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Abstract: We show that there exists a C* volume preserving topologically transitive
diffeomorphism of a compact smooth Riemannian manifold which is ergodic (indeed
is Bernoulli) on an open and dense subset G of not full volume and has zero Lyapunov
exponent on the complement of G.

1. Introduction

It is shown in [8,12,22,23] that on any manifold M and for any sufficiently large r one
has what can be viewed as a discrete version of the classical KAM theory phenomenon
in the volume preserving category — there are open sets of volume preserving C” diffe-
omorphisms of M all of which possess positive volume sets of codimension-1 invariant
tori; on each such torus the diffeomorphism is C! conjugate to a Diophantine transla-
tion; all of the Lyapunov exponents are zero on the invariant tori. It is expected that the
set of invariant tori is surrounded by “chaotic sea”, i.e., outside this set the Lyapunov
exponents are nonzero and the system has at most countably many ergodic components.
It has since been an open problem to find out to what extent this picture is true.

A first step towards understanding this picture is to establish “essential” coexistence
of completely chaotic and regular non-chaotic behavior for the class of volume preserv-
ing systems in the spirit of the results mentioned above. To this end in this paper we
prove the following result.

Main Theorem. Given o > 0, there exists a compact smooth Riemannian manifold
M of dimension 5 and a C* diffeomorphism P : M — M preserving the Riemannian
volume m such that

* H. H. was partially supported by NSF grant DMS-0503870; Ya. P. was partially supported by the NSF
grant DMS-1101165.



332 H. Hu, Y. Pesin, A. Talitskaya

(1) |P—=1d|lc1 <o and P is homotopic to 1d;

(2) P isergodic onan open and dense subset G C M andm(G) < m(M); in particular,
P istopologically transitive on N; furthermore, P |G is a Bernoulli diffeomorphism;

(3) the Lyapunov exponents of P are nonzero for almost every x € G;

(4) the complement §¢ = M\G has positive volume, P|G¢ = Id and the Lyapunov
exponents of P on G¢ are all zero.

In our example the set §¢ is the direct product of a 3-dimensional smooth compact
manifold and a Cantor set of positive volume in a two dimensional torus and thus has
codimension two. By modifying our construction one can obtain a C* diffeomorphism
P of a compact smooth Riemannian manifold of dimension 4, which is close to the iden-
tity map and has nonzero Lyapunov exponents on an open and dense set G of positive but
not full volume and zero exponents on its complement. The latter is the direct product
of a 3-dimensional smooth compact manifold and a circle and thus has codimension one
and P has countably many ergodic components (see [6]).

Coexistence of elliptic islands and “chaotic sea” is one of the most interesting phe-
nomena in dynamical systems but very few results are known in this direction. We shall
briefly describe some results on the topic and we refer the reader to the survey article
[7] where more information and references can be found.

Przytycki [19] and Liverani [16] studied a one-parameter family f,, —¢ <a < ¢, of
area preserving diffeomorphisms for which the map f lies on the boundary of the set
of Anosov diffeomorphisms. This example demonstrates a route from uniform hyperb-
olicity (corresponding to —e < a < 0) to non-uniform hyperbolicity (corresponding to
a = 0) and then to coexistence of regular and chaotic behavior, i.e., the appearance of an
elliptic island (for 0 < a < ¢). It should be stressed that unlike the constructions in the
above mentioned papers, in our construction the set of points with nonzero Lyapunov
exponents is everywhere dense in the manifold.

An example of a billiard dynamical system — the so-called “mushroom billiards”
— with coexistence of “elliptic islands” and “chaotic sea” was constructed by Bunim-
ovich in [3]. However, this case differs substantially from the smooth case due to the
presence of singularities.

In [11], Fayad obtained a weaker version of our theorem: only some but not all Lyapu-
nov exponents for P are zero on G¢. Ensuring that all Lyapunov exponents are zero is
a substantially more difficult problem and we use completely different techniques than
in [11] to make it happen. The matter is that if all Lyapunov exponents in §¢ are zero,
then a typical trajectory that originates in § will spend a long time in the vicinity of §¢
where contraction and expansion rates are very small. This should be compensated by
even longer periods of time that the trajectory should spend away from G thus gaining
sufficient contraction and expansion and ensuring nonzero Lyapunov exponents.

Let us briefly outline our construction. It starts with a C* volume preserving diffeo-
morphism 7 of a compact smooth 5-dimensional manifold M. The map 7 is close to and
homotopic to the identity and indeed is the identity on an invariant compact subset of
positive volume. On its complement G the map 7' is partially hyperbolic with one-dimen-
sional strongly stable, one-dimensional strongly unstable subspaces and 3-dimensional
center subspace along which dT acts as an isometry and hence has zero Lyapunov
exponents. These subspaces are integrable to three transverse one-dimensional strongly
stable, one-dimensional strongly unstable and 3-dimensional central invariant foliations
of G. Since this set is open, partial hyperbolicity appears in its weaker pointwise form
(see Sect. 2 for the definition of pointwise partial hyperbolicity).
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Pointwise partially hyperbolic maps on compact manifolds were introduced in [5].
They have properties that are pretty much similar to those of uniformly partially hyper-
bolic systems: 1) strongly stable and unstable subspaces are integrable to continuous
strongly stable and unstable foliations that are uniformly transverse to each other; 2)
Lyapunov exponents along stable (unstable) subspaces are negative (positive); 3) any
sufficiently small perturbation of a pointwise partially hyperbolic map is also pointwise
partially hyperbolic. These properties fail to be true if one considers, as we do, pointwise
partially hyperbolic maps on open subsets thus providing one of the major obstacles for
our construction. To overcome this problem we only consider small perturbations of T
that are gentle, i.e., they coincide with T outside a neighborhood of the Cantor set §°¢.
For those perturbations the above three properties hold. However, the final map P is
not a gentle perturbation of 7 and additional arguments are needed to establish these
properties for P.

Our next step is to perturb 7 gently to a C*° volume preserving diffeomorphism
0, which is concentrated in an open set, which is “far away” from the Cantor set. We
arrange this perturbation in such a way that the average Lyapunov exponents of Q in
the central direction are positive for points in § while the Lyapunov exponents on the
complement G¢ of G are all zero. Our construction of the map Q is built upon some
ideas from [2,9,10,14,21] but requires substantial modifications and new arguments
due to nonuniform hyperbolicity of the map 7. Note that the restriction Q|G is not
ergodic.

Finally, we perturb Q to a C* volume preserving diffeomorphism P, which is
pointwise partially hyperbolic on G and, similarly, to the maps 7T and Q, possesses
three transverse continuous one-dimensional strongly stable, one-dimensional strongly
unstable and 3-dimensional central invariant foliations. In doing so we first construct a
sequence of small perturbations P, of Q such that each P, coincides with T outside
some open invariant subset U, C G (hence, P, is a gentle perturbation of 7') and has
the accessibility property on U, via its strongly stable and unstable foliations (i.e., any
two points in U, can be connected by a path that consists of pieces of strongly stable
and unstable manifolds). The sets U, are nested and exhaust § and the sequence P,
converges to the desired map P. In constructing the maps P, we use some techniques
developed in [9, 14].

At the core of our argument lies the idea that accessibility will be achieved if we show
that for a certain point z every point in its local central manifold V¢(z) is accessible from
z. To this end we define a function from a cube in R3 to V¢(z) such that every point
in the image of the function is accessible from z. We shall show that this function is
continuous, which guarantees that it is onto V“(zp), and hence every point in V¢(z) is
accessible from z.

Although the map P is not a gentle perturbation of T (it coincides with 7" on the
Cantor set only) we shall prove that P has the three properties described above. Fur-
thermore, we show that P has the accessibility property on G via its strongly stable and
unstable foliations and that the average Lyapunov exponents of P|S in the central direc-
tion remain positive and in fact, central Lyapunov exponents are positive on a subset of
positive volume. We then show that P|§ is ergodic and indeed, is a Bernoulli diffeo-
morphism. To achieve this we extend the argument in [4] to the case of maps that are
pointwise partially hyperbolic on open sets. This implies that P has four positive and
one negative Lyapunov exponents on § while the Lyapunov exponents on the Cantor set
G¢ are all zero.

In Sect. 2 we provide some background information and introduce some basic nota-
tions. In Sect. 3 we describe our construction of the map P and prove our result subject to
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two propositions. In the remaining sections we present the proofs of these propositions
and other supporting statements.

2. Preliminaries

See [1,17] for more details.

Let f be adiffeomorphism of a compact smooth Riemannian manifold M and A C M
an f-invariant compact subset. The map f is said to be uniformly partially hyperbolic
on A if for every x € A the tangent space at x admits an invariant splitting

TM=E°(x) ® E°(x) ® E"(x) (2.1)

into strongly stable E*(x) = E} (x), central E€(x) = E;(x), and strongly unstable
E*(x) = E; (x) subspaces. More precisely, there are numbers 0 < A < A’ <1 < u/ <
1 such that for every x € A,

ldfvll < Allvll, v e E*(x),
Ml < ldfvll < w'llvll, v e E€(x),
wlvll < lldfvll, v e E“(x).

Given x € A, one can construct a strongly stable local manifold V*(x) = V} (x) and
a strongly unstable local manifold V*(x) = V}’ (x) at x. These local manifolds have
uniform size, i.e., there are numbers r > 0and D > 0 such that for every x € A there
are smooth functions ¢' : B'(r) — TyM, i = s or u (here B'(r) C E'(x) is the ball
centered at zero of radius ) such that

9(0) =0, dp0)=0, max{llde(a)|:ae B'(r) <A,
and

Vix) =exp,{(a, p(a) :a € B (r)}.

We define the strongly stable and strongly unstable global manifolds at x by

W) = Wi = | £ o,

n>0

W @) = Wit = | £ @)

n>0

We denote by B(x, r) the ball centered at the point x of radius r. Further, we adopt the
following notation: for a smooth submanifold V C M and a point x € V we denote by
By (x, r) the ball in V centered at x of radius r (with respect to the intrinsic Riemannian
metric). We also set

BS()C,}’) = B}(-x’ r) = BVS(X)(xvr)a
BM(X,I") = B’;-(.X, V) = BV“(X)(-xa r)'

In this paper we need a weaker property than uniform partial hyperbolicity. Let S ¢ M
be an f-invariant open subset. We say that f is pointwise partially hyperbolic on § if



Coexistence of Zero and Nonzero Lyapunov Exponents 335

for every x € 8 the tangent space at x admits an invariant splitting (2.1) and there are
continuous positive functions A(x) < A'(x) < 1 < u'(x) < u(x), x € 8 such that

ldfvll =2 [vll,  ve E'(x),
Ml < lldfvll < W/ vl v e E“x),
p) vl < lldfvll, v e E"(x).

We call a partition P of S a (8, g)-foliation with smooth leaves or simply a foliation with
smooth leaves if there exist continuous functions § = §(x) > 0, ¢ = g(x) > 0, and an
integer k > 0 such that for each x € §:

(1) There exists a smooth immersed k-dimensional manifold W (x) containing x for
which P(x) = W(x), where P(x) is the element of the partition P containing x.
The manifold W (x) is called the global leaf of the foliation at x; the connected
component of the intersection W (x) N B(x, §(x)) that contains x is called the local
leaf at x and is denoted by V (x).

(2) There exists a continuous map ¢, : B(x,g(x)) — C'(D, M) (where D is the
unit ball) such that V(y) is the image of the map ¢.(y) : D — M for each
y € B(x, g(x)); the number ¢g(x) is called the size of V (x).

We say that a foliation with smooth leaves is absolutely continuous if for almost every
x € 8 and almost every y € B(x, g(x)) the conditional measure generated on V (y)
by volume m (with respect to the partition of B(x, g(x)) by local leaves) is absolutely
continuous with respect to the leaf volume my () on V (y).

The strongly stable and unstable global manifolds of a uniformly partially hyper-
bolic diffeomorphism form two (8, g)-foliations of A with smooth leaves where § and
q are constants. These foliations are absolutely continuous and transverse at every point
zeA.

Let W, and W> be two foliations of § with smooth leaves. Assume that these folia-
tions are transverse at every point z € 8. Let also 8; C 8 be an open subset. We say that
the pair Wi and W, has the accessibility property on 8 if any two points z, 7 € 8| are
accessible. This means that

(1) There exists a collection of points zy, ..., z, € 8 such that x = zy, y = z,, and
zx € Vi(zg—1)fori =lor2andk =2,...,n.

(2) The points z;x—; and zx can be connected by a smooth curve y, C V;(zk—1) in 8
fori=1lor2andk=2,...,n."

The collection of such points z; and curves yy is called the leaf-wise path connecting x
and y. In particular, if Wy and W, are the strongly stable and unstable foliations, then we
say that f has the accessibility property and the leaf-wise path is called the (u, 5) r-path
or simply (u, s)-path.

It may not be true in general that a diffeomorphism, which is pointwise partially
hyperbolic on an open set 8, has strongly stable and unstable local manifolds at every
point in 8. However, this is the case for all pointwise partially hyperbolic diffeomor-
phisms that we construct and in fact, their global strongly stable and unstable manifolds
form two transverse foliations with smooth leaves.

More precisely, given a diffeomorphism f that is pointwise partially hyperbolic on
an open set 8, we call its small perturbation g in the C topology gentle if there exists an
open set U C & such that U C 8, U is invariant under both f and g and f|U° = g|U°.

1 We stress that Vi(zx—1) is the local leat of W; at z;. In particular, the length of the curve y; (the leg of
the path) does not exceed 8 (zx—1)-



336 H. Hu, Y. Pesin, A. Talitskaya

Theorem 2.1. Assume that the strongly stable and unstable subspaces E j» and E ; for f
are integrable to continuous strongly stable and unstable foliations Wji and W? respec-
tively with smooth leaves and that these foliations are transverse. Then for any gentle
perturbation g of f that is sufficiently close to f in the C' topology the strongly stable
and unstable subspaces EZ, and EZ for g are integrable to continuous strongly stable
and unstable foliations Wg and ng respectively with smooth leaves and these foliations
are transverse.

The proof of this theorem is based on two simple observations that: (1) a gentle per-
turbation changes the map f on an invariant subset on which f is uniformly partially
hyperbolic and (2) the theorem is true for uniformly partially hyperbolic systems.

