth leaves is said to be
locally transitive if there exists a natural number N such that for every € >0 it is
possible to indicate a 8 >0 such that for any x € M” and x' € B g(x) (the ball of

radius & with center at x) there can be found points Xyyeue, Xy € M?, x, = x, Xy =
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x', with x4, € G].(xz.), x; €Bfx) and pg(x Nz, %,4)<2,i=1,2,...,N=-1,j=1
or 2,

If a pair of foliations is locally transitive, it is transitive.

Theorem 4.2. If a pair of foliations &, and ©, is absolutely nonintegrable, it is

locally transitive.

Proof. Let x ¢ M, k| =dim ©(x) and &, = dim ©,(x). From the absolute non-
integrability of the pair of foliations ©, and G, it follows that there exist smooth

vector fields (we call them basis vector fields) Uppeees ¥y € E1 and Vp 4] 1o
1 1

vk1+k2 € E, for which the vectors v,(x),..., v, l(x), vk1+1(x), cees vkltkz(x),

Ukl+k2+1(x)’ .+« v, (x) form a basis of the space T _M" (here x is a fixed point

while v, i=k, +%k,+ 1,..., n, is a Lie bracket of the basis vector fields of order
m.<N). We denote by U(x) a neighborhood of x such that for any point y € U(x) the
vectors v (y), i=1,..., n, form a basis of the space TyM". Let P(:, x, v) denote
the transformation of translation of a point x along a trajectory of a vector field v
by a time ¢ and let T(¢, x, v) denote the transformation of translation by a time ¢
along the geodesic passing through a point x in the direction of the vector v(x).

Clearly
o(P(t, x,0), T(t x,v)) < C? (4.3)

where C, is a certain constant not depending on' x.

Let w= [vz., v].]. We define a mapping Q, by

Q (t’ X, w) =P (Vt_’ P (‘/?s P(Vf—, P(VZ X, v3), U,-), —uy), '—vi)‘
If the vector field w is a Lie bracket of order m of certain basis vector fields, so
that w = [vi, wI], where w, is a Lie bracket of basis vector fields of order m - 1,

we define a mapping Q_ by
Qn(t, x, )

= Qo (V. P(V8 o (V1 P (V1 5 0 w), —04). ).

It is known (see [19]) that
P(P (t! xs w)) Ql (t’ xv w)) g Cl t2, (4- 4)

where C; is a certain constant not depending on x.
It follows from (4.4) and induction on m that

0 (P (t’ X, w), Qm (t! X, w)) < Cmtz, (4,5)
where C_ is a certain constant not depending on x.

Let B, C T _M" be the ball of radius ¢ with center at the origin. If € is suffi-
ciently small, we define a mapping ¢ : B,~> Ul(x) as follows: we decompose a vector
v € B, with respect to the basis v, i=1,..., n, in the space T M": v= E'iaz.uz. s
and put
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Px = an (an, ceny v,,) o ... © kaf"kz'ﬂ (akﬁk,“, ey Uk,+kz+1)
° P(akla,k,, ey vkﬁkz) ° ... oP(al, ey ‘01).

We denote by exp,: B, » U(x) the exponential map at x. From (4.3) and (4.5) it fol-
lows that for every v € B,

0 (expsv, ¢z (v)) < Ce% (4.6)

Inasmuch as the mapping exp, is a diffeomorphism (in particular, a mapping ‘‘onto’’)

while the mapping ¢ is continuous, the assertion of the theorem follows from (4.6).

Theorem 4.3. Suppose the pair of foliations &} and ©f of class C" of a partially
hyperbolic dynamical system [, on a manifold M" is locally transitive, and suppose
that r> N(k; + kz)/Z —n (see Theorem 4.1). Then for every ¢ >0 there exist a num-
ber 8 >0 and a neighborhood U of [, in the space of dynamical systems of class
C? on the manifold M* (see Theorem 4.1) such that any dynamical system [ € U is
partially hyperbolic and its pair of foliations ©° and ©* has the following property:
for every x, x' e M", x' € B g(x), there exist points %y, ..., Xyny X=X, Xy = %',
such that x. € 6"(x;_,) and p6 v(x‘)(xi, %41 <26 x;, €B (), i=1,...,2N, v=s

I3

or u (the almost local transitivity property).

The proof of this theorem is a straightforward modification of the proof of Theorem
4.1, '

$5. Metric properties of partially hyperbolic dynamical systems
1. We assume that a partially hyperbolic dynamical system /' (¢ is a continuous
or discrete parameter) preserves a smooth measure g on a manifold M™ Let ()
denote the measurable hull of the partition of M” into the leaves of a foliation ©,
and let 7(/*) denote the largest partition of the measure space (M”, p) with zero en-
tropy. The results of [5] (see Theorems 4.2 and 5.2) imply

Proposition 5.1. a(f*) < (&%) Au(GY).
This immediately implies

Proposition 5.2. If Y(G*) AUGC*) = v (v is the trivial partition of (M®, p)), then
any diffeomorphism f* (for fixed t) is a K-automorphism of the measure space (M™,u).

2. Let G¥ and G° denote the groups of homeomorphisms of M” that are gener-
ated by translations along the trajectories of the vector fields subordinate to the
foliations ©* and ©° respectively, and let G denore the group generated by G* and
G®. We note that, by virtue of Corollary 3.3, each element g € G acts absolutely con-
tinuously on M".

Definition 5.1. The group G acts metrically transitively in the measure space
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(M™, 1) if, for any set A that is measurable and invariant mod O relative to any g €G,
either p(A) =0 or p(A)= 1.

Proposition 5.3. 1f the group G constructed above acts metrically transitively
in (M", u), then

v(&%) AV (EY) = v.

Proof. Let A C M” be a set that is measurable relative to the partition v(G%) A
1(G¥). It is easily seen that A is invariant mod O relative to any g € G, so that
either p(A) =0 or u(A)=1. Q.E.D.

Propositions 5.2 and 5.3 imply

Corollary 5.1. If the group G acts metrically transitively in the space (M", ),
any diffeomorphism of a partially byperbolic dynamical system ' (t is a continuous

or discrete parameter) is a K-automorphism of (M", p).

Theorem 5.1. Suppose the pair of foliations ©° and ©* of a partially hyperbolic
dynamical system [* is transitive (see Definition 4.1). Then the group G acts tran-
sitively on the manifold M". Moreover, there exists a subset K C G acting transitive-
ly on M™ such that all of the homeomorphisms g € K are equicontinuous and their

Jacobians are uniformly bounded and different from zero.
The proof is obvious.

4. Theorem 5.2. Suppose that the foliations ©° and ©* of a partially hyper-
bolic dynamical system f* on a compact Riemannian manifold M® satisfy a Lip-
schitz condition. Suppose further that the pair of foliations ©° and ©¥% is transitive.

Then the group G acts metrically transitively on M™,

Proof. Consider the subgroup G, of G generated by translations along the
trajectories of the vector fields satisfying a Lipschitz condition and subordinate to
the foliations ©° and 6*. It is easily seen that G, acts transitively on M” and
that any homeomorphism of G, satisfies a Lipschitz condition. Suppose that there
exists a set A of nonzero Lebesgue measure that is invariant mod O relative to G,
and let x, denote a point of density of A (see 70: 1t B, (x;) is a sequence of

.e m
balls centered at %, of radii T ™ 0, then

w (B, (%) NA)
_
w (B, (%) (5.1)
as m - oo,
We consider an arbitrary point x, € M” and show that for any € >0 there exists

an 7> 0 such that

B (B, (x1) N A)

~1—e
W B, — ¢ G2
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Inasmuch as the group G, acts transitively, there exists 2 homeomorphism g, €
G, such that go(x0)= x;. Let Cj > 1 be the Lipschitz constant of the mapping g,.

There exists a C; >0 such that for any measurable set X C M”

(GO (X) < b (g, (X)) < CiCon (X). (5.3)

We also note that
Bco-lrm (xl) g (B'm (Xo)) C Bcofm (xl)'
It therefore follows from (5.1) and (5.3) that

B (B, 0 N 4) - (C.C)w (B, (xa) (N A)
B Beyr, NA) g CiC (B, (xo)\A)
0 m

B (Brm (xo) n A) [ (Brm ’\xo) ﬂ A)
P B, (NA) T n(B, (x)\A)
o m

as m -» o~ Here C, and C3 are certain constants. Thus the ball BC ; (xl) for
0'm

sufficiently large m satisfies (5.2). Hence x is a point of density.of 4, i.e. A =
M” (mod 0). The theorem is proved.

An analogous but somewhat weaker result is given in [14).

Corollary 5.2, If a partially hyperbolic dynamical system [* preserves a smooth
measure p. and satisfies the conditions of Theorem 5.2, any diffeomorphism f* (1
fixed) is a K-automorphism of (M", u).

The proof follows from Theorem 5.2 and Corollary 5.1.

5. Theorem 5.3. Suppose the distribution E, of a partially hyperbolic diffeomor
phism [ satisfies a Lipschitz condition and is integrable. Let GO denote tbev/oli-
ation formed by the integral manifolds of E. Suppose that the pairs of foliations
Gs, 6% and G, G° are integrable while the pair of foliations G5, G¥* is locally
transitive. Suppose further that the mapping p (see Definition 3.1) satisfies a Lip-
schitz condition along the integral manifolds of E . Then, if the diffeomorphism f
preserves a smooth measure y on the manifold M”, it is a K-automorphism of the
measure space (M", p). ‘

Proof. Let x;, € M, let Be("o) denote the ball of radius ¢ with center at x,
let 32("0) (BZ(x,) and B¥(x,)) denote the ball on the leaf Go(xo) (6°(x,) and
©¥%(x,) respectively) of radius € with center at x, and let £ denote the measurable
partition of B (x,) into local leaves of the foliation GY, i.e. into the connected com-
ponents CE(x) of the intersection of the leaves Go(x) and the ball Bf(xo).