Furthermore, we call a diffeomorphism f that is pointwise partially hyperbolic on
an open set & dynamically coherent if the subbundles E* = E€ @ E%, E€, and E“® =
E°€ @ E” are integrable to continuous foliations with smooth leaves W, W¢ and W<,
called respectively the center-unstable, center and center-stable foliations. Furthermore,
the foliations W¢ and W are subfoliations of W, while W¢ and W* are subfoliations
of W€,

The following result is an extension of the classical result in [13,20]. It shows that
dynamical coherence is a robust property within the class of gentle perturbations.

Theorem 2.2. Suppose that f is a diffeomorphism that is pointwise partially hyper-
bolic on an open set 8. Assume that f possesses transverse strongly stable and unstable
foliations with smooth leaves. Assume also that the center distribution is integrable to
a smooth center foliation W€. Then f is dynamically coherent. Moreover, any diffeo-
morphism that is close to f in the C' topology and is a gentle perturbation of f is
dynamically coherent.

Since both subbundle E“ and E® vary continuously with the map, so does E€ and
the corresponding center foliation W¢.
We denote by

1
Alx,v) = limsup —log ||df"v||
n—oo N
the Lyapunov exponent of a nonzero vector v at x € M and by A;(x) = A;(x, f),
i =1,...,dimM, the values of the Lyapunov exponents at x. Note that the functions
Ai(x, f) are invariant. We assume that these values are ordered so that

A, )= = Agimae & ).

We also denote by
k
L= [ D wite ). 22)
i=1

where m is the Riemannian volume. We call this number the k" average Lyapunov
exponent of f.

Consider a volume preserving C2 diffeomorphism f of a compact smooth manifold
M that is pointwise partially hyperbolic on an open set 8. We say that f has positive
central exponents if there is an invariant set A C 8 of positive volume such that for
every x € A and every v € E“(x) the Lyapunov exponent A(x, v) > 0. The following
result plays an important role in the proof of our Main Theorem.
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Theorem 2.3. Assume that the following conditions hold:

(1) f has strongly stable and unstable (8, q)-foliations W* and W", where § = §(x)
and g = q(x) are continuous functions on 8;

(2) the foliations W* and W" are absolutely continuous;

(3) f has the accessibility property via the foliations W* and WY, more precisely, any
two points z1, z2 € 8 can be connected in 8 via a W* and W* foliations;

(4) f has positive Lyapunov exponents in the strongly unstable directions and negative
Lyapunov exponents in the strongly stable directions almost everywhere;

(5) f has positive central exponents.

Then f has positive central exponents at almost every point x € 8, f|8 is ergodic and
indeed, is a Bernoulli diffeomorphism.

Proof. In the case when f is uniformly partially hyperbolic on the whole manifold M,
has positive central exponents and the accessibility property, this theorem was proved
in [4]. We shall show how to extend the argument presented there to our case.

Note that f is a C2 volume preserving diffeomorphism, with nonzero Lyapunov
exponents on a set A of positive volume. Hence, it has at most countably many ergodic
components of positive volume in A. Each such component contains the set

A= |J v,

yeV*(x)

where x is a density point of A and V*(x) is a center-unstable local manifold at x. Since
the strongly stable foliation W* is continuous, the set A(x) is open in A and hence the
set A itselfis open (mod 0). We shall show that the accessibility property of f in & and
absolute continuity of strongly stable and unstable foliations imply that the trajectory
of almost every point in § is dense. Clearly, this yields that A = § (mod 0) and that
f18 is ergodic. Since for each n the map f” satisfies the condition of the theorem, we
conclude that f"|S is ergodic implying that f|S is a Bernoulli diffeomorphism.

To this end, it suffices to show that if U is an open set then the orbit of almost every
point enters U. To see this let us call a point good if it has a neighborhood in which the
orbit of almost every point enters U. We wish to show that an arbitrary point p is good.
Since f is accessible, there is a (u, s)-path [zg, ..., zx] with z9 € U and zx = p. We
shall show by induction on j that each point z; is good. This is obvious for j = 0. Now
suppose that z; is good. Then z; has a neighborhood N such that Orb(x) N U # @ for
almostevery x € N. Let B be the subset of N consisting of points with this property that
are also both forward and backward recurrent. It follows from the Poincaré recurrence
theorem that B has full volume in N. If x € B, any point y € W¥(x) U W¥(x) has the
property that Orb(y) N U # . The absolute continuity of the foliations W* and W*
means that the set

U w@uw e
xeB

has full volume in the set

U Wi uw ).

xeN

The latter is a neighborhood of z;,1. Hence z;41 is good. O
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3. Construction of the map P: Proof of Main Theorem

We describe a construction of the map P splitting it into several steps.

3.1. Step 1. A special flow T*. Let A be an Anosov automorphism of the torus X = T2.
We denote by n4 the constant expanding rate of A along the unstable direction.

Consider the special flow 7' over A with a constant roof function. The flow acts on
the the manifold

N={x1t:xeX tel01]}/~,

where “~” is the identification (x, 1) = (Ax, 0). We may choose the metric on N in
such a way that the expansion rate of 77 along the one-dimensional strongly unstable
direction is 14 at every point (x, r) € N. For each t # 0 the map 7" is uniformly par-
tially hyperbolic with one-dimensional strongly stable E7,, one-dimensional strongly
unstable ELth and one-dimensional center E% subbundles (the latter is the direction
of the flow). These subbundles are integrable to smooth strongly stable W3, , strongly
unstable Wy, and center W7, foliations of N.

3.2. Step 2. The original map T. Set Y = T? and M = N x Y. We endow M with the
product metric and denote by m its Riemannian volume. We also denote the fiber

Ny =N x {y). 3.1)

For our construction we choose:

(A1) A Cantor set C C Y of positive area whose complement G = Y\C is an open
connected subset.

(A2) An open square G such that GoCG.

(A3) A C®*° function « : Y — R satisfying: (1) k(y) = 0if y € C and «(y) > 0 if
y € G;(2)|gradk| < 1/4,and (3) x(y) = ko for y € Uy, where k( is a constant
and U is a neighborhood of G( whose choice is specified in Subsect. 5.1.

The set G in the Main Theorem is given by § = N x G and is open, dense and of
positive but not full volume. We let §¢ be the complement of G.
We define amap 7 : M — M by

T((x,0),y) = (T*V(x, 1), y),
where (x, 1) € Nand y € Y. The proof of the following proposition is immediate.

Proposition 3.1. The map T is a C*™ volume preserving diffeomorphism of M with the
following properties:

(1) Given st > 0, one can choose the function k suchthat |T —1d |1 < §7. Moreover,
T is homotopic to 1d.

(2) T preserves the fibers N.

(3) T is uniformly partially hyperbolic on any invariant subset N x A where A C
G is compact. Moreover, T is dynamically coherent with the central foliation

Wi =Wp, xY.
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(4) T is pointwise partially hyperbolic on G with one-dimensional strongly stable
E?%.(2), one-dimensional strongly unstable Ef (z) and 3-dimensional center E7.(z)
subspaces. The subspaces E3.(z) and EY.(z) are integrable to strongly stable and
unstable foliations W3.(z) and Wy (z) with smooth leaves. These foliations are uni-
formly transverse and their local leaves have uniform size. In addition, these folia-
tions are absolutely continuous.

(5) T|S° =1dand dT, = 1d for any z € G°. In particular, the Lyapunov exponents of
T|G¢ are all zero.

(6) Forevery z € G the Lyapunov exponents of T are as follows:

M, T) =2z, T) > 0=2(z, T) = 23(z, T) = ha(z, T)

> As5(z, T) = 2°(z, T),
where A" (z, T) and \*(z, T) correspond to the directions E ;, and E }, respectively
and M (z, T), M3(z, T) and A4(z, T) correspond to the direction of the flow and the
Y -direction respectively. Moreover,

Li(T) = Lo(T) = L3(T) = L4(T) > O and L5(T) = 0,

where each i™" average Lyapunov exponents L;(-) is given by (2.2).

3.3. Step 3. The perturbation Q. We perturb the map 7 to a map Q such that it has one

negative and four positive average Lyapunov exponents but is not necessarily ergodic.

We then perturb Q to a map P which is ergodic on G and has all the desired properties.
Given z € M, we choose a local coordinate system (s, u, f, a, b) such that

F*(z) :=0/3s = Ef(2), F"(z) := 3/du = E%(2), F'(z) := /0t (3.2)

are the strongly stable, strongly unstable and central (flow) directions of T respectively,
and
F(z):=9/0b, F%(z):=0/da (3.3)

are tangent to Y. We shall assume that in these coordinates the square G has the form
Go = Bra(ap, ag) X Bpy(bo, otp) (3.4

for some (ag, bg) € Y and a9 > 0.
The following statement describes some properties of the map Q; its proof is given
in Sect. 4.

Proposition 3.2. Given §g > 0, one can construct a C* volume preserving diffeomor-

phism Q : M — M which satisfies:

(M) 1@ =Tl < 8¢ and Q is homotopic to 1d;

(2) Q =T ontheset N x (Y\Go), in particular, Q preserves N-fibers if y ¢ Go and
is a gentle perturbation of T ;

(3) Q is a gentle perturbation of T and satisfies Statements (3)—(5) of Proposition 3.1;

(4) forevery z € G we have

EY™(2) = Ef'®(z), det(dQ|Ef™ () = det(dT |Ef“" (2)).

(5) Li(Q) < L2(Q) < L3(Q) < La(Q) = L4(T) and Ls(Q) = 0 where L;(-) is
given by (2.2).



340 H. Hu, Y. Pesin, A. Talitskaya

3.4. Step 4. The final perturbation P. Our next step is to perturb the map Q to a map
P that is pointwise partially hyperbolic on the open set §. We shall ensure that P has
two transverse strongly stable and unstable foliations Wy, and W} of G and satisfies the
accessibility property on this set via these foliations. We shall also show that P can be
constructed in such a way that the Lyapunov exponents of P on G are all zero and that
Jove Xiz, Pydm > Ofori =1,2,3,4.

In order to construct the map P we choose two sequences of open subsets U, U, C
G,n=1,2,...suchthat

(A4) Go C Uy.
(A5) U, CU, CUy CU, CUpp1 CGand {2y Uy =G.

(A6) l~/n and U, are connected sets for any n > 1.

‘We set
Uy =Nx Uy, U, =NxU,. (3.5)

We will construct a sequence of diffeomorphisms { P, }, whose limit is the desired map
P. The following statement is proven in Sect. 5.

Proposition 3.3. Given a number §p > 0, one can find two sequences of positive num-
bers {8,} and {0,} with 8, < §p /2" and §, < d(C, U,,)2 as well as a sequence of C*°
volume preserving diffeomorphisms P, : M — M such that forn > 1:

() 1Py — Po—1llcr < 8, and P, is homotopic to 1d;

2) P,(Uy) =Uy, P, =T on M\Uy,, and P, = P,—1 on U, —3; in particular, P, is a
gentle perturbation of T;

(3) Py, is a gentle perturbation of T and satisfies Statements (3)—(5) of Proposition 3.1;

(4) forevery z € M we have

EY(z) = E§(2), det(dPy|Ef* (2)) = det(d Q|Ef " (2)):
(5) forallzeU;, j=1,...,nandi =u,s,c,
L(E}p, (2), E}p (2) <6;/2"7;
(6) if the number 59 > 0 (see Proposition 3.2) is sufficiently small, then each map
P, is stably accessible in the following sense: let P% be a C? volume preserving

diffeomorphism of M that is a gentle perturbation of T ; assume that for all z € U,
andi =u,s,c

L(E%;(2), E} (2) < Op;

then any two points z1, 72 € U, are accessible viaa (u, s) p1-pathin G, in particular,
Py, has the accessibility property on U,.

Statement (1) and (2) of this proposition implies that the limit P = lim,_ P,
exists. We shall show that the map P has all the desired properties.
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3.5. Step 5. Proof of the main Theorem. By Proposition 3.3 (1), we have for any £ > 1
and any n > k,

(1P — Po—tllck < 1Py — Pa—tllcn < 8p/2".

It follows that P, converges to P in the C¥ topology. Since k is arbitrary, P is a C>®
diffeomorphism. Clearly, P preserves volume and ||P — Id || < § if 7, 8¢ and §p are
small enough. In addition, since P = P,,+1 on U,, by Proposition 3.3 (1), P is homotopic
to Id on U,, for any n. The first statement of the Main Theorem follows.

By Proposition 3.3, each diffeomorphism P, is pointwise partially hyperbolic on
U and uniformly partially hyperbolic on Uy,. By Theorem A.1 in the Appendix, if the
sequence §, decreases sufficiently fast, the limit diffeomorphism P is pointwise partially
hyperbolic on U.

We now claim that the one-dimensional strongly stable E9, and unstable E sub-
bundles are integrable to invariant strongly stable W}, and unstable W, foliations with
smooth leaves, which are transverse and absolutely continuous. Recall that the “start-up"
map T has strongly stable and unstable local manifolds V3(z) and V7 (z) respectively
at each z € U. Moreover, these local manifolds are of uniform size, say larger than a
certain number 4r > 0.

By Proposition 3.3(3), P,|US = T|US, and thus VI‘;; (z) = VP (z) forall z € G\Uy,,

n’

o = s, u. On the other hand, each P, is a perturbation of P,_; on the compact set ﬁ,, on
which both P, and P, _ are uniformly partially hyperbolic if §, is sufficiently small. Fur-
thermore, if r,, is the size of V;;; (z) for z € U, one can arrange that r,, /r,,—1 > 2-1/2"
and thus by induction we obtain that the size of local manifolds for P, |U, is bigger than
r. Therefore, given z € G, we obtain that the size of V;,‘; (z) has a lower bound r > 0,
which is independent of z and n.

We can describe the local strongly stable manifold for P, at a point z € G in the
following way:

V}, (2) = exp.{(v, ¥, () : v € B (0, r)},
where B*(0,r,) C E‘},n (z) is the ball centered at origin of radius r, and 1//},’1
B*(0,ry) > Ep'(z)isa C! map satisfying:

(1) ¢ (0)=0anddyp (0) =0.
(2) If the numbers §,, and 6, decay sufficiently fast then there are » > 0 and A > 0
such that r, > r and ||1p;n lci+e < Aforalln > 0.
This implies that z € V;,n (z) and T, Vf;n (z) = E}n (z). Furthermore,

(1) Pu(V3,(2) € V3 (Pa(2).

2) d(Py(2), Py(y)) < rM2)d(z, y) foreach y € Vf,n (z) and some continuous function
X(z) on G for which 0 < A(z) < A(z) < A/ (z) (where A/(z) is the function in the
definition of pointwise partial hyperbolicity).