Let x; ¢ Cf(xo)' We call the set

1L (xl) = U Bg (xz)
x,eBé (xy)

an area element.
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Lemma 1. There exists an € >0 such that for every point xy, € M* the sets

n((x 1) form a continuous partition of a neighborhood of Xge

The proof of this lemma will be carried out without making use of the integrabil-
ity of the pairs of foliations G, G° and G*, G°.

The following assertions hold.

1°. There exist numbers >0 and C, > 1 such that for every point x, € M?
and any points x, x, € Bg(x), x; € Gg(xz), where 0 =0, s, u,

P (xy, X5) < 969 (%1, %) < Cro(xy, x,). (5.4)

2°, For every v >0 there exists a number o = alv) such that for any Xoe X1

x, € M”, x|, x, € B (x4,

max  min P (y, 2) < . (5.5)
ng (xg) sz’g (xs) '

3°. There exist numbers Ay >0 and C, >0 such that for any A <A, and any
xp, x, €EM", x, € GO(xl), A<pgolxy x3) <Ay,

min  o(x,, y) > C,A. (5.6)
yEBg (*y)

4°, There exist numbers a, 8, y, v such that

@ = a(v) (see2°), (5.7)

: . B p
1u,C; < min {a, e Cz_i_z_——zz_}’ (5.8)

8
< . (5.9
peCl )

5°. If two elements N (x]) and N (x|} intersect at a point z, their intersection
entirely contains a ball on the leaf G%(z).

Assertions 1°-3° immediately follow from the compactness of the manifold M”
and the continuity and transversality of the foliations 6%, G° and ©%. Assertion
5° is obvious. To prove assertion 4° we choose any f8 >0 satisfying (5.9) and a
y > 0 such that yplC% <min {8/9, C,B/12}. There exists a ¥ >0 such that ylef <
min {8/9, C,B/12 - v/2}. Let a = alv) (see 2°). By decreasing the number Yy, if
necessary, we can achieve the fulfillment of (5.8).

Under the condition of assertion 5° we assign to the pair of intersecting area
elements the collection of points {x{, x|, ¥;, ¥,}, Where y, is a point of the inter-
section of the leaves ©%(z) and ©°(x{) and y, is a point of the intersection of the
leaves ©%(z) and ©¥(x]).

We proceed to the proof of the lemma. Suppose that the ball By("o) contains an
area element Il (x,) lying entirely within a chosen neighbothood and intersecting the

area element H,y(xo). It can also be assumed without loss of generality that
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C#,0 <A,. From (5.9) it follows that (B fx()) CB4(f(x,)). Consider the collection

of points {xo, Xy X x3} assigned to the area elements H,),(xo) and H,y(xl). The

proof of the lemma will be complete if we show that each of the following three ex-

haustive possibilities leads to a contradiction.

1) p(f(x), f(x{)) > B. According to (5.6) we have

min  p(f (%), y) > CoP. (5.10)
yEBE (f(xo)

(We note that the conditions of 3° are satisfied since

fF)EC(f (x)), B <o (fxy) fx) Koo (f (X0, f(x1)
K PaPeo (X9 *1) K Cipap (g, £1) < Cypd<TAp)

Inequality (5.8) implies f(x,) € B (f(x,)). Therefore, by virtue of assertion 2° and
(5.4), (5.5) and (5.8), we get

min = O (f(x), ) < min  [p(f(x), [ (xs)) -+ p (f (%), 9))

yeB‘g HE) YEBE (Fixe))

Lp(f(x), f(x)) + max min p@E, ¥) < 27, Ci + V.
ZEB‘g (F(xa)) yEB“ (Flxo))

It follows from (5.10) that C,B <v + ZyplCi. But this contradicts (5.8).
2) plfxg)s flx ) < B, but p(f(x5), f(x,)) > B/2. From (5.8) we have

o(f (xo) X)) >0 (xs) fO)) —o(f(xo) | (xz))
—o(f (%), F(x)) > £ ——3'm1C2 —g— — ﬂs.

This implies by virtue of the arguments used in the first case that

min o (f (), 4> Cy -

yEBY (j0xe)
and

min o (f(x), ¥) < 27w,Ci +v.
yeB{ (F(x))
Therefore C,B/6<v + Zy;LlCz, which contradicts (5.8).