The sequence of functions w;,n (v), |lv]| < ris compactin the C' topology and hence,

there is a subsequence I/f;,nk that converges to a C! function y satisfying 1/ (0) = 0,

dy(0) =0and |[¥|c1 < A. Setting

V(z) = exp,{(v, ¥ (v)) : ve B0,r)}, (3.6)
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we have that

(1) zeV(@and T,V (z) = E}(2);
2y P(V(z)) CV(P(2);
(3) d(P(2), P(y)) < A(z)d(z,y) foreach y € V(z).

This implies thatif my, is any subsequence for which w}m converges inthe C! topology to

a function ¥, then ¥ = . Thus the formula (3.6) determines uniquely a local strongly
stable manifold through z and the formula W(z) = U,>0 P~"*(V (P"(z)) defines the
global strongly stable manifold through z. These manifolds form a continuous strongly
stable foliation with smooth leaves for P. In a similar fashion we can obtain strongly
unstable local manifolds and construct a strongly unstable foliation with smooth leaves
for P. These two foliations are transverse at every point z € G.

We shall now show that the Lyapunov exponent A% (z) in the direction E},(2) is
negative at almost every point z € §. Indeed, let Z C G be the set of points at which
Ap(2) =0.1f m(Z) > 0 then

1 n—1 .
0= A5 dm = lim —1 Ap(P!
/Z (@) dm /ﬂ;n;on ogg p(P'(2)

n—1

1 .
= lim —/Zlog)»p(P‘(z))dM(Z)
Zi:O

n—>o00 n

=/log/\p(z)dm(z)<0
z

(recall that A p (2) is the contraction coefficient along £, (z)). This contradiction proves
our claim. Similarly, one can prove that the Lyapunov exponent A% (z) in the direction
E'%(z) is positive at almost every point z € G.

Since P is nonuniformly partially hyperbolic on G, by Theorem 8.6.1 in[1], we obtain
that its strongly stable and unstable foliations are absolutely continuous.

Our next step is to show that the map P has the accessibility property on G via its
invariant foliations W3, and W}. Indeed, by Proposition 3.3 (6), for any n > k and any
z€ U, i =s,u,c,

. . 1
Z(EIPH(Z), ElPk (Z)) < 9]((1 — ka) < 9](.
Taking the limit as n — oo yields fori = s, u, ¢ and any z € Uy,
L(Ep(2), E}p, (2)) < bk 3.7)

Hence, by Proposition 3.3 (6), the map P has the accessibility property on Uy. Since k
is arbitrary, we obtain that the map P has the accessibility property on G.

To prove that the map P has nonzero central Lyapunov exponents almost everywhere
we let c = L4(Q) — L3(Q) > 0. By semicontinuity of L; with respect to the map, we
may take §p in Proposition 3.3 so small that L3(P) < L3(Q) + c¢/2. Note that by
Proposition 3.3 (4), foralln > 1,

La(Py) = / log | det(d Py E4? (2))| dm
g

= /9 log | det(d Q|EG*" (2))| dm = La(Q).
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Since P, converges to P in the C! topology, by Proposition 3.3 (4), we have that
L4(P,) — L4(P) asn — o0 and hence L4(P) = L4(Q). It follows that L4(P) —
L3(P) > c¢/2 > 0. Therefore,

/ A (z, PYdm(z) > ¢/2 > 0.
g

It follows that there is a subset A C § of positive volume such that 14(z) > O for
every z € A. Hence, A2(z) > A3(z) > A4(z) > 0. Thus the map P has positive central
exponents at every point in a set of positive volume. Since P is volume preserving, the
total sum of the Lyapunov exponents is zero at every point. Therefore, As(z, P) < 0
at every point in A. Since P has the accessibility property and its strongly stable and
unstable foliations are absolutely continuous, by Theorem 2.3, we obtain that P has
positive central exponents at almost every point in G, P|§ is ergodic and indeed, is a
Bernoulli diffeomorphism.

It follows from Proposition 3.3 (3) and the fact that §,, < d(C, U,)?, that P = 1Id
on the set N x C and that d P, = Id for all z € N x C. In other words, all Lyapunov
exponents at every point in the set N x C are zero. Since this set has positive volume
this completes the proof of the Main Theorem.

4. Construction of the Map Q: Proof of Proposition 3.2

We use an approach which is similar to the one in [14] and obtain Q as a result of three
consecutive perturbations. First, we perturb the map 7" to a diffeomorphism S via a gentle
perturbation &g so that S = hg o T preserves the fibers Ny, y € G and has two positive
average Lyapunov exponents in the E %’ subbundle,i.e, L1(S) < L,(S) (seeLemma4.1).
Next, we perturb S to a diffeomorphism R via a gentle perturbation hg sothat R = hroS
has three positive average Lyapunov exponents, i.e., L{(R) < La(R) < L3(R) (see
Lemma 4.2). Finally, we obtain the desired map Q as a perturbation of R via a gentle
perturbation /1 so that Q = hg o R satisfies

Li(Q) < L2(Q) < L3(Q) < L4(Q)

(see Lemma 4.6), or equivalently, fM Az, Q)dm(z) > 0.

Given § > O and k = §, R, Q, the perturbations hj; are concentrated on pairwise
disjoint small open subsets €2 C Go such that ||y —Id ||o1 < & and hy = Id outside
Q. It follows that Q = T outside Q25 |J Q& |J Q0.

To effect our construction we choose periodic points ¢, p’, p® and p” of the Anosov
automorphism A, which are close to each other and whose orbits are pairwise disjoint.
Let Vi(q), V4(q), Vi(p') and V¥ (p'),i = t,a, b be stable and unstable local mani-
folds at these periodic points. We may assume that each intersection Vj (g) N V3 ( i)
and Vj( pPHnN V3 (q) consists of exactly one point, which we denote by [g, p'] and
[p', q] respectively. Consider the closed quadrilateral path with the collection of points
q.lq, p'l, p', [p', gl and ¢, and let

y(@) = Vi@ UVil@, y®)=VipHuViph.



344 H. Hu, Y. Pesin, A. Talitskaya

Given positive numbers v and o whose choice will be specified later (see (4.4)), we set
fori =t,a,b,

Q' (v) = ( U Bx(T'(,0), v)) x G,
rel0,7(p0)]

Qo) = ( U BN((x,t),U)) x G,  (4.1)

(r.0e(y (@) x[0,7()DU(y (p')x[0,7(p)])

Q(v,cr):( U sz"(v))u( U fzf(o)),

i=t,a,b i=t,a,b

where t(g) and r(pi) are the periods of ¢ and pi and By ((x, 1)), r) is the ball in N of
radius r centered at the point (x, 7). Finally, we set

Qo(v,0) =Q(Ww,0)N Yy 4.2)

(recall that G is defined in (A2) and is in the form of (3.4)).
Given 8¢ > 0, choose the number 6 > 0 according to Sublemma 4.5 below and an
integer ko > 0 such that

7w /2ky < 6. 4.3)

Now choose positive numbers v and o to ensure that the volume of the set Q¢ (v, o)
is so small that

20kom (Q(v, o)) < 1. (4.4)

4.1. Construction of the map S. We obtain the map S as a small perturbation of the map
T via a perturbation A g, which is a small rotation in the E ? subbundle at every point
of a small subset of o = N x Gy. This approach is an elaboration of the approach
developed in [9,21] for some uniformly partially hyperbolic systems.

To this end we observe that by the construction of the map 7 for every z € Go the
expansion rate in the E7.-direction at z, |dT | E7|, is a constant. We denote this constant
by 1. Choose a C* function ¥ = v (r) : R* — R* such that

(1) ¥(@r)=1vo > 0ifr €[0,0.9];
) ¥(@r)>0ifre[0,1)and y(r) =0ifr > 1;
3) Iler = 1.

Given Ng > 20kg, choose a point (xg, fo) € N and a number €; > 0 such that

BN ((x0, t0), 2€1) N Projn(R20) = 9,
R0 (By((x0, 10), 2€1)) N BN ((x0, 10), 2€1) =B, k=1,..., No,

where Projy is the projection onto N, i.e., Projy(x, ¢, y) = (x, t) and kg is defined by
(A3) (see Subsect. 3.2). Set

Qs = Bn((x0, 10), €1) x Go. 4.5)
Our choice of €| guarantees that Qg N Qo =@ andfork =1, ..., Ny,

T75(Qs) N Qg = 0. (4.6)
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To define the desired map kg we switch from the coordinate system (s, u, , a, b) (see
(3.2) and (3.3)) in Q25 to the cylindrical coordinate system (r, 0, s, a, b) originated at
zo = (xo, to, ag, bg), where u = rcosf and t = r sinf.

Given T > 0, define the map hs = hgs  on Qg as a small rotation in the (u, f)-sub-
space. More precisely, we set

r Is] D] |al
hs(r, 0,5, a,b) = (r, 0 +ra§e%w(a)¢(5)¢(a—o)w(a—o), s,a,b) 4.7)

(here «y is defined in (3.4)). We extend the map hg = hg ; to the whole manifold M by
letting it be the identity outside of Q2. It is easy to see that &g is a C°° volume preserving
diffeomorphism satisfying:

(1) |lhsr—Id]lct > O0ast — 0;
(2) dhg preserves EY' bundle;
(3) det(dhs|EY! (z)) = 1 forany z € M.

We define the map S = S; = T o hg , and we set
a1 =09y, G| = Bra(ap, a1) X Bps(bo, ot1). 4.8)

The following statement describes some properties of the map S.

Lemma 4.1. Given 8g > 0, there exist t > 0 such that the map S = S; is a C*°
diffeomorphism with the following properties:

1) IS =Tllct <8¢g and S is homotopic to 1d;
(2) § =T onthe sets N x (Y\Gg) and Q; in particular, S is a gentle perturbation of
3) ?satisﬁes Statements (3)—(5) of Proposition 3.1;
(4) foreveryz e M,

ES'(2) = Ef' (), det(dS|EY (2)) = det(dT |EY (2));
(5) foranyyi, y2 € Gy,

Projy;(S(x, 7, y1)) = Projn(S(x, 1, y2));
6) Li(S) < Li(T) and hence,
Li(S) < La(S) = L3(8) = L4(S) = La(T), Ls(S) =0;

(7) there exist a number s and a set T1g = Projy(Ils) x G1 such that

m(Ilg) > 20kom(ITg N Qg) > 0,

and for any z € Tlg the map S has two positive Lyapunov exponents A1(z, S) >
*2(z, 8) = As along the EY' = EY4' subbundle.

Proof. Statements (1)—(5) follow easily from the construction of the map /. In partic-
ular, S is dynamically coherent in view of Theorem 2.2. It remains to prove Statements
(6) and (7).
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We prove that there exists 79 > 0 such that for any t € (0, 19],
L1(S8:190) < L1(T1S0). 4.9)

Since on the complement of Gy we have S = T, this implies that L{(S) < L{(T).
We outline the proof of (4.9) referring the reader to the proof of Proposition 5.1 in
[9] for details (see also [1]). Since E gr (z) is one-dimensional, it is easy to see that

Az, Sf)dm(z)z/ 10g|dST(z)|E§T(z)|dm(z).

So

L1(S:150) =/

So

Since the perturbation hg = hg , preserves the E%' subbundle, we can write

st = (605 BE5)

where
.[2152
A=A(t,z) =1—1rp,sinf cos6 — — - rzrﬁﬁ, cos? 0 + 0(13),
B=B(1,2) = —Tp — Trp,sin” 0 — t2rpjpy sinf cos 6 + O(z>),

C=C(t,2) =T1p+71rprcos>0 — t2rppy sinf cos 6 + O(t°),
22
_ _ ~ p 2 x~ 2 3
D= D(t,z) =1+1rp,sinfcosf — - —T°rpprsin“ @ + O(t7),

and
|al

50,5,a,8) = 3y () (Byy (L2,

r
€] €1 [04)) (040}

Recall that the expanding rate n = 14 of dT along E? (T) is constant for all z € Go. By
the choice of the coordinate systems, we can write

ut U 0
Since dS; = dT odhgs ., we have

@I @ = (UCA((TT,’ZZ)) f(%z?) '

Denote by e;(z) the unique number such that the vector v;(z) = (1,e.(2))* €
E§ (z), where * denote the transpose of the vector. Repeating the arguments in the proof
of Lemma B.7 in [9], one can show that

Ll(Sr|90):/9 logndm(Z)—/9 log[D(z, z) — nB(t, 2)e: (Sr0(2))]1dm(2).
0 0

Using this formula and applying the same arguments as in the proof of Lemmas B.8 and
B.9 in [9] one can show that

dL1(S:190)
dt

=0 So
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and

d*L1(S:150)
dr?

= / [(D;)2 — D! +2nB. de:(2) (S,(z))} dm(z) < 0.
So a7 =0

=0

It follows that there exists g > 0 such that (4.9) hold for any t € (0, 79]. Therefore,
Ly1(S7) < Li(T).

Note that for any y € Y the fibers N, are S -invariant and that the subbun-
dles E4ab, EU@ and E4 are preserved by the perturbation /. Furthermore, since
det(dhs, < |E} (z)) = 1, we have for i = ut, uta, utab,

det(dS;|EL) = det(dT|E%).

Hence, the three smallest Lyapunov exponents remain unchanged and so does the sum
of the two largest ones. This implies that L; (S;) = L;(T) fori = 3,4, 5 and hence,

L1(S7) < L2(St) = L3(Sr) = La(Sr) = La(T)

and L5(S;) = 0. This proves Statement (6) of the lemma.
To prove Statement (7) we first notice that for any y € G, the arguments similar to
the above ones yield

dLl(St|Ny) dle(Sr|Ny)
v =0, _ < 0.
dt =0 dt? =0

It follows that if 7p > O is small enough, then L{(S;|N,) < L{(T|N,) for any 7 €
(0, 0]. Let us fix such a 7. There is a subset of Ny on which S; has two positive
Lyapunov exponents 11(z, S¢) > Aa2(z, S;) > 0. Given Ag > 0, consider the level set
[s(y) ={z € Ny : A2(z, St) > Ag}. If Ag is sufficiently small this set has positive vol-
ume. Set [1g = [15(y) x G, where the set G is defined by (4.8). Clearly, ITg is invariant
under S;. Since No > 20k(, we obtain by (4.4) that 20kom (I1sNQ2g) < m(Ilg). Further-
more, by Statement (5) and definition of I[1g, for any z € I1g we have that 12(z, S;) > Ag
and the lemma follows. O

4.2. Construction of the map R. We shall obtain the map R as a small perturbation of
the map S by a diffeomorphism &g, i.e., R = hg o S. We use some ideas from [2,10] and
construct s g as a composition of rotations in the F’“-subspace along pieces of orbits so
that the total rotation is 7r/2. This allows us to interchange the F’- and F?-directions
making the Lyapunov exponents along these directions to be close to each other.

Let us briefly outline the construction. It starts with a choice of the Rokhlin-Halmos
tower for § within an invariant set I'” of positive volume where at every point the map
S has two positive Lyapunov exponents along the E%t-subspace. The tower of height
7K + ko consists of disjoint subsets called floors, where K > 0 is a given number and
ko is given by (4.3). We then consider a subtower I' C I’ of height 2K + ko. The num-
ber K should be sufficiently large to ensure that the ko floors in the middle of I" are
disjoint from Qg and 2 and consist of “good” points z in the sense that every vector
v € E‘}t -subspace expands by about ¢/* times under d S’ and contracts by about e ~/*
under d S~ for any i > K /2. We then approximate these ko floors by finitely many sets
of a special type — in our global coordinate system these sets are cylinders. We obtain
the perturbation A as a composition of finitely many maps where each of these maps
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rotates the core of the corresponding cylinder by the angle 7 /2k( in the F'@-subspace
at each level so that the total rotation is 7 /2.

Now consider a “good” orbit, which starts at a point z on the bottom of the subtower
", and a vector v € E™(z). If v is close to the E"'-subspace, then the length of the
ut-component of dRXv = dSX¥v becomes at least about eX* times longer than the
length of v. Since d S does not contract vectors in the E*'?-subspace very much during
the remaining ko + K steps, the length of the uf-component stays about the same. If v
is close to the E7.-subspace, the length of the a-component of v does not change under
the map dRX = dSX. During the next k iterations the vector d RXv is rotated by
/2 degree into the E’-subspace. During the next K iterations the length of the vector
becomes at least about eX* times longer. It follows that every vector in E*/%(z) expands
by about eX* times under d R>§*%0_ Thus we obtain a set on which R has three positive
Lyapunov exponents.

To effect this construction let A = Ag and I1 = Ilg be as in Statement (7) of
Lemma 4.1. Given K > 0, let

AN =A(K)={zeIl:loglldS*(z, v)|| — kA > —0.1kA,
log [ldS~%(z, v)|l + kA < 0.1k
forallv € E¥(z), |[v] =1 andall [k| > 0.5K},  (4.10)

and let also

ko—1
A=AK)= ﬂ STHA(K)), (4.11)
i=0

where kg > 0 is given by (4.3). Note that m(A’(K)) — m(I1) as K — oo and hence,
m(A(K)) — m(Il) as K — oo. Therefore, given a number g > 0, we can choose K
so large that

KA > max{5koA, 10log2, —10kolog(1 —3dp)}, 4.12)
Am(IT) +401og(1 — 8g)m(IT\A) > 0, (4.13)
20m(IT\A) < m(IT). (4.14)

Note that if z € A(K) then forn > 0.5K and v € Egt(z),

IdS™ (z, V)| = ™™ |lv].
Set
ko—1
A = A\ U S7H(Q0 U Q) (4.15)
i=0
(recall that Q29 and Q25 are given by (4.2) and (4.5) respectively). By Lemma 4.1 (7),

m(Qs N IT) < m(IT)/20ko. (4.16)

Furthermore, by choosing the numbers v and o in (4.1) appropriately, we may assume
that

m(So N 1) < m(IT)/20ko. 4.17)
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Combining (4.14), (4.15), (4.17) and (4.16), we find that
m(A*) > ((1 —0.05) — 0.05 — 0.05)m(I1) > 0.8m(I1).

By the Rokhlin-Halmos Lemma (see [15]), given K > 0, one can choose a measurable
set I C I such that S"(T") NI = @ forany —K <i <6K +ky — 1,i # 0 and

6K +ko—1
m( U S"(F’)) > 0.9m(I). (4.18)
[ K

i=—

Set
To={S'(z): zel',0<j<5K —1, §/(z) € A", §'(z) ¢ A" fori < j}.

In other words, I is the set of first entries to A* of trajectories {S i (z)};.5 5071 withz € T,

By Lemma 4.1 (5), both sets A and IT are of the form
A = Projn(A) x Gy, IT = Projy(IT) x Gy,

and hence so is the set I'g, i.e., I'g = Proj»(I'g) x G1. Let

K+ko—1
ri=8@). r= |J I (4.19)
i=—
Clearly, the sets {I';} are pairwise disjointfori = —K, ..., K +ko — 1. We approximate

the set I'g by finitely many disjoint sets Xg; of the form
Xoj = Bpu(uj, r}) X Bps(sj, r}’) X Bpa((tj,aj),rj) x Bpp(bo, ay),
where
zj = (uj,sj,tj,aj,bj) e M, r;=rj, ri> rinf, j=1,.., 0.
Fori=—-K,...,K+ky—1,]let
J
zij =S8 (). A==z
j=1
We can choose the sets X ; in such a way that
SiNZy =0
for (i, j) # (k, 1), —K <i,k < K +ko,1 < j, Il <J and that
%iiN(QUQs) =0

forO0 <i <kg—1,0 <j < J.Itfollowsthatfori = 1, ..., ko, the set A; is an approx-
imation of I'; and I'; N (29 U Qg) = . We may assume that foreachi =0, ..., ko,

m(T:AA;) < 0.05max{m(Ty), m(A)). (4.20)
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Note that each set X;; is a cylinder in the form described in Sublemma 4.5 below. Apply-
ing this sublemma with A = X;;, we obtain a map p;; and a subcylinder X/ i C Xij
such that || p;; —Id || < d¢p and

m(Z];)/m(Zij) = 3/4. 421)

Furthermore, restricted to X i the map p;; is the rotation by the angle 7/2ko along
the F' x F“-subspace and is the identity outside %;;. In fact, by the construction of

the sets Elfj (see Sublemma 4.5 below), we can assume that S(Zlfj) = Z;HJ fori =
0,...,kop—1.Let
ko—1 J
Qp = U A, A= U ;. (4.22)
i=0 j=1
Hence, by (4.21) and by definition of A; and A;, we have
m(Ag)/m(Ai) > 3/4. (4.23)

Then define hg = p;; on %;;, and hg = Id otherwise. Clearly, hg is a C™
volume preserving diffeomorphism. Moreover, dhg preserves the E4'“ bundle and
det(th|E¥’“(z)) = 1 for any z € M. We define the map R = hg o S. Some of
the properties of R are described in the following lemma.

Lemma 4.2. The following statements hold:

(1) IR —=Tl¢1 <8¢ and R is homotopic to 1d;

(2) R =T onthe sets N x (Y\Gy) and Q; in particular, R is a gentle perturbation
of T;

(3) R satisfies Statements (3)—(5) of Proposition 3.1;

4) for any (a,b) € Gy, the set N x Iy, where I, = {(a’,b) : a’ € Bpa(ag, ag)}, is
R-invariant and for y ¢ G the set N, is R-invariant;

(5) foreveryz eM,

E¥%(2) = E¥"“(z) = E¥“(2),
det(dR|E“(z)) = det(dS|E¢“(2)) = det(dT|E}“(2));

(6) for ap = 09y, ¥y = (a,b),y2 = (a,b") € Bpa(ap, 1) x Bps(bg, a2)
we have Projny g (ag.an) R(X t,a,b’) = Projyyp o (a0.y) RCX, t,a,b"), where
ProijBFa(ao,al) is the projection onto the set 5\f X Bpa(ag, a1) given by
PrOjNXBFa(ao,al)(x’ t,a,b) = (x,t,a),

(7) L2(R) < L3(R) and hence,

L1(R) < L2(R) < L3(R) = L4(R) = L4(T), Ls(R)=0;

(8) there exist a number g > 0 and a subset TIg = (Projnyp,.(p,a)[1R) X
Brb(bo, a2) of positive volume such that m(I1g) > 20kom(ITg N 2;) fori = R, S,
and at any 7 € Tlg, R has three positive Lyapunov exponents L1(z, R), A2(z, R),
13(z, R) > Ag along the E¥* = E¥'* subbundle.
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Proof. Statements (1)—(6) follow immediately from the construction of / g. In particular,
the fact that oy = 0.9« follows from Statement (4) of Sublemma 4.5.

Now we prove Statements (7) and (8).

Set A§ = Ay N A, where A, is given by (4.22), and A is given by (4.11) (we shall
see later that Afj is not empty and indeed has positive volume). Then set

Ui =R 5AL U= 20\A},
Us = RM((Ao N A\AY), Uz = R(Ap\A).

LetU = Uy UU, UU3UUs and R = RP : U — U be the first return map, where
B = B(2) is the first return time of the point z € U to U under R. By Poincaré’s Recur-
rence Theorem, the map R is defined for almost every z € U. In the proof below, for
any z € U, we shall assume that v € E%“(z) = E{"(2).

Let AK(E ¢'“(z)) denote the exterior power of E¢'“(z) and
ANARIEY (2)) : N(EY“(2)) > ANEY“(R(2)))

be the exterior power of dR|E gm (z). It is easy to see that if there exists ¢ > 1 such that
ldRv|| = clv|| for any v € E{'%(z), then

IN@RIES @ _
IN2(dRIES ()] ~

(4.24)

First we consider the case when z € U;. Then §(z) > 2K +ko. By Sublemma 4.3 below
and (4.12),

log |ldR,v|| = 0.9K1 — 0.5log2 +log [lv]| > 0.85K A +log ||v].
Hence,
log [A*(dRIE§'“ ()| —log [A*(dR|EY“ (2))]| = 0.85K .

Note that by definition, I'g C A*. Since ¥;; N (o U Qs) =P for0 <i < ko — 1 and
0 < j < J,wehave that AN A = AjNA* O AgNTy. Hence, by (4.23) and (4.20),

m(Uy) = m(A}) = m(Ay N A) > m(Ay N To) = m(Ap) — m(AH\To)
> m(Ap) — m(Ao\To) > Zm(Ao) —0.05m(Ap) = 0.7m(Ay).
It follows that
/U (log A @RIE4“(2)|| — log IA*(dRIE4 (2)]) dm(z)
1
> 0.85Kx - 0.7m(Ag). (4.25)

Now we consider the case when z € Us. Note that |[dR —dT ||c1 < §g and E“(z) =
E'W%(z) for all z. Then R|U> = R*|U, and

log [ld Rv]| > kolog(1 —8g) +log|lv].
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In addition, by definition of AZ; and (4.23),

1
m(Uz) = m(Ag\Aj) < m(Ao\Ag) < ZM(A0)~
We conclude that
/U (log |A*(dR|E4“(2)) — log [|A*(dRIE4"“(2))Il) dm(2)
2
> kolog(1 —3d¢) - 0.25m(Ap). (4.26)

If z € Us, then z € R (A) C A’, where A’ is defined in (4.10), and B(z) > K. Hence,
R¥(z) = S¥(z) for 0 < k < B(z) and

dR|EY (z) = dSPOIEY (2).

Therefore if v € E% (2), then |dR v > 0.9KA[[v], and if v € E%(z), then ||dRv| =

ldSP@v]|| = ||v||. It follows that |dR.v|| > ||v| for any v € E%¥“(z). Hence, by (4.24)
with ¢ = 1, we have

/U (log [A*(@RIEY“(2))|| — log IA*(ARIE4“ (D)) dm(z) = 0. (4.27)
3

Finally, let us consider the case z € Us. Let 8/(z) be the smallest positive integer such

that RF'@(z) € A for some 0 < f'(z) < B(z) and let /(z) = B(2) if there is no such
integer. Denote by

Uy=UsN{z:B(z) — B'(z) > 05K}, U/ =UsN{z:B(z) — B'(z) <0.5K}.
Since B(z) > K for z € U}/, we have B(z) < 28(z). Note that by (4.10), if n > 0.5K

then [|dS}v|| > |lv|| forany z € A and v € E¢'“(z). Also note that R = S on IT\Qg. If
z € Uy then

ldR-vll = [dRED vl = 1Sy @RE Qo) = [dRE Qo).
Hence, by Statement (6) of the lemma,
log ld Rv]| = log |RE® (v)]| = B/ () log(1 — 8¢) +log ||v]|.
If z € U) then
log ldR;v|| > B(z)log(1 — 8¢) +log ||v]l = 28’ (z) log(1 — 8¢) + log [[v]..
It follows that

/U (log [A*(@RIE%“(2))|| — log [A*(dRIE%“ (2)) dm(2)
4

>2log(l1 —8p) | B'(2)dm(2).
Uy
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Furthermore, if z € Uy, then z, R(z), ..., RF@~1(z) € I\A. Hence, we obtain
IU4 B'(z) dm(z) < m(IT\A), and therefore
/ (log [A*(dR|ES ()| — log [A*(dR|ES (2)||) dm(2)
Uy
> 21og(1 — 8g)m(M\A). (4.28)

Note that the sets RX (U;), R=%0(Uz) and R—%0(Uy) form a partition of A and hence,
by (4.25)—(4.28), we have

/U (log IN*(dRIE4“ (2)) | — log [IA*(dRIES"“(2))Il) dm ()
> 0.595AKm(Ag) +0.25ko log(1 — 8g)m(Ag) +21og(1 — 8g)m(IT\A).  (4.29)

Using (4.12), and then Sublemma 4.4 and (4.13), we conclude that the right-hand side
of (4.29) is greater than

0.57AKm(Ao) +2log(1 — 8o)m(IT\A)
> 0.0627Am(IT) — 0.05Am(IT) > 0.0127Am(IT) > 0.

Hence,
/ log | A*(dR|E¥*(2)) || dm (z) > / log [|A2(dRIE4“ ()|l dm (2).
U U
Denote IT" = U®___R'(U). Clearly we have

/U log [ \*(@RIES' ()| dm(2) = /H log [AMdRIES @) dm(2)
= | (M(z, R) +22(z, R) + A3(z, R)) dm(2)
1'[/
and

/U log | A*(dR|ES" (2)|| dm(2) = /H log | A*(dRIES" ()| dm(z)
= [ GG R+t R o).
1'[/

It follows that L3(R|TT") > L,(R|IT"), where L; is defined by (2.2). Since R = §
outside IT’, we obtain that L3(R) > L, (R). Furthermore, there is an R-invariant subset
of I1" on which R has three positive Lyapunov exponents. Note that the subbundles
E%’“b and E}'¢ are preserved by dS and dR and that det(dS|E’) = det(dT|E’) for
i = uta, utab. Hence, the two smallest Lyapunov exponents remain unchanged, and so
does the sum of the three largest ones. This implies that L;(S;) = L;(T) fori = 4,5
and hence,

L1(R) < L2(R) < L3(R) = L4(R) = L4(S) = L4(T) and Ls(R)=0.