3) plfxy), flx ) < B and plf(x;), f(x4)) < B/2. There exists an Mo > 1 such
that (i) these inequalities remain valid when [ is replaced by /"0 , and (ii) at
least one of them is violated when [ is replaced by /"0. From (5.9) it follows that
the points " 0(x,), /Izo(xz) and ["0(x3) lie in the ball BS(/no(xO)). Inasmuch as

o (7* (i () < 0 (5 %) and p (7 (52), 1* (1)) < 0 (x4, ), 0 e < iy

a repetition of the arguments presented above for cases 1) and 2) (with / replaced by

{79) produces the required contradiction. The lemma is proved.
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Let U(xo) be the neighborhood of x; constructed in Lemma 1 and let x € U(x).
Ve define a mapping g: Cz(x,) » Cz(x) by the formula

g () =Ie(x) N Ce(x), xECe(x).

Lemma 2. The mapping q satisfies a Lipschitz condition and hence is absolute-

ly continuous.

Proof. Let y € ©%(x,) nG*(x). Since the pairs of foliations &, G° and G, €°
are integrable, the mapping ¢ is the composition g = p; © p,. Here the mappings
Dy Cplxy) > Cply) and p: Cply)» Co(x) are the restrictions to the local leaves
Cglxy) and C,(y) respectively of the successor mapping effected by means of the
leaves of the foliation ©¥. By virtue of the conditions of the theorem each of these
mappings, and hence the mapping g, satisfies a Lipschitz condition. The lemma is
proved.

Let A be a set of positive measure consisting mod O of the leaves of the folia-
tions G° and G%, and let

Pe(x) = U B; *o)-

x1€C§ (x,)

We call a point x;, a typical point if it is simultaneously a point of density of the three
sets A, ANP (xy) and ANC(x,).

Lemma 3. Let C be the set of typical points. Then C = A (mod 0).

The proof of the lemma follows from the absolute continuity of the foliations &°

and G* (see [1, 7]).
Lemma 4. There exists a set D = A (mod 0) consisting in a neighborhood U(xo)
of a typical point x, of the area elements ﬂe(xl), %y € Cf(x0 )

Proof. Let

= B: (x
Q= B
(¢ is chosen in accordance with Lemma 1). It is obvious that Q= A ﬂPe(xo) (mod 0)
and that Q consists in a neighborhood U(x;) (see Lemma 1) entirely of the leaves of
the foliation ©°. Let

Q = {x=Q| there exists a Z (x) = &"(x), n(Z(x)) = 0, & (x)\Z (x) C A4}.

Clearly, O = Q (mod 0). The proof of the lemma now follows upon putting D =
stQG“(x).

Consider a set W on an area element Il (x,). The set Il = szeng(xz) is
called a cylinder in M" with base W.

Lemma 5. There exist numbers r,, C, and C, such that for any ball B (xg),
r <1, there can be found cylinders 11, and 11, for which
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I, & Br(x) CII,,  Cuu(IL) < 1 (Br(xy)) < Com (ITy). (5.11)

The proof is analogous to the proof of Lemma 2 to Theorem 3.2,

We denote by G, and G, the groups of translations along the trajectories of the
vector fields subordinate to the foliations ©° and ©* respectively and satisfying the
following condition: in a neighborhood U(x,) the foliation &° is invariant relative to
any translation along a trajectory of the vector field.

If the neighborhood U(x;) is chosen sufficiently small, then the nontriviality of
the groups G; and G, is easily seen to follow from the integrability of the pairs of
foliations ©°, €° and %, G° and the fact that the foliation G° satisfies a Lipschitz
condition. Let G denote the group generated by the groups G, and G,.

Lemma 6. The group G acts transitively in the neighborhood U(x,). Moreover,
there exists a subset K C G such that Ugng(x) D Ulxy) for any x € Ulx,) while the
mappings g € K are equicontinuous and their [acobians are uniformly bounded and

different from zero.

Proof. The first two assertions of the lemma are obvious; the last follows from
Corollary 3.3.

We proceed to the proof of the theorem. Let B, (x,) C U(x;) and 8 be chosen
with respect to y from the condition of local transitivity of the pair of foliations ©°
and G*, By virtue of Proposition 5.3 and the compactness of the manifold M” it suf-
fices to show that any point of the ball Bﬁ("o) is a point of density of the set D. By
virtue of Lemma 5 it suffices to prove that for every ¢ > 0 there exists a cylinder [l
for which

w(DNM .
—-——p(m >1-—e. (5.12)

Let Il be a cylinder of small diameter containing a point y € Bg(x() as an in-
terior point. We partition the base W of this cylinder into sets W, and, taking them
for bases, construct cylinders Il partitioning Il. Let y; be an interior point of the
set I, nII(y) According to Lemma 6 there exist numbers J ;, 7, and mappings
g; € G such that g(y,) = x, and the Jacobians of the mappings g; are uniformly
bounded from below and above by the numbers J'; and J ,. Inasmuch as the foliation
©° is invariant relative to the mappings g, the set g(Il) is composed in the neigh-
borhood U(x,) of the leaves of the foliation ©°. Moreover, for any 8> 0 there exist
cylinders Il and I such that

w (1)

mcC g (I1) CIL, p
p (I,

1 —8. .
o > (5.13)

If the diameter of the cylinder Il is sufficiently small, then, by virtue of the equicon-

tinuity of all of the homeomorphisms g, (see Lemma 0), the diameter of each cylinder
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Hz.' is also sufficiently small. Inasmuch as the point x, is a point of density of the

set D, the cylinders II. and Hz.' can be chosen so that

> 186, (5.14)
P ~
p(11;)
From (5.13) and (5.14) it follows that
r{PNeg M)

1 —28.
v@ oy LT (5.15)

Let E, = g (I)\(DNg,(I). Then (5.15) implies

B (Ei)
——— < 20. 5.16
b (g (1)) (5.16)
From this result we immediately get that for each i
DN,
b (L) 7

Inasmuch as & is arbitrary, this implies the fulfillment of (5.12). Theorem 5.3 is

proved.

Theorem 5.4. Suppose the distribution E, of a partially hyperbolic flow [ satis-
fies a Lipschitz condition and is integrable, while the corresponding foliation GO is
integrable with the foliations ©° and C¥. Suppose that the mappings p (see Defini-
tion 3.1) satisfy a Lipschitz condition along the integral manifolds of E;. Suppose
further that the flow ' preserves a smooth measure u while the pair of foliations ©°
and G* is locally transitive. Then each diffeomorphism {* (¢t fixed) is a K-automor-

phism of the measure space (M*, p).

Proof. We note that the smooth foliation formed by the trajectories of the flow is
integrable with each of the foliations &%, G%, ©%, and that each of these foliations
is smooth along the trajectories of the flow. Therefore the proof of Theorem 5.4 is a

straightforward modification of the proof of Theorem 5.3.

6. Corollary 5.3. Suppose a dynamical system { is a fiber bundle over an Anosov
system, and suppose that it satisfies the conditions of Theorem 2.2, with ”Iﬂo/xo <
1 and po/AA, < 1. If the pair of foliations G* and G~ is locally transitive and f
preserves a smooth measure p, then [ is a K-automorphism of (M?, p) (if f is a
flow, then each diffeomorphism of the flow is a K-automorphism of (M®, p)).

The proof follows from Theorems 5.3, 5.4 and 2.2,

Corollary 5.4. Suppose that a dynamical system [, satisfies the conditions of
Corollary 5.3 and that the smoothness class of its pair of foliations G~ and G* is
sufficiently high (see the conditions of Theorem 4.1). If a dynamical system | suf-
ficiently Clclose to fo is a fiber bundle with a smooth invariant measure, then it is
a K-automorphism of (M™, p) (if [ is a flow, then each diffeomorphism of the flow is
a K-automorphism).
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Proof. We note that according to Theorem 4.3 the pair of foliations of the dynami-
cal system [ has the almost local transitivity property, which was used in proving Theorems

5.3 and 5.4. Therefore the assertion being proved follows from Theorems 2.2, 5.3 and

5.4.

Corollary 5.5. Suppose that the distribution E of a partially hyperbolic dynami-
cal system [ satisfies the conditions of Theorem 2.3, with p,p./Ay <1 and pya/AA
< 1. If the pair of foliations ©~ and G*is locally transitive and [ preserves a smooth
measure ., then f is a K-automorphism of (M™, p) (if { is a flow, then each diffeomor-

phism [ is a K-automorphism).
The proof follows from Theorems 5.3, 5.4 and 2.3.

$6. Metric properties of a frame flow on a manifold
of negative curvature
1. Consider the k-frame flow ®! on a smooth Riemannian manifold M? (see $1).
In this section some of the known properties of a frame flow will be applied without
proof. The compact manifolds V, _ 1,k l(w) form an invariant foliation relative to the

group @, which we denote by c°,

Proposition 6.1. The foliation S° is a smooth (of class C*) foliation of the man-
ifold Q.. The mapping PHw, &) is an isometry of the leaf ©%w) onto the leaf
GO (54 ).

It is known (see [1, 2]) that the geodesic flow S’ on a manifold of negative curva-
ture is an Anosov system and has contracting and expanding foliations, which we

respectively denote by G° and ©*.

Proposition 6.2. A k-frame flow has in the space Q, a contracting foliation &~
and an expanding foliation ©%, with MG~ (w)) = (M) and n(G (w)) = S*(m(w)).
Moreover, the contraction coefficients Ay and p, in(2.1) (the expansion coefficients
A, and p.) are one and the same for the foliations ©~ and ©° (6% and G¥).

Theorem 6.1. A k-frame flow on a compact Riemannian manifold M* of negative

curvature is a partially hyperbolic dynamical system.