Statement (7) of the lemma follows.
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To prove Statement (8) observe that the above argument applies to the sets
U=U(\Nx Bra(ap. a1) x Bps(bo. a2)
and
=1 n N x Bra(ag, o1) X Bps(bg, a2).

Denote by A1(z, R), A2(z, R) and A3(z, R) the positive Lyapunov exponents of z € IT'.
Given Ax > 0, consider the level set

Mg ={z €' : 11z, R), }2(z, R), 23(z, R) > Ag}).

If A is sufficiently small, this set has positive volume. Note that by (4.12), we have
K > Sko. Furthermore, by definition of sets I'’, 'y and Qg, we have that every piece
of an orbit visiting all sets Si(F/) with —K < i < 6K + ko — 1 consecutively meets
Qr exactly ko times. Moreover, Q2 is contained in the union of these Si (I'. Since R
preserves volume, we have that

m(Tg) > (7K +ko)m(Tlg N Qg) > 20kom(Tg N Qr).

Since Ny > 20k, we obtain by (4.6), that m(ITg) > 20kom (ITg N Q2s). This completes
the proof of the lemma. O

4.3. Sublemmas. We shall prove now the technical sublemmas used in the previous
subsection.

Sublemma 4.3. Let z € R™X(A¥). Then for any v € E4¥'*(2),
_ V2
ldR;(v)]| > 7||v||e°-9’“.

Proof. Note that hgp = Id on Ul._zlfKF,-, and hence, RX(z) = SX(2). Since dhg pre-
serves the subbundle E"(S), we have EY'(z) = E}!(z). Write v = v*' + v“, where
v € E4(z) and v* € Ef.(2).

We first consider the case ||[v? | < §||v||.N0tethat||v’”|| > gnv”.SincedSKv’” €
Eg’(SK (z)) and SX(z) € A, using (4.10) and (4.11), we find that

" || = [|dS™5 (@sKv )| < [|dsE v e K2,
Hence,
2
ldR¥ vl| = |d ST v]| = [ldSKv" || = [Jv"[l*7K* = %nvue(}-g’“.
Note thatat RX (z), ..., RK*0=1(z) themap dhg isarotation and that d S| E4'“ (R (z)) =

dT|EY“(R'(z)) is non-contracting fori = K, ..., K + ko — 1. Therefore, de°|E§’“
(RX(2)) is non-contracting. Further, since

(R (Vg o N 2R =¥
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and RX**0(z) € A’, we have that the map
dRP—(K+ko) |E§t(RK+k0 (2)) = d P~ K+ |Egt(RK+k0 )
is expanding and the map
d RP—(K+ko) |E§ta(RK+ko 2)
is non-contracting. It follows that

IdRv|l = |dRE &+ (@R o) | = ||aSP KHO (@ RKHoy) |

RE+ko () RK+o (2)
V2
> ||dRZK+k0v|| > |dRXv|| = |asKv|| > 7”1}”80‘91@‘

We now consider the case |[v¢| > ‘/7§||v||. Note that dS¥v? € E2(SX(2)). By con-

struction of i g, we see that d R];‘}< (o) Fotates the vector in E' (S Ky =E (S K(z)) by
/2. It means that

dR¥+0y® = dRM(ds¥v) e EY (RF*h0(2)).
Using the fact that R0 (z) € A we obtain
IR | = Ild RSt (RK 0 (20| = [l dRK (@RF v

RK+1<0(Z)
V2
2 ||dRK+k0va||eO.9K)» 2 ”va”eO.9KA 2 _”v”eO.gK)»-

2

This implies the desired result. O
Sublemma 4.4. m(T"y) > 0.12K_1m(1'l) and hence, m(Ag) > 0.11K ~1m(I0).

Proof. Denote by

5K—1 6K +ko—1
= s, T = U san
i=0 i=—K

(recall that I' is given by the Rokhlin-Halmos Lemma in Subsect. 4.2). Since K > 5k,
we have that

m®) Sk 5K 50
m(@T) 1K +ko ~ 7K +02K ~ 72

By (4.18),
m(f) > (50/72) - 0.9m(IT) = 0.625m(I1).

For z € I'" denote by O(z) = {Q'(z) :i =0, ...,5K + ko — 1} the piece of the orbit
from O to 5K — 1 that start at z. Let

[ ={0@:zeT, 0@ NA#£0), Th={0@:zel’, 0x)NA =0}
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Clearly {I'"/, fé} forms a partition of I'" and f‘/z C I\ A. Therefore by (4.14),
m(F) = m(@) = m(9) = m(@) — m(I\A)
> 0.625m(IT) — 0.025m(IT) = 0.6m (I1).
Note that I'g consists of exactly one point from each orbit O(z) in ['1. It follows that

m(f)) _ 0.6m(1D)

> > 0.12K " 'm(10).
5K 5K

m(lo) >

By (4.20),
m(Ag) > m(Tg) —m(To\Ag) > 0.95m(Iy) > O.llKﬁlm(l'I).
This is the desired result. 0O

Sublemma 4.5. Forany § > 0, there is 0y > 0 such that for any 6 € [0, 6y], any positive
numbers s, s', s", 5" satisfying s', s, s" > s and any cylinder A C R> of the form

A= Agy g = Bi(z1,5") X By(22,5") X B3a((z3, 24), 5) X Bs(z5,5"),
there exists a set ' C A of the form

A=A, o= Bi(z1, 50) x Ba(z2,50) x B34((z3,24), S0) X Bs(z5,5))

50550550+

and a C™ map p : R> — R> with the following properties:

(1) p =rg on A, where ry is the rotation
re(21, 22, 23, 24, 25) = (21, 22, 23 c0s 0 — z48in 6, 23 5sin 6 + 24 cos 0, z5);

(2) p = 1d outside A;

(3) m(A")/m(A) = 3/4;

@) so/s.sy/s' sy /s",sg' /s > 9/10,
S llp—Id]l¢cr <6

Proof. Due to the particular form of our cylinders there is a number « € (0, 1/10) such
that for any r > O and v, r”, r”” > r, we have that

M(Ar(1=i),r (1=i), " (1=k) " (1))
m(Arr/,nrm)

> 3/4.

Consider a family of C* functions ¢, = ¢,(s) : R* — R*, for r > 1 such that

(@) ¢1(s) =1ifs € [0,1 —k]and &1(s) =0if s > 1;
®) &) =1ifse[0,r —1)and ¢ (s) =& (s —r+1)ifs >r — 1.

Define the map p by 0(2) = rg(c,s,5' 5" s (2), where

Ja+a

) 3
0(t,s.s",s",s") =180 /5(21/5) g5 (z2/5") 01 (T

)5 zs /5™,

and r( ¢ ¢ gy is given in Condition (1) of the sublemma. By construction, p satisfies
Statements 1 and 2. Statement 3 and 4 follows from the choice of the number « and the
definition of ¢ and ¢,. To obtain Statement 5, we first note that if T = 0 then p = Id
and that the C! norm of p changes smoothly with 7. It is also easy to check that the C'
norm of the rotation is independent of the choice of the size s if s’ = s” = s = s, and
the C! norm does not increase if we increase s’, s” and s”/. O
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4.4. Construction of the map Q. We shall obtain the map Q as a small perturbation of
the map R by a diffeomorphism 41, i.e., Q = h o R. The construction of /¢ is similar
to the construction of the map A g: it is a composition of rotations in the F??-subspace
along pieces of orbits so that the total rotation is /2.

Let L = Ag and IT = Tlg be as in Lemma 4.2 (8). Note that for any z € I1 the map
R has three positive Lyapunov exponents A1(z, R), A2(z, R), and A3(z, R) > A along
the E%'“ = E'* subbundle. Consider the set

A = AN(K)={ze:loglldR*v|| — kr > —0.1kA,
log [dR-*v]| + kx < 0.1k,
forall v € E¥%(z, R), ||v] =1, and all |k| > 0.5K},

and define the set A and the number K > 0 similar to (4.11)-(4.14). Set

ko—1
A=A\ [ RT(QoUQsUQR).
i=0

Similar to (4.17), we may assume
m (20 N IT) < m(IT)/20ko.
Hence, by the choice of K, and Lemma 4.2 (4), we have
m(A*) > ((1 = 0.05) — 0.05 — 0.05 — 0.05)m (I1) = 0.8m(IT).

We then construct the set I'/, I'g in a way similar to the previous subsection and set
I'i = R'(T") for —K <i < K +ko — 1. Finally, we approximate 'y by the sets of the
form

Xoj = Bru(u, t;) X BFs (s, t}/) X BFt([,t}/) X Bpav((aj,bj),rj),

where r}, r}” >rj, r;f > rjnko andsetfori = —K, -+, K +ko — 1,

J
Zij = R'(Z0), A=z
j=1

Define Qo = Uf‘(’:—ol A;. Applying Sublemma 4.5 to each set X;; we obtain a map p;;
and then set hp = p;; on each X;; and h g = 1d otherwise. Finally, define Q = hp o R.

Lemma 4.6. The map Q satisfies all the properties stated in Proposition 3.2. In partic-
ular, L1(Q) < L2(Q) < L3(Q) < L4(Q) = L4(T).

Proof. Statements (1)—(4) of Proposition 3.2 follow from the construction of the map
Q. The proof that L3(Q) < L4(Q) is the same as in the proof of Lemma 4.2.

Note that the subbundle E %t“b is preserved by both Q and T and that both maps T and
Q are volume preserving. Hence the smallest Lyapunov exponents remain unchanged,
and so does the sum of the four largest ones. It follows that O has four positive Lyapunov
exponents along the E %mb =E ?’“b subbundle on a set of positive volume. O
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5. Construction of the Maps P, : Proof of Proposition 3.3

Recall that the map Q is pointwise partially hyperbolic with one-dimensional strongly
stable, one-dimensional strongly unstable and 3-dimensional central subbundles. The
strongly stable and unstable subbundles are integrable to (one-dimensional) transverse
strongly stable and unstable foliations. The central subbundle corresponds to the flow
direction and two directions, F¢ and F?, in the Y -space and is integrable to a smooth
central foliation. However QO does not have the accessibility property: for (a, b) ¢ Gy
the accessibility class of every point z = (u, s, t, a, b) is the 2-torus (X, ¢, a, b).

For each n, we construct the map P, to be a sufficiently small gentle perturbation
of Q and such that P, has the accessibility property on an invariant open set U, and is
stably accessible on an open set U, (see (3.5)). These sets are nested and exhaust the
set G, and the sequence of maps P, converges to a map P that is accessible on G. In our
construction we use methods similar to those in [9] and [14], and we obtain each P, as
a result of three gentle perturbations A’, h® and h” that ensure accessibility in the flow
direction and two directions in Y respectively.

5.1. Construction of sets U,. In our construction we will heavily exploit the fact that the
2-torus Y has a global coordinate system. This will enable us to define the sets U, in an
explicit and specific way, which will serve our goal. At this point we regard the 2-torus Y
as the square [0, 8] x [0, 8] whose opposite sides are identified. For each n > 1, consider
the partition of Y into squares

Sm) I i+1 j j+1 oL 43
zt _[27’ = ]x[z—n - ] i j=0,1,...,2m _1.

Without loss of generality we shall assume that the square G, constructed in Subsect. 3.2,
is contained in some Zl.(olj?0 so that

d(Go,9Z}1) = 1/2* and d(C,Z{)})>2
(here C is the Cantor set constructed in (A1), see Subsect. 3.2).
Consider the open squares

i 1 i+1 1 J 1 j+1 1
Z m _ (Z _ + X |— — —
ij = \on on+2’ on on+2 on 2’ on mn+2 )

=) [ 1 i+1 1 J 1 j+1 1
Zij =(ﬁ_2n+5’ on +2n+5)x(2_n_2n+5’ on _2n+5)'

Clearly, these squares have the same center as Z l.(;?) and Z-(;?) C Zi(;-l) C Zi(]'.').
For n > 1 consider the set

Yo={yeY:d(y C) > 1/2n_2}.

Since Gy C Y1, we let Y, be the connected component of Y, that contains Go. Finally,
consider the sets

U=z and U, =2Z"

~ =)
Ui =2 ioJjo iojo’

ioJjo’
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The Cantor Set

Fig. 1. Sets U,, and U, 41

and forn > 1,

= U 2. u= U 72 6= U 7
Z0v,#0 ARV EET z}_;’)my,;;e@

It is clear that the sets U,, and 17,1 satisfy Conditions (A4)—(A6) in Subsect. 3.4.
Let Z, = {Z" + Z{" € U\Up—1} and Z, = {Z{" : Z{" € Zy}. Relabeling
elements of Z,, we shall denote them by Z Yl), o Z ,E:) , and we shall use the notations

2&") and Zé”) for the corresponding squares contained in Zé"). Thus we have (see Fig. 1)

Un= n—lU( U Z(I’l) — n IU UZ(H)
Zl.(;?)eZn

Clearly, /Z\E") N ?;m) @ if (n,€) # (m, j) and hence, the collection of sets {Z, AR
n=12,...,£=1,..., k,} forms a countable partition of G up to a set of zero volume

while the collection of sets {Zén) n=12,...,=1,..., k,} forms a cover of G of
multiplicity at most 4.

Note that the requirement d(Gy, 82;1)) > 1/2% yields that Gy N ZE") = () for any
n>landl=1,...,k,.

Lemma 5.1. There is a labeling of the squares {Z/En)} by integers from 1 to 8 such that
foranyy € G, the labels of the squares Zé") containing y are all different. In particular,
Z;l) can be labelled by 1.
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Proof. For each odd number n > 0, we use 1, 2, 3, 4 to label the squares {Zi(j'.’)} € Zy
in such a way that Zi(;') and Z ,E';) have the same label if i = k(mod 2) and j = I(mod 2).

An alternative way of describing this process is that we first label the 4 squares zm

ij
inside of some Z,E'Z_l) by the numbers 1 to 4, and then translate the square Z,ﬁ?_l) to

all other such squares. We then let Zl.(;) have the same labeling as Z(j) Clearly, for any

y € G, the label of the squares Zl.(

labeling on Z,, by restriction.

For even n > 0, we use numbers 5 to 8 to label the squares {Zi(]’.’)} in a similar way.