Proof. For every x € M we consider the subspaces Ei(x) CT M, i=1,2,3,4
such that E (x) = T G (x), E,(x) = szo(x), E (x) = Tx6+(x) and E (x) is the dis-
tribution corresponding to the foliation by the trajectories of the flow ®’. Clearly,

T M" = @'iEi(x) and the distributions E; i =1, 2, 3, 4, are continuous and generate
submodules T'; CTO(TM™), with TOU(TM™) = @IT,. If S, =sp®;| ., i=1,2,3,4,
then sp(I)i = U?Si' $;NS; =g, i£j, 4, j=1, 2, 3. Inasmuch as the mapping

P(t, &1 is an isometry, S, lies on the unit circle. From Proposition 6.2 i follows
that S, lies in the annulus with radii A; and g, while S, lies in the annulus with

radii A, and p,, with 0 <A; <p; <1<A, <p,. The theorem is proved.
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Proposition 6.3, The foliations G~ and G% of a k-frame flow on a manifold o
P

negative curvature are absolutely continuous.
The proof follows from Theorems 3.1 and 6.1.

Proposition 6.4. The pair of foliations &~ and G* of a k-frame flow on a mani-

fold of constant negative curvature is transitive.

Proof. We note that the universal covering of any n-dimensional manifold M” of
constant negative curvature is an n-dimensional Lobacevskii space and thac the k-frame
flow on M” is a factor of an n-frame flow. It therefore suffices to prove the assertion
for the foliations of an n-frame flow on an n-dimensional Loba&evskil space.

Consider the space R” with a Euclidean system of coordinates x;,..., x, and
the hyperplane x, =0 (the absolute). The Lobalevskil space is isometric to the upper
halfspace L” = {x e R"|x > 0} with metric

dsz_dxf-{—- <o 4 dx?

2-

*n

Let us geometrically describe the leaves of the contracting and expanding folia-
tions G~ and G”. It is obvious that the set of origins of the frames belonging to any
leaf 6~ (w) or 6+(w) forms a horosphere S in L”. Suppose S is a hyperplane x =c
It can be shown that a leaf &™(w) (or ©¥(w)) is the set of frames w = (x, fl(x), ‘f"—l(x)),
with x € §, £(x) LS and the frames &~ 1(x) being obtained from one another by par-
allel translations in the Euclidean metric on the hyperplane S. Suppose S is a sphere
sl tangent to the absolute and x is the upper pole of the sphere. It can be shown
that the corresponding leaf is the set of frames w=(x, £,(x), "~ 1(x)), with x €S,
£,(x) 1S and &~ Ux) = onxén- 1(xo), where onx is the operator of parallel trans-

lation (in the Euclidean metric on the sphere $"~ ') of the frame (x4, "7 1(xo)) along
the great circle arc joining the points x, and x. In this connection, the direction of
the first vector of the frame depends on whether one is considering the contracting or
the expanding leaf.

Remark 6.1. The space Q, of n-frames has two connected components (n-frames
can have different orientations). It is therefore natural to consider the transitivity of
the pair of foliations &~ and &% of the n-frame flow within each of the connected
components.

Let us reason by induction on n. The transitivity of a 2-frame flow on the Loba-
cevskil space L? is obvious. To show that the transitivity of the foliations of an
n-frame flow on L™ follows from the analogous fact for the (n ~ 1)-dimensional case,

we consider two arbitrary n-frames w; and w, on L~:

wl = (xl’ El,l (X), f-l (X)), wz = (x29 Ez.: (X), E;-l (X))

We denote by w; € ©7(w, ) the frame with origin at the pole of the corresponding
horosphere (if the horosphere of the leaf ©7(w,) is a hyperplane parallel to the



PARTIALLY HYPERBOLIC DYNAMICAL SYSTEMS 213

absolute, we put w, = w,). Inasmuch as the first vector §3 1 of w; is parallel to the
x, axis, the horosphere of one of the leaves G~ (w3) or &7 (w ) is a hyperplane parallel
to the absolute. Let wy = (x4, 54,1, éb’ ) denote a frame on the chosen leaf for which
the interval [xl, x4] is parallel to the x axis. Analogous arguments can be carried
out for the frames w, and w,. Thus, in place of the frames w,; and w, we now con-
sider frames w, and w, for whrch the vectors §4’1 and {:5,1 and the interval

[x , X ] are parallel to the x_ axis. Let 4,1 and 5,1 respectively denote the sec-

ond vectors of the frames w, and w,, and let § denote the horosphere of the point

4
x4 that is a sphere in R” with pole x4 Also, let 7]5 ; denote the result of a parallel
translatlon of the vector 75,1 at the point x, along the interval [x4, x ] If 7]5 1=
N4,10 Ve consider the space L"~ 1 generated by the (n - 1)-d1mensxonal hyperplane
passing through the interval [x4, x ] and perpendicular to the vector 1;4 1+ Thus, in
this case the problem is reduced to the (n - 1)-dimensional case. If 1, 5,1 # M4,10 Ve

consider the vector

‘= M1 — Ma1
g, — el

and denote by S’ the horosphere with pole x,+ 2Ry (R is the radius of the horosphere
$) and by Il the hyperplane parallel to the absolute and passing through x4 Any two
of the three horospheres S, S’ and Il have precisely one point in common. Let 61 3
w, denote the leaf whose origin is the horosphere § and let (‘52 denote the leaf, hav-

ing a point in common with &, whose origin is S'. Finally, let (‘53 denote the leaf,