Since any squares Zi(j'.') e Z, and Z,g”z) € Zp4o are disjoint, we obtain the desired

labeling. O

J'.’) with Zl.(J'.z) > y are all different. Hence, we obtain a

5.2. Construction of maps P,. Letgqj, j =1, ..., 8 be eight distinct periodic points of
the Anosov automorphism A. There is €y > 0 such that By (AZCIA/', €0)N By (Alqj/, €) =
¥ whenever j # j  and [ = —1,0, 1. For each ¢; we choose three distinct periodic

points p;., p;?, p? € Bx(qj, €0/3) for A. We shall assume that g; = ¢ and p’i = p' for
i =t,a,b, where g and p' are chosen as in the beginning of Sect. 3.4.

Denote by [g;, p;] =V%g;)N V“(p’j), i =t,a,b (where V* and V" are the stable
and unstable local manifolds respectively). Fori = a,b,t and j = 1, ..., 8 consider
the closed quadrilateral (u, s)4-path y; with the collection of points g;, [g;, p;], pg,
[p;, gjl,and q;.Inthe case n = 1, we take 7/{, i = a, b, t asintroduced in the beginning
of Sect. 4.

Recall that n = n,4 is the expanding rate of A along its unstable direction. Clearly,
n~! is the contracting rate along the stable direction of A. Recall also that & is the func-
tion in (A2) such that k = k¢ on U and | gradx| < 1/4. We have that the expanding
rate of T'|Ny, along W7 is n« (y) (here Ny is given by (3.1)).

For n > 1 let us choose a rectangle Z,E") € Z, and assume that it is labelled by a
number j. Consider the case n > 1 and let

n-=n_(n,€) = minfnk(y) : y € Z,")
and
¢=aun=d@}m}wu %éaKD=d@}Mp%h 5
&l = (n, 0) = &, ()/n-(n, 0), & =&, £) = al(j)/n-(n, 0),

where we write & (n, £) instead of & (j, n, £) since j is determined by n and ¢ (see
Fig. 2).
Nextfori =t,a,band j =1, ..., 8 we set

MY = Bpu(p'. a)) x Bps(ph.eb), T = Bpu(ph, &) x Brs (P, &}).

We shall assume that the points p; are chosen in such a way that all three rectangles
l'[i., i = t,a,b, are pairwise disjoint. Hence, all the 24 rectangles l'[i., i =t,a,b,
j=1,..., 8 are pairwise disjoint.
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Ve(q5)

Fig. 2. Quadrilaterals

Finally, we let
& =€, 0) =minf(y)/2:y € ZV), & =&, 0) =5¢(n,0/6.  (52)
In the case n = 1, we have Zgl) = Uj. Choose [/, and [! such that
ATl (Ipl 1)) € Bx(ph.v/2). ARgqr. pil) € Bx(p.v/2),
where v > 0 is given by (4.1). Then we set
ol = ol (1) = d(ph. AT (Pl qi]). el = al(1) = d(ph. AB(lg;. p')

with other quantities and sets to be defined in a similar way.
To effect our construction of the maps P,, in addition to the squares Zl(]"), Z; Z™ and

7™ constructed in the previous subsection, we need to consider forn > 1 the followmg
squares:

sy (1 1 i+l 1 J I j+1 1
Zij _(2_n_2n+3’ on +2n+3)x(2_n_2n+3’ o _2n+3)’

—n i 1 i+1 1 J 1 j+1 1
Zzm _ (1 _ + % (L — —
ij T \on  on+4> on on+4 on on+4’ on on+d )
as well as the following intervals:

5 5 ~ )
( 2”+3 2"+3)’ Iy = Jy = (=972, 972,

Jp =
~ 17 17 3 3
2n+1 ’ 2n+1 » In = _2n+5 T onts ) In = _2n+2 > on+2

I

ot}
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and

o 1 1 _

K = (—§,1+§), K =(-1/16,1+1/16),

K = 0, 1), K = (—1/32,1+1/32), K =(—1/4,1+1/4).
We have that

50— 5m) — 5 — Smn) (n)
zpczyczczy cz

with similar relations for 7, and J,,. } '
Fix n > 1 and choose C* functions ¢' and ¥' on R for i = a, b, ¢ satisfying:

e ¢'(r) = const. for r € (—&!, &) and ¥ (r) = const for r € (—=&!, &');
o ¢'(r) =0for|r| > &}, and ¥ (r) = O for |r| > aj;

o foia;‘ ¢'(r)dt = 0, and ' (x) > O for any |x| < a';

o [[¢'Oller < Tand [Y'()ler < 1.

Further, choose C* functions &; and &y supported on K and I, respectively such that:

e & (r) = const. forr € I? and &y (r) = const. for r € f,l;
e &(r)>0forr € K and &y (r) > Oforr € Iy;

e &(r)=0forr ¢ K and &y (r) =0 forr ¢ I;

o &l lsyllen < L.

Finally, choose C*° functions ¢; and ¢y supported on (—¢;, €;) and I,, respectively such
that:

g (r) = const. for r € (—¢;, &) and ¢y (r) = const. for r € I
&(r) > 0forr € (¢,¢€)and ¢y (r) > Oforr € I;

&) =0forr ¢ (¢,¢€)and ¢y (r) = O0forr ¢ I;

Igllen < L.

Let (ag, bo) = (ap(n, £), bo(n, £)) be the center of the square Zé”).

In this section we shall use the coordinate system z = (u, s, t,a,b) = (x,t,a,b)
introduced in (3.2) and (3.3) with the origin at ( p?, 1/2, ap, by). In this coordinate system
the interval K is in the symmetric form (—3/4, 3/4). Define

Q' =Ql, ={c=(.rab: xen% | <¢. @b ez

(recall that j labels the square Z/E")) and for each 8 > 0 a vector field X¢ = X?},n, ¢ by

u
X (2) = BLy D)& (¥ (s) (_éf)// (&)/ ¢“(v)dz, 0, 0, &y(a)¢“ (u), 0), (5.3)
0
(here &}, denotes the derivative of &y). The choice of €, guarantees that 7 (Q%) N Q“ = ¢.
It is clear that X is constant on the set
Q' ={z=(x,r,a,b): x e 1%, Ir| <&, @ b) e Z"}.
We define the map hz’ ¢ = h“ﬁ’n’ , on Q¢ to be the time-1 map of the flow generated by

X4, and we set hZ’ , = Id on the complement of Q. It is easy to see that the vector field
X4 is divergence free, the differential dhzy ¢ preserves Ex?, and det(th, JEF(2) = 1.
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Then we use the same coordinate system as above but with the origin at
(P?, 1/2, ag, by). Define

Q=@ =(t=@.rab:xel’ rl<¢. @b ez}

and for each 8 > 0 a vector field X = X?},n,z by

XP@) = Bor @&y ) (B /0 9Dz, 0.0, 0. & By’ W), (5.4)

Let hz’g = h,bs,n,z on ©” be the time-1 map of the flow generated by X” and let hﬁ,(Z =1d

on the complement of Q7. It is clear that X” is divergence free, dhz’ ¢ preserves E ub,
and det(dh] ,|E4"(2)) = 1.
Now we use the coordinate system but with the origin at ( p;, 1/2, ap, bg). Define

Q’:qu’e:{zz(x,r,y): xel'[’j,reK,yeZé")}

and for each B > 0 a vector field X’ = X!

e DY

X'(2) = Ber @ty ()9 () (=€) /0 ¢'(D)d7, 0, &' W), 0,0).  (5.5)

We define the map 7!, , = k! n.¢ ON Q' to be the time-1 map of the flow generated by
X', and we set /], , = Id on the complement of Q'. Obviously, X' is divergence free,
dhi, , preserves Ef' and det(dh), ,|E7 (z)) = 1.

Our construction guarantees that all {Q; ¢} are pairwise disjoint. Forn = 1,2, ...
define h, = hg , by

_1b a t b a t
hgn = hﬂ,n,k,, o hﬂ,n,kn Ohﬂ,n,kn 0---0 hﬁ,n,l Ohﬂ,n,l o hﬂ,n,l'

Then we let P; = hg, 1,1 o Q and define P, inductively by setting P, = hg, , o P,—1
for some suitable choice of {8, } which will be determined inductively later.

5.3. Properties of maps P,: Proof of Proposition 3.3. Statements (2) and (4) of Propo-
sition 3.3 and the fact that the map P, is homotopic to the identity follow directly from
the construction.

Note that the unperturbed map 7 is uniformly partially hyperbolic on each set U,
with smooth 3-dimensional central foliation and is dynamically coherent. Note also that
for each n > 0, by choosing B, in (5.3)—(5.5) sufficiently small, we can ensure that
|, — 1d ||c» is arbitrarily small. Hence, we can choose a positive sequence {8} such
that 8, < 81/2"~! and if h,, and P, satisfy

I Py — Po-ilicn <8, and ||k, —Id|lcr <8, (5.6)
then Statement (3) of the proposition holds. In particular, P, is pointwise partially hyper-

bolic on an open set G; it is uniformly partially hyperbolic on U, with 3-dimensional
central foliation and is dynamically coherent. It remains to show how to choose sequences
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of positive numbers §, and 6, such that P, also satisfies Statements (5) and (6) of the
proposition.
We denote by Wf,” (z) the center manifold of P, at the point z € M. Suppose a

square Zé") is labelled by a number j. Let ¢g; be the periodic point chosen as in the
previous subsection and zo = zo(n, ) = (g}, 1/2,ao(n, £), bo(n, £)). We denote by

W,‘;n (zo0, K, Zé")) the connected component of WIC," (zo) N (X x K x Zén)) that contains
z0. We shall also use similar notations W}’;n (2o, K , ZE")), etc. Note that for all £ and n,

R§call 'that y} is the quadrilateral (u, 5) 4-path with the collection of points g, [g;, p;],
p’j, [p;., gjl,and g; (fori =a,b,tand j =1, ..., 8) introduced in the beginning of

Subsect. 5.2. In particular, yli =y is given in the beginning of Sect. 4.
Foranyn > 1, =1,...,ky,and j = 1,...,8 suchthatthelabelonZ is j, we

consider a quadrilateral (u, s)p,-path )7]“ with the initial point z; such that

Pron)’/\j‘.‘ = y]‘f. More precisely, ')71“ ={z1,..., 25} where

22 = Vp (z1) N Vp(p§.1/2, ao, bo),
= Vp,(22) N Vp(p§. 1/2, ao, bo),
z4 = Vp (z3) N Vp (21),
= Vp, (z4) N Vp'(21).

(5.7)

This path defines a map ® = 0% = O 0P , given by ©(z;) = z5. Note that z4 €
V;,: (z1) and z5 € Vf,n (z4). Hence, z5 € V5; (z1). Since also z5 € V“n‘ (z1), we obtain
that z5 € V}‘;n (z1). This implies that ® maps W;;n (z0, K, Z}) into itself.

We contract the (u, s) p,-path )7]“ to a line segment. Namely, leto : [0, 1] — V’;,n (z1)
be a parametrization by the arc length of the part of the curve V};n (z1) from z; to z; so that
0(0) =zy1ando (1) = z3.Foreach t € [0, 1], the new path')?]‘.’(r) ={z1(1),...,25(1)}
is such that z;(t) = z1, z2(r) = o(7r) and z; (7) for i = 3,4, 5 are obtained in the way
similar to (5.7). Thus we obtain a map ®; = 07, P given by ®;(z1) = z5. It maps
Wy, (20, K, Zy) into W}, (z0) and depends continuously on 7 € [0, 1].

Clearly, y¢ (1) = and hence, @1 nP, = @n 0P, Furthermore, the path y¢ Y; )
degenerates to a path on Vp (z1) that starts from 71 = 22, goes to z3 = z4 and then
returns to z5 = z;. Hence, @0 =Id.

We stress that @Z) ¢.p, depends only on hy, 4. since ?}“ consists of strongly stable and
unstable leaves of (¢;, 1/2, y) and ( p;f, 1/2,y) withy € ZE”) that are not perturbed by
any other perturbations hZ/, o if (', ") # (n, £). On the other hand, if T € (0, 1), then
©7 ,,.¢.p, may depend on other perturbations £, .

By using the paths y]l.’ and y ]’ respectively, we can define the maps ®b @lr’ n.t.

QL = @’T nl.P, for T € [0, 1] in a similar way. Furthermore, for any gentle perturbation
] a a c n

P* of P, we can also construct the maps ®n,£,Pt and ®r,n,£,P“ from W, (z0, K, Z}) to

itself. Clearly, they have properties similar to those of the maps ©; , p, and @‘;’ P,

Note that V;u ,

P, and

Vlf,J and V;t depend continuously on the perturbation P’ aslong as P%isa
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gentle perturbation of 7 with P = T outside some fixed U,, and with / (E (2, E i 7(2)
sufficiently small for all z € U, and i = u, s, c. It follows that @; P and @T nlPE for

i =u, s, c depend continuously on P* as well. Since the lengths of all the quadrilateral
paths used in the construction of the maps ®' and ®', are uniformly bounded from above,
the continuity is uniform with respect to z.

Given j = 1,...8 and a point z = (x, t, y), we can find a (u, s)r-path yr(z) con-
necting z to the point 7’ = (g i, t,y) whose length does not exceed 2d(x, g;) (indeed,
such a path can be constructed by using at most three points z, z; and z'). This generates
amap Wy = Wy ; from Gto {g;} x K x G given by Wr(z) =z'.

Furthermore, given a gentle perturbation P of 7' and a point z € Zé"), we can find
a (u, s) ps-path yp:(z), which is close to yr(z) and connect z to a point 7/ = z/(P?) €
W;n(z()(n, 0), K, Zé")), and we can then define Wpy(z) = Z/(P%). Again the path can
be chosen to consist of at most three points z, 21 = z1(PY and 7/ = Z/(PY), and both
z1(P%) and 7’ (P") depend continuously on P%. Hence, W p: depends continuously on P*
as long as P is a gentle perturbation of T with P® = T outside some fixed U, and with
L(E! 2 (2), E’ (z)) sufficiently small for all z € U, and i = u, s, c. We stress that the
lengths of all the paths used in the construction of the map W are uniformly bounded from
above for all z and all gentle perturbations P?. In particular, the continuity is uniform
with respect to z.

Given a set ' C M and a gentle perturbation P? of T, let

Api(I') ={z e M : thereisy € I' such that
y is accessible to z via a (u, s) ps-path}. (5.8)
For n > 1 denote by €, = min{1/2"*, & (n, £), £ =1, ..., k,}, where & (n, £) is given
by (5.2).