1’
having a point in common with 62, whose origin is II. Consider the frame we =
(x fé v 1, lying on G, with origin x,. It is not difficult to verify that the
second vector 7, 4 of this frame coincides with the vector 775 ;- Consider the space
L?- generated by the hyperplane passmg through the point x, and perpendicular to
the vector 74 3 The frames (x,, &~ 1) and (xg &5° h belong to the space of (n - 1)
frames on L~

Thus the problem is reduced to the (n — 1)-dimensional case. Proposition 6.4 is

proved.

Proposition 6.5. The pair of joliations ©~ and ©* of k-frame flow on a manifold

of constant negative curvature is absolutely nonintegrable.

The proof follows directly from Proposition 6.4 and the geometric properties of
the space L”.

2. Theorem 6.2. Let M be a compact Riemannian manifold with a metric p of
constant negative curvature. Then in the space of C? metrics on M" there exists a
neighborhood 1 of p such that for any metric p the k-frame flow ®' on M™ with

metric p is a K-flow.

For the proof of this theorem we require several lemmas.



214 M. 1. BRIN AND JA. B. PESIN

Lemma 1. Under the conditions of Theorem 6.2 there exists a neighborhood 7 of
p such that for any metric p € n the k-frame flow ®' on the manifold M® with metric
7 has an almost locally transitive pair of foliations G~ and ©*.

The proof follows from Theorems 4.2, 4.3 and Proposition 6.5.

Lemma 2. Each diffeomorphism of the k-frame flow ® on a manifold of constant

negative curvature is a K-automorphism.

The proof follows from Lemma 1 (for p = p) and Corollary 5.2, inasmuch as &~

and G* are smooth foliations under the conditions of Lemma 2.
Lemma 8. Each diffeomorphism of the flow ®' in Lemma 1 is a K-automorphism.

The proof follows from Lemma 1 and Theorem 5.4.

From Lemma 3 it follows that the flow @ is ergodic, which permits one to apply
Theorem 5.2 of [5]. By virtue of this theorem there exists a partition 7 of the space
Q, such that

1) ‘I)trl > q forall £<0,

)V Py=¢

3) /\tq)tq = Vg4» Where Ve + is the measurable hull of the partition £ into the
leaves of the foliation &7,

We note that from the method of construction of the partition 7 described in [5]
it follows that the partition 7 can be chosen so that (i) C is an open set of small
diameter on a leaf of the foliation ©* (in particular, 5 > {') and (ii) it projects into a
partition 7 © 5 of the manifold W27~ 1 The latter means that, for any two elements
C1 and C2 of the partition 7, either 17(C )nn(Cz) =g, or a(c? ) rr(Cz) and hence
that the sets ”(C"?) form a partition of the mamfold wan- 1 whlch we denote by wo
Clearly, C_. 7’ =
1)-3) with tD replaced by S* and v o replaced by v
St is a K-flow.

Let 7 denote the largest completely invariant partition with zero entropy. We

7r(C ). It is easily seen that the partition 7 ©7 satisfies conditions

u, here VG L=V inasmuch as

have A®") = v for each t. Consequently the theorem will follow if we show that
H®:, n) = h(P") for some ¢ (see [6], Theorems 12.1 and 12.3).

Lemma 4. Let { be a measurable partition of the space Q, such that { > & and
{ projects into a partition of the manifold w22=1 for which any C”°§ is an open set
of diameter & on a leaf of the foliation ©%, Then H({) = H(m © {) if § is sufficient-

ly small.

Proof. It can be shown that if § is sufficiently small, there exists a finite par-
tition of the space (), into sets U, of positive measure such that each U; consists
of elements of the partition { and lies in a local chart of the manifold €,, with
U, = 69 x V. and the sets V_ having positive measure, forming a partition of
the manifold W27~ 1 and consisting of elements of the partition # © {. Clearly
Ce NU;=xxC oy NV, for some x € G°. We have



PARTIALLY HYPERBOLIC DYNAMICAL SYSTEMS 215

HO = — | mp(C)do=—3) (nfi(C; N U)dee
Qp iU

=—>) j Inp (£ X Cuoz [ Vi) d%

i GOXV;
= =2 | av [1npCaeg N Vi) dp
i GV
=2 f Inp (Crop N Vi) dpp = — j" In (Crog)dp = H (0 L),
iV wen—1

The lemma is proved.

Lemma 5. Suppose the partition { satisfies the conditions of Lemma 4 and § is
sufficiently small. Then for all t

h(D, ) = h(S', noD).

Proof. We denote by {™ the partition
m-1
Cm — \/ ((Dt)—kg
Je=0
(¢ fixed) and by (7 © )™ the partition
m U otk
()" =\/ (8) (o).
k=0
From Lemma 4 and the definition of A(®?, {) it follows that
R(@, Y = lim —HE™) = lim = H (12"
m—o0 m m-»cc M
= lim —"n—H((noc)’") = h(S, mo).
The lemma is proved. e

Lemma 6. For all ¢, H{®?) = h{(s?).

Proof. There exists a sequence of partitions {; of the space Q, satisfying the
conditions of Lemma 4, with Cl /€. Cleasly, mo gl / €. According to Lemma 5, for
all ¢ we have A(®*, ;) = h(S*, 7 ;) and hence (see [6])

A(DY)  lim (D, §) = limh (S, mol) = h(SY).
= l—oco

The lemma is proved.
We pass to the proof of the theorem. Inasmuch as §' is a K-flow, the partition
7 on satisfying conditions 1)-3) is a generating partition. It therefore follows from
Lemmas 5 and 6 that A(®?, 7) = A(S*, 7 o p) = B(S?) = H(®?). The theorem is proved.
Remark 6.2. The assertion of Theorem 6.2 can be strengthened. Namely, in the
space of smooth-measure-preserving dynamical systems of class C? on the mani-
fold 2, that are fiber bundles over dynamical systems on the manifold Ww27=1 there
exists a neighborhood U of a frame flow ® on M™ with a metric of constant negative

curvature such that any diffeomorphism from a flow f* € U is a K-automorphism of the
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space Q. The proof of this fact follows from Theorem 5.4.

G. A. Margulis has communicated the following fact to us.

Proposition 6.6. There exists a compact Riemannian manifold of negative curva-

ture for which the k-frame flow ®' is nonergodic for k > 2.
For the proof we require two lemmas.
Lemma 1. There exists a compact Kdhler manifold of negative curvature.

Proof. Consider the unit ball

n

B= {ZIZ |2 " < 1}
i=1

in the n-dimensional complex space C”. The set B equipped with the Bergman metric

is a Kdhler manifold of negative curvature (see [17]). According to [15] the manifold

B has a compact factor. The lemma is proved.

Lemma 2. The k-frame flow ®' on a compact Kdhler manifold M" of negative

curvature is nonergodic for k> 2.

Proof. Let o denote the metric tensor on the manifold M* and let & denote an
almost complex structure that is invariant relative to parallel translations along the
geodesics on M”. Consider an arbitrary frame w = ({,,..., {"k) and the frame ®'(w) =

w, = (771, ey 7’1)' Clearly,
a(g;,ﬂgﬁ:a(m, ﬂq,), i,j:l, 2, ey k.

Thus the functions /i’].(w) = alf,, IE;) are invariant relative to the flow ¢, and hence
the flow @’ is nonergodic. Lemma 2 is proved.

The assertion of Proposition 6.6 follows from Lemmas 1 and 2. We will describe
below the ergodic components of the flow under consideration.

Let ?lln denote the space of n-frames w = (x, 61’ cees fn) on the unit ball B in
C” with the Bergman metric that satisfy the condition

€, g) =0, a JE) =0 for i=] ©

Let D denote the compact factor introduced in Lemma 1 of the manifold (B, a), and
let Q D) denote the space of n-frames on D satisfying condition (C). It is obvious
that the frame flows in the spaces Q and Q (D) are factors of the 2n-frame flows
on the manifolds (B, a) and (D, a) respectwely

Proposition 6.7. A frame flow 6‘ in the space an(D) is a K-flow.

Proof. Let us show that the pair of contracting and expanding foliations ©~ and
G* of the flow & is absolutely nonmtegtable For this purpose it suffices to prove
the corresponding assertion in the space Q The unit ball B with the Bergman met-
ric is a homogeneous space of th's group SU(n, 1). It is easily verified that ttzg induced

action of SU(n, 1) in the space Qn is transitive. A frame flow in the space Qn is
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generated by an element x of the Lie algebra of SU(n, 1). Inasmuch as the curvature
of the manifold (B, @) is negative, the operator ad x has eigenvalues A, and A_
such that Re A, >0 and Re A_ <0. Therefore the horospherical subgroups H_  and
H_ of the element x are pontrivial, and hence the subgroup H generated by the horo-
spherical subgroups is also nontrivial. Inasmuch as H is a normal divisor (see [21]),
while the group SU(n, 1) is simple, we conclude that H = SU(%, 1). Thus the pair of
foliations &% and G~ is absolutely nonintegrable. It follows from Theorem 5.2 that
any diffeomorphism of the flow 6‘ is a K-automorphism. The concluding part of the

proof of Proposition 6.7 repeats the corresponding arguments in the proof of Theorem

6.2,
It follows from Proposition 6.7 that the frame flow constructed in Proposition 6.6

is a K-flow on each ergodic component.
Received 29/MAY/73
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