‘We shall now show how to choose the sequence {§,}. Recall that U; = Zl(olj)0 =7 )

and U; = Z g ). We can choose a number 6o > 0 such that for any gentle perturbation
PP of T with Z(Ei (2), Ei (z)) <26p(z) fori = s, c,u and z € U; the maps W p; and
@’ 11, ps are well defined. We also assume that the number 8¢ in Proposition 3.2 is so
small that the map Py = Q satisfies Z(E (z) E’ (z)) < 6p and d(@r 11.Py (2),2) <

€1/dforz € Gp, 7 €[0,1]andi =5, ¢, u. ' _
Now we choose anumber 0 such that0 < 6/ < 6,/2 and if L(E}, (2), E}O (z)) <26,

fori =s,c,uandz € N x Z%l), then

d(Wps(2), Wpy(2)) < 1/25, zeNx z{". (5.9)
Finally, we may assume that the number 8} in (5.6) is chosen so small that if || Py — Py || <
8, then Z(E‘),l (2), E}O(z)) <@ fori =s,c,uandz € N x Zil).

Now we set §; = min{8}, 8]} and #; = min{6;, 6]}, where the numbers §}
and 0] are given by Lemma 5.2 below. For any gentle perturbation P% of P; with
L(E', (), EL (2)) < 0f fori =s,c,uandz € Nx Z{", we have L(EL, (2), Ef, (2)) <
291/, and therefore (5.9) holds. Since d(Or 11, P (2), 7) < €1/4, wecan apply LemmaS 2
to obtain that d(©% , , , (2),2) < ex/4 forall z € W§, (202, 0), K. Z{). i = u.s.c,
t€[0,1]and ¢ =1,.".., ko. Moreover,

Ap(z0) D Weizo(1, 1), K, Z).
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Since the distance between the boundaries 9 Z %1) and 0Z 51) is 1/25, (5.9) implies that
(1) c e (1)
Wpr(N x Z{V) € W (z0(1. 1), K. Z{).
By definition, z and Wp:(z) are (u, s) ps-accessible and hence, we have that
Ap:(z0(1,1) DN x Z1.

In particular, for P% = Py, the inclusion holds and so does (5.9).

Proceeding inductively, we assume that for j = 1,...,n — I, the maps P;, and the
numbers §; and 6; are chosen such that (5.6) and Statements (5) and (6) of the proposition
hold. Moreover, we assume that forall i = u,s,c,t € [0,1],£=1,...,kj41,

d(Wp;(2), ¥p, () < 1/27*7 forallz e N x Z/, (5.10)
(O 1110 p,(2),2) < €jur/4 forallz € Wp (200 +1,0, K, Z/*). (5.11)

Now we choose 0 < 6] < 6,_1/2 in such a way that for any gentle perturbation P* of
Po1,if L(E%, (2), Efp _ (2)) <26, fori =u,s,¢,z€ N x 7z and € =1,...,k,,
then

d(Wp:(2), Wp, () < 1/2"7 (5.12)

forall z € N x Zénil) and £ =1, ..., k,. Reducing &) in (5.6) further if necessary, we
may assume that if || P, — P,—i]| < &, then Z(E}, (2), E},  (2)) < 6, fori = u,s,c¢
and z € U,. Then we take §, = min{§),, §,/} and 6, = min{6;, 0,'}, where 6, and §,, are
given in Lemma 5.2.

Since 0 < 6, < 6,,_1/2, Statement (5) of the proposition holds.

Let P% be a gentle perturbation of P, such that Z(E;)t (2), Ej,,n (z)) <6,fori =u,s,c
and z € W,. Then Z(E*,,(2), Ep, _ (2)) <26}, < 6,1 for z € U,. By Statement (6), we
get that P% has the accessibility property on Up—1.

Since P,_» = T on N x Z™, applying (5.10) with j = n — 1, we find that
d(Wp, (2),Wr(2)) < 1/2*0 forall z € N x Z" " and £ = 1,...,k,_y. There-
fore by (5.12), we obtain that

d(Wp:(2), Wr(2)) < 1726 4127 < 1/2m3,

Applying (5.11) with j = n — 1, we conclude that the requirement of Lemma 5.2 below

holds. Therefore by the lemma and the fact that d (9 Zé”), 82;" )) =1/ 21%5 \e obtain
following the same line of arguments as in the case n = 1 that

Ap:(zo(n, €)) DN x Z"

forall £ =1, ..., k,. In other words, P" has the accessibility property on N x Zén) for
£ =1,...,k,. By the construction,

T, = (W) U)o 200,

=1
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Note that any intersection ZE”) N Zéf‘) or Z/E") N Zéf‘*l), if not empty, contains a rectangle
of width 1/2”+4. Hence, the intersection of any two sets among ﬂn_ 1 and N x V4 ("),

£ =1,...,k,, contains a nonempy open set whenever they intersect. Since U, is con-
nected, we obtain accessiblity of P%on U,,.

Applying the above result with P? = P, we obtain that P, has the accessiblity prop-
erty on U,. Moreover, (5.12) for P’ = P, gives (5.10), and (5.13) below gives (5.11)
for j =n.

5.4. A technical lemma. We prove here some of our main technical statements.

Lemma 5.2. Suppose for some n > 0, d(@"m’g,},"i1 (2),2) < ey/dforalli = u,s,c,

T e[0,1], z € Wf,nil(z()(n, 0), K, Zé")), L =1,...,k, Then there are 8;,/ > 0 and
0, > 0 such that if P, satisfies | P, — Py—1|| <6, then we have

d©L .1 05 (2).2) S /d as ze W (o(n+1.0. K, 2", (513)

foralli =u,s,c, v €[0,1], £ = 1,..., kys1,; and for any gentle perturbation P* of
P, with

L(E",(2), Efy (2)) <6 forallze Nx Z", i =u,s,c,
we have
Api(zo(n, 0) D WS, (zo(n, 0, K, Z{") forall £=1,... k. (5.14)
In particular, (5.14) holds with Pi=Pp,.

Proof. Take 0, < 0,_1/2 such that for any gentle perturbation P%of P,_y, if

L', Ef, )<26) on NxZ" i=u,s,c

then (5.13) holds with P, = P?, and
d(© , ,:(2).2) Sen/2 as z€ Wh(zo(n. 0), K, Z{"), (5.15)

foralli =u,s,c,t €[0,1],and ¢ =1, ..., k,. Equation (5.15) is possible because of
the assumption of the lemma, while (5.13) is possible because on N x Z,E"H), P,_1 =
T, and therefore d(©! (2),z) = 0. Then we take 8, < §,_1/2 such that if

T,n+1,4, P,
1Py — Pacill < 8. then L(E}, (EL ) <6/ on Nx Z" fori = u,s,c. Hence,
(5.15) is satisfied with P! = P,.

Now we only need to prove (5.14) for one square Zé").

Define a continuous function ® = <I>$n) ‘R — W;;n (zo) by using ® = O , P,
and ©; = @‘;,n’ ¢.p, Such that the image of @ consists of points accessible to z,o’ =
(gj,1/2, ap, bp). Namely,

(1) @(0) = zo;
(2) For a positive integer n if ®(n — 1) = (g, % a, by) for some a € I, then we let
®(n) =60 (PMn —1));
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(3) For a negative integer —n if ®(—n +1) = (¢, %, a, by) for some a € I, then
we let ®(—n) = O~ (®(—n + 1)); in other words, ®(—n) is the terminal point
of the quadrilateral (u, s) p,-path f/}“ with the initial point ®(—n + 1) such that
ﬂxj//\j»a = y]‘? with the direction reversed;

(4) For any real number n + 7, where n € Z and 7 € [0, 1) if ®(n) = (g, %, a, by),
thenwelet ®(n + 1) = O, (P(n)).

In fact, if we denote by |r] the greatest integer that is less than or equal to r, then we
have

) (r) = OF_ |, 0 (09" (z0).

Since, lim;_.1 ©®¢ = ©% and lim,_ 0 ©®¢ = Id, we have that @gn) is a continuous
function of r. Furthermore,

@}, (R) € Ap, (zo(n. 0)).
By Lemma 5.3 below,
@, (Z) C {(qj.1/2,a.bo) 1a € I,.} C W, (z0. K. Z").
Hence, by (5.15) with P* = P,,
®)(R) C {(gj. 1. a.b) : |t —1/2] < €n/2, a € Lu(en/2). b~ bol < €/2),

where I, (¢,) denotes the €,-neighborhood of I, in R. It is also clear that

3
: 1) .
ﬂl}r:lI:lOO q)Pn (:tn) - (LI]’ 1/27 ao :F 21’l+2 ’ bO),
where the two points on the right-hand side is on the boundary of Zén). Hence, we can
choose an integer N = N,', > 0 such that CI>§31n) (£N) ¢ my 122"). In other words,
CID([}n)([—N, N1]) forms a continuous curve near the line segment {(g;, 1/2,a, by) : a €

I,,} and crosses Z/E") in F¢ direction.
Now we use the maps ® = ®Z,£,P,, and ®; = @I;’H’Z’Pn to define a function ® =

CDgn) ‘R? W;;” (zo) such that the image of ® consists of the points accessible to zg.
Namely, given r € R, let

L @, 0) = &) (r);

2. For a positive integer n if ®(r, n — 1) is defined, we let & (r, n) = O(P(r,n — 1));

3. For a negative integer —n if ®(r, —n + 1) is defined, we let ®(r, —n) =
O N, —n+1));

4. For any real number n + t, where n € Z and t € [0, 1) if ®(r, n) is defined, we let
S(r,n+1) =0 (D(r,n)).

In other words,

2 / 1
o (r.r') = @, o (@] (@5 ()

']
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or equivalently,
2 ’
R (1) =08 0 (@) 00! 0@ ().

It is clear that qu,,) is continuous, and ®(R?) C A(g i»1/2, ag, bo). Furthermore, for
relR,

(. Z) C (D) (r) +(0,0,0,0,b) : T ®) (1) +b € Jy).
Hence, by (5.15) with Pl =rp,,
®(r,R) C {(gj. t,a,b): |t — 1/2] < &, (a,b) € Z" (en)),

where Zé") (€,) denotes the €,-neighborhood of Zé”) in Y. This means that ®(R?) is
contained in the €,-neighborhood of the set {g;} x {1/2} x Zé").

Similarly, for every r € R there exists N(r) = N;i), ,(r) such that the set
O(r,[-N (), N(r)])) forms a continuous curve near J,,(r) and crosses Zé"). By conti-
nuity, we can take N = N,]L”e such that ®(r, [— N, N]) crosses Zé") forallr € [—N, NJ.

Moreover, we may assume that N , = Nfl’ ¢» since otherwise we may use the larger one
instead. By continuity, we obtain that the four curves

®(=N,[=N.,N]), ®(N,[-N,N]), ®([-N,N], =N), ®([-N,N]. N)

form a closed curve. The projection of the curves under Projy is outside Zé"). Hence,
by Sublemma 5.4, we get that Projy {®(r, ') : r, ¥’ € [N, N]} covers Zé’”.

Finally, we use the maps ©® = ©] , p and ®; = O, , to define a function
P = (13(13;) ‘R - Wlﬁn (zo) such that the image of ® consists of the points accessible
to zo. See Figs. 3 and 4. Namely, given r, r’ € R, let

(1) (.7 0) =Y ()

(2) For a positive integer n if ®(r,r’,n — 1) is defined, we let ®(r,r',n) =
O(®(r,r',n—1));

(3) For a negative integer —n if ®(r,r’, —n + 1) is defined, we let ®(r, 7', —n) =
O (®w, r, —n+1));

(4) For any real number n +t, where n € Z and t € [0, 1) if ®(r, r’, n) is defined, we
let ®(r,r',n+71) = O (P(r, 7, n)).

We have
q)(gn)(r’ V/, r//) = @;//_Lr//J (] (@l)\f”] o) @f,_Lr,J o (@b)l.r/J o @d J ° (@LI)UJ (ZO)

r—|r

The function CDE%) is continuous and ®(R3) ¢ A(zo).
We also have that there exists N > 0 such that ® maps the surfaces of the
cube [—N, N] x [-N, N] x [—N, N] into outside the corresponding surfaces of

Wi (20, K, ZE")) and inside the corresponding surfaces of the 2¢,-neighborhood of
W, (z0. K, Zé”)), By Sublemma 5.4, {®(,r',r") : r,r’,r” € [N, N]} covers
Wf),, (z0.K.Z /E")), and we obtain that

A(z0) D W§, (z0. K. Z{).
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t direction
®(3)([_N7N] X [_NaN}aN)

N xY

(3}/K projection onto Y

Fig. 3. The action of the function ®3) on the central direction of 20

b direction

Znl

a direction

%@, [N, N)

BN, N) @ ([N, N],_N)

Fig. 4. The function ¢

We may reduce §,, again if necessary such that any gentle perturbation PY of P, satisfy-

ing |P'— P,|| < 87" is so close to the unperturbed map P, that the map @;Dt = ®f1 ¢ pt

and ©' = @ are well defined for i = u,s,c and t € [0, 1], and close to
7, P? ,n,t, Pt

Dl — @ o — O : 3 . w3
Op, = O, p, and Orp, = OLurp, respectively. Then we define &7 : R® —
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W¢. (20, K. Z{") by

3) o t
CDPJ(r,r,r )=0

b.pi 0 (@) 000 Lo @) 00 40 (9501 o),

{r}, Ps

where {r} = r — |r] denotes the fractional part of r. If 6, is small enough and
Z(Ei,n(z), E;,n(z)) < 6/ fori = u,s,candall z € N x Zé"), then G)sDt and G)ir,Pﬂ

are sufficiently close to @i, and @i p, Tespectively for i = a, b, t. Thus we can obtain
that ! o

d@ (' 1", @D ) < 1/2,

which is the distance between BZ,E”) and 82,&'”, forr, r’, r"” € [=N, N]. In other words,
d)fj)(r, r',r”) maps the surface of the cube [N, N] x [N, N] x [—N, N] to the

surfaces that are close to and outside the corresponding surfaces of W;',j (zo, K, Zé")).
Hence, by Sublemma 5.4, the set

@@ r' 7"y i " € [N, N1
covers W& (zo, K, Z") implying that

Api(zo(n, 0)) D WS, (zo(n, ), K, Z{").
The desired result follows. 0O

Sublemma 5.3. For eachn > 0, there exists 8, > 0 such that if ||h, —1d ||cn < §;] > 0,
then for any a € I,

(1) ©%((g),1/2,a,bo)) = (q;,1/2,d", bp) witha' < a;
Q) bednte(l/2—e,1/2+¢€), O (q,t,a,b) = (q,t,a,b) withb < b;
(3) bedntek, 0((4q,t ab)=I(qt, a b)witht <t.

Proof. The proof is similar to that of Lemma B.4 in [9].

We prove the first statement. Consider the coordinate system in Q¢ with the origin at
( p;’., 1/2, ag, byp) which therefore has local coordinates (0, 0, 0, 0, 0). We may assume
that the local coordinates of the points ¢}, [g, p?] and [ p?, q] are (ugp, so), (0, so) and
(ug, 0) respectively, where ug = o and so = o are given by (5.1).

We first consider the case n > 1 and note that the path )’7]“ is contained in the closure
of QZ’Z (see Subsect. 5.2) forn > land £ = 1, ... k,. We have that PMQZ,K = hz_l oT.

Furthermore, since hz,tz = Id on the curve V}‘ (gj,t,y)fort e Kandy € Z(n), we have
that Vﬁn (gj.t,y) = Vi(gj, t,y). It follows that if (uo, 50, 0, aj, 0) are the local coordi-
nates of the point z1 = (g, 1/2, a1, bp), then (0, 59, 0, az, 0) are the local coordinates
of the point zo = ([g;, pl, 1/2, az, bo) with ar = a;.

Recall that by (5.3), the a-component of the vector field X“(z) is equal to
B ()Y (s)¢;: (t)Cy (b)Ey (a) and that ¢ (u), ¥4 (s), & (t) and ¢y (b) are constants for
lul < a, |s| < a% |t] < é and b € J, respectively. Recall also that the map h?
preserves the s-, - and b-coordinates. Therefore, if [u| < &, |s| < &%, |t| < €', a € I,
and b € jn, then

hu,s, t,a,b) =, s,t,a+c(a,t),b), (5.16)
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where u’ is close to u provided B is sufficiently small, and c(a, t) > 0 if || < ¢ and
c(a,t) = 0 otherwise. Moreover, if |t| < €', then c(a,t) = c(a) is independent of
t. Also, if u = 0 then ' = 0 since in this case fou ¢%(r)dr = 0, and therefore the
u-component of X“ is zero. Since af/nk(a, b) < a?, we have that for |s| < «f and

bef,,,

PII(Ovsstvasb) :ha(T(Oss9tsa1b))
= (0, s/nk(a,b), t+«(a,b), a+c(a,t),b).

Note that P, = T near the orbit of ( p?, t, y) and outside 2. Hence, under the iterations
of P, all points of the set {(0,s,t,a,b) : |s| < «af} have fixed u- and b-coordinates
and the same 7- and a-coordinates. Therefore, this set belongs to V*( p;?, t,a,b). Since
72 € V¥(z3), the fact that(0, sg, 0, az, 0) are the local coordinates of the point z> yields
that (0, 0, 0, a3, 0) are the local coordinates of the point z3 = (pj, 1/2, a3, by) with
az = ap.

By similar arguments, we can show that if |u| < &}, a € [, and b € jn, then

P w,0,t,a,b) = T ((h) "' (u.,0,1,a,b))
= W' /nk(a,b),0,t —k(d,b),ad,b), (5.17)

for some u” close to u, where by (5.16), a’ satisfies a’ + c(a’, t) = a. If we choose
87 > 0 small enough, then [|A¢ — Id || < & implies that u” is sufficiently close to u
and therefore |u”|/nk (a, b) < a%. Hence, under the iterations of P{l all points of the
set {(u,0,t,a’,b) : |u|l < a2} have fixed s- and b-coordinates and the same ¢- and
a-coordinates. Therefore, this set belongs to V¥ ( p?, t, a, b). On the other hand, by the
definition of 4% and the choice of «j,, we have h* = Id if |u| > «ff. Therefore, since
uy = o,

P (u0,0,1,d',b) = T~ (ug, 0,1,d’, b)
= (uo/nk(a, b),0,t —k(a',b),d, b). (5.18)

Comparing (5.18) with (5.17) we obtain that the point with local coordinates
(ug,0,t,a’,b) is on the strongly unstable local manifold of the point with local
coordinates (0,0, t, a, b), where a’ + c(a’,t) = a and c(a’,t) > 0. So if z4 =
([p;?,q.,'], t,aq,by) € V*"(z3), then z4 has local coordinates (uq, 0,0, ag, bg) with
a4 < as.

Since the path on V*(g;) is unperturbed, the fact that z4 € V*(zs) yields that the
point z5 = (g, 1/2, as, bp) has local coordinates (u¢, 5o, 0, as, bg) with as = a4. This
implies that in the case n > 1 we have a| = a» = a3 > a4 = as.

In the case n = 1 similar arguments can be used with the following modification. To
obtain the a-coordinate of the points on V* (pj, 1/2,a, bg) and V“(p;f, 1/2,a, by), we

need to consider Pfu =h%o T and Pfj = h% o T respectively, (recall that near the
paths 7/1“ and on the set 2, the map 7 is unperturbed, and hence Q = T',) and therefore
geta; = a» > az > a4 = as. The assumption k = ko on U; guarantees that on these
local manifolds the 7-coordinates are the same. This implies Statement (1).

In the above arguments, we can actually replace by by any b € J, and the number
1/2 by any t € (1/2 — €,, 1/2 + €,) and can still obtain the same results. Therefore,
Statement (2) can be proved by switching the roles of a and b.
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Statement (3) can be proved in the same way. In particular, since h’ preserves a- and
b-coordinates and the strongly stable and unstable local manifolds for T" at (g;, 1, y)
and ( p;, t, y) are unperturbed except by /', the arguments can be carried over on the

submanifold N (see (3.1)) for each y € Zé"). O

Sublemma 5.4. Let ® : I" — I" be a homeomorphism of the n-dimensional cube 1"
and 9; I"" be the faces of I, i = 1, ..., 2n. Assume that ®(9;1") C B(9; 1", e)\I" for
i=1,...,2n, where B(-, €) is the e-neighborhood of the set. Then I C ®(I").

Proof. This is a variation of a general topology theorem, which says that in the setting
if ®(9;1") C B(9;1",¢)fori =1,...,2n,then I"\B(9;1",e) C ®(I"). O

Appendix A

Let M be a compact smooth Riemannian manifold and § € M an open subset. Let also &
be a C! diffeomorphism that is pointwise partially hyperbolic on 8. Further, let U,, C 8,
n > 1 be a sequence of open subsets such that:

() Uy €Uy, € Upgr and YU, = 8;
(2) each U, is h-invariant;
(3) h|U, is uniformly partially hyperbolic.

The goal of this Appendix is to prove the following statement. Suppose there is a sequence
of diffeomorphisms /4, g:h that hg = h, hy, = h,—1 on M\U,. Clearly, U,, is h,-invari-
ant, and i, = h on M\U,,.

Theorem A.1. Let h, be a sequence of diffeomorphisms for which ho = h and h,, =
hy—1 on M\u,,, so that Wy is hy-invariant and h, = h on M\u Then there exists a
sequence of positive numbers €, such that if ||h, — h,—1llc1 < €y, then

(1) each map h, is uniformly partially hyperbolic on U, and hence pointwise partially
hyperbolic on §;

(2) the limit H = lim,,_, o hy, exists and is a C' pointwise partially hyperbolic diffeo-
morphism of 8.

We need the following technical statements.

Lemma A.2. Given a sequence of positive numbers {a, },>1 satisfying

zanfz

we have

o0 [o/e] [o)e]
[Ta+a <142> ay and [JA—an)=1-2>"a,.
n=1 n=1 n=1

Lemma A.3. Set

M, = sup ||dchall and mp = inf m(dihy).
xeM xeM

If &, < mqo/2"**, then M,, < 2My and m,, > 0.5m.
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Proof. Note that |M,, — M,,_1| < &, and |m,, —m,_1| < &,. Applying Lemma A.2, one
can show by induction that

1 M, 1
< 1t and " <14

1-— , .
on+2 — M, _i My—1 on+2

The desired result follows. O

Given two diffeomorphisms f and g with invariant distributions Ey and E, on 8
respectively, let

ldxg|Eg()I m(dig|Eg(x)) 1“
lldx f1E g ()l m(dy f|Ef(x)) T (A19)
erg(x) =lldxg —de fll, Ok; E,(x) = L(Ef(x), Eg(x)).

s

Af,g,Ef,Eg (x) = max [

Lemma A.4. Assume that

sup ||ldy fIl < M :=2My, inf m(dy f) = m = 0.5myg.
xeM

xeM

Then for any x € S,

1
Afg Es E,(X) < n—l[?f,g(x) +CM0Og; g, (x)],
where C > 0 is a constant which depends only on the Riemannian metric of M.
Proof. We have that

|ldxglEg()|l = lldx F1E £ OIl| < [Idagl Eg Ol = lldx f1Eg ()]
+[llds fIEg()| = lldx f1E f (X))
< lldxg —dx f1I + lldx flldist(Eg(x), Ef(x))
< lldxg — dx fll + Clidx fII L(Eg(x), Ef(x)),
for some constant C > 0 depending only on the Riemannian metric of M. Dividing both
sides of the inequality by ||dy f|E y(x)|| and noting that ||dx f|E ¢ (x)|| > m(d, f), we
obtain that
ldxg|Eg(x)l ) < ldxg — di f L C lldx f
ldx f1E r (|l m(dy f) m(dy f)

1
E[S,f,g(x) +CMOg, g, (xX)].

L(Eg(x), Ef(x))

A

. m(dyxg|Eg(x))
Similarly, one can show that WE?():)) — 1| has the same upper bound. O

Lemma A.5. Suppose that f is uniformly partially hyperbolic on a compact invariant
subset A C 8. Pick numbers 0 < A < A <1 < i < u such that

A= A(f, A) = sup lde 5N, <A(f, A) = inf m(dy f€),
xeA xXeA

m=p(f,A)=supllde fll,  n=p(f.A) = inf m(d: f*).
xeA xeA
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Given A > 0, there is ¢ = (A, A, A, w, 1) < mA such that if |g — fllct < € and
g = f on 8\A, then g|A is also uniformly partlally hyperbolic and

A‘}’-’g(x) = Af,g,E_“f’,Eg)(x) <A, w=s,c,u, x €A. (A.20)
In particular,

rMg, A) A(g, A) Jig, N) M(g,A)

1-A< , = =
TALN)T AN RN R A)

+ A.

Proof. Note that the set of uniformly partially hyperbolic diffeomorphisms is C!-open,
and the invariant distributions E‘” depend continuously ong,w = s,c,u (see [18]).

More precisely, there is ¢ < mA dependlng on A, x, A, i, u such thatif || g — fllcr <&
and g = f on 8\ A, then g|A is uniformly partially hyperbolic with

® mA
EEK A(E (x), Ef(x)) < M (A.21)

Then by Lemma A 4, it is immediate that A‘]‘?’ g(x)AA. ]

We shall now specify how to choose the sequence of numbers ¢, in the theorem. First
choose four sequences of numbers 0 < A, < A, < 1 < 1, < u, such that

(1) = 200, W), T < AU, Ty = (R, W), i < pu(h, W)
(2) Ay, Iy are strictly increasing while A,,, u, are strictly decreasing.

For all x € 8§, let

S — mi [min{l,m(dxh”)} m(dyh") ]

lldxh? || " max({l, [|dche]l}
and choose a strictly decreasing sequence of numbers y,, such that

—1
0 <y, < inf % (A22)

xel,

Now choose a sequence of positive numbers A, such that

Y
max (2 P A 1y A, < min(C B (a0
An Mn )Ln MUn
1 o
An < S > Ak < v (A.24)

k=n

Finally, choose

1 . mo ~
&n < Emln{Wa E(Ap, Auy Ay s )},

where ¢(A, A, x, i, 1) is given by Lemma A.5.



376 H. Hu, Y. Pesin, A. Talitskaya

Proof of Theorem A.1. First we shall show that for every n > 0 the map 4,, is uniformly
partially hyperbolic on U, . It is clearly true for o and we shall use induction assuming
that hx|Uy for k = 1,...,n are uniformly partially hyperbolic. By Lemma A.5 we
obtain that

A, W) Gy, Uy i (hy, Wy i, Wy
1 _ A < (g, U) (g, W) M(kk_) m (i, Uy) <144,

T -1, W) A1, W) G-t W) (-, Uy)

Note that
h(hie, Upeer) < max{i(, Ueen), A, Up))
< max{As1, A(hg, Ukl
< max{Ager, Ag—1, Up) (1 + Ap)}.
The fact that A (hg, u_l) < A1 and the choice of A, in (A.23) guarantee that
)\,/1 = Alhp, un+1) < Au+l-

Similarly, we have

;1 = 3:(hn: un+1) = 3‘")’[+17 lj; = ﬁ(hnv un+1) = ﬁn+1,
M; =y, Wpg1) = tps.

It follows that
l’l < S(Anv )‘-n, )‘-nﬂ /“l'na Mll) < S(An» na )‘-:17 /j;p /"l’;l)

Since [|hp41 — hpllct < &n, by Lemma A.5 we obtain that hn+1|m is uniformly
partially hyperbolic.

Next we shall show that H = lim,_, &, exists and is indeed pointwise partially
hyperbolic on 8. Since &, < m/2"**, the sequence of maps £, is a Cauchy sequence
and hence it converges in the C! topology. Moreover, as shown in (A.21), given x € Uy
and n > k, we have

mA, m
2CM — 2”+3CM

L(E} (x), E} (%)) < w=s,C,U.

Hence, the sequence of subspaces EZ),, (x) is a Cauchy sequence, and thus there is a limit
Ef(x) = nll>II<}o E}‘,"n (x).
Fix n > 0. We now wish to estimate A%, 5 (0) for x € W, \Uy,—1 (see (A.19) and (A.20)).
We have
0, k<n,
Ahkhk I(X) [ < Ake k > n.

Note that

Ideh?ll o ldeh | m(dxh;”)_li[ m(dch)

ldeh®| 4 dehf (7 m(deh®) L m(dxh )
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and by (A.24), > A < 1/4. It follows from Lemma A.2 that

1 00 00
Ap o < JJa+ap, -1 JJa+ap-1<2> A
k=1 k=n k=n

Letting [ — oo, we find that

o0
A () 2D A w=s.c.u

k=n
Therefore by (A.22),
lld H* || - 1423702, Ay ldch* |
min{l, m(d,H®)} — I—ZZ,fin A min{1, m(d,h¢)}
d hS
< a8y ——Dm
min{1, m(d,h¢)}
dyh’
P Y B

min{1, m(dyh)}

Similarly, one can show m(dy H") > max{l1, ||d, H||}. It follows that H is pointwise
partially hyperbolicon 8. O
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