
Ergod. Th. & Dynam. Sys. (1995), 15, 317-331
Printed in Great Britain Copyright © Cambridge University Press

On the integrability of intermediate
distributions for Anosov diffeomorphismsf

M. JIANG, Ya B. PESINJ

Department of Mathematics, Penn State University, University Park PA 16802, USA
(e-mail: j iangSmath. psu. edu and pesinQmath.psu. edu)

R. de la LLAVE§

Department of Mathematics, University of Texas, Austin TX 78712-1802, USA
(e-mail: llave@math.utexas.eduj

(Received 20 April 1993 and revised 31 May 1994)

Abstract. We study the integrability of intermediate distributions for Anosov
diffeomorphisms and provide an example of a C°°-Anosov diffeomorphism on a three-
dimensional torus whose intermediate stable foliation has leaves that admit only a finite
number of derivatives. We also show that this phenomenon is quite abundant. In
dimension four or higher this can happen even if the Lyapunov exponents at periodic
orbits are constant.

1. Introduction
Let F be a Cr-diffeomorphism of a compact smooth Riemannian manifold M, r =
1, 2, • • •, oo and V0(TM) the space of C°-vector fields on M. The map F induces an
invertible bounded linear operator on V°(TM) by:

FMx) = DFv(F~l(x)), v(x)er°(TM), xeM.

The Mather spectrum a(F) is defined to be the spectrum of the complexification of
Ft. In [M], Mather showed that F is an Anosov system, if and only if 1 ^ o(F), and
moreover, if the nonperiodic points of F are dense in M, then a(F) consists of a finite
number of annuli in the complex plane C That is, there exist A,, yu.,-, i = 1, • • •, p,
0 < X] < /Z) < A.2 < jii < • • • < A.p < \ip p < dim(M) such that

/'
o(F) = | J{z 6 C : Xi <\z\ <m}.

t Preprint available from the mathematical physics preprint archive. Send e-mail to mp_arcSmath. u texas . edu
for details.
t Supported in part by NSF Grant DMS-9102887.
Sj Supported in part by NSF Grants.
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318 M. Jiang etal.

The set {z e C : A.,- < |z| < /x,} is called a [A.,, /j.i]-ring.
The decomposition of the spectrum just mentioned induces a splitting of the tangent

bundle TM into p subbundles {EJp},i = 1, •••,/>, TM = ©f=1 £ ^ called an
exponential splitting. The distribution UJi is said to be a [A.,, ̂ {[-distribution and it
is invariant under DF. These distributions depend Holder continuously on the base
point and are not smooth in general.

For every sufficiently small number S > 0, one can choose a smooth Riemannian
metric, known as a Lyapunov metric, such that TM = 0f=1 E]/ is an almost orthogonal
splitting with respect to this metric. Moreover for any vector v{x) e Ep (x), we have

(Xt - 8)\\v(x)\\ < \\FM*)\\ < (lii+8)\\v(x)\\.

From now on, we fix a Lyapunov metric adequate for our map. It induces the metric
in Diff' (M) which we denote by d& •

Let W be a partition of M. It is called a continuous Cr —foliation if the following
conditions hold:
(1) for any x e M, the element W(x) of W containing x is a ^-dimensional C'-

injectively immersed and connected submanifold (called a C-leaf of W passing
through x);

(2) there is an admissible atlas of C° charts of M: <p : Dk x D""* -*• M such that
4>{T>k x {>>}) C W(<p(O, y)) where D* denotes the unit ball in M*;

(3) the function cp(x, y) is C-differentiable over x for any y and is continuous over y
in C-topology.

We can consider a distribution as an infinitesimal version of a foliation in which the
subspaces of the tangent space play the role of infinitesimal leaves. Given a foliation,
we can obtain a distribution by associating with every point the tangent space to the
leaf passing through it. Not all distributions arise in this way and the problem of
finding sufficient conditions, which guarantee a given distribution to be associated with
a foliation, is usually called the problem of integrability of the distribution. For one-
dimensional distributions this amounts to the theorem of existence and uniqueness of
ordinary differential equations and, for multi-dimensional distributions, a classic solution
is given by the Frobenius theorem. These results involve hypothesis on differentiability
and cannot be applied to the distributions invariant under Anosov systems since the
distributions are, in general, only Holder continuous.

We recall the following well-known results (cf [BP], [Fe], [HPS]). If v is a real
number satisfying /u,/, < v < min(A^+j, 1} for some integer k, then, for each x e M,
there exists a continuous C-foliation Ws

k = {W£(x) : x e M} invariant under F such
that the submanifold W£(x) is characterized by

W'k{x) = \y : ^d{Fn(x), F"(y)) -> 0, n -> oo j .

[W[(x)} are integral manifolds of the distribution E^ 0 • • • 0 E(
r
k\ i.e.,

TW£{x) = 4U(*) 0 • • • 0 E$\x), xeM.

Let /z, = max{/z, : /Lt, < 1}. Then the collection of foliations {W-'}'j=] forms a filtration
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of stable foliations of M, i.e.,

Wfix) C W}(x) C • • • C WJ(x) = Ws(x).

Applying these results to the inverse map F~l one can obtain analogous results for the
distributions E^ © • • • 0 E(

F
p) where k is such that kk > 1 .

The following questions about the integrability and smoothness of a single
[Xi, /^-distribution Ey are of a general interest:
(1) Is Ep integrable? If it is, how smooth are its integral manifolds?
(2) Assume Ey is integrable for a diffeomorphism F and G is C1 -close to F. Does

G have a corresponding exponential splitting TM = 0f= ] E^ which is also
integrable? If it does, how smooth are its integral manifolds ?

There are few related results in the literature. The basic properties of the splittings
are considered in the following two statements:

THEOREM A. ([P].) For every e > 0, there exists a ^-neighborhood t] of F in Diff'(M)
such that the Mather spectrum of any diffeomorphism G e r] is contained in [A.J, /zj]-
rings with 0 < A., — A.J- < € and 0 < ix\ — [ij < e i = 1, 2, • • •, p and the corresponding
exponential splitting TM = 0f=1 EQ satisfies p(Ey, EQ) < c, where p is a metric on
the space of subbundles induced by the Riemannian metric on M.

Remark. This result is not trivial at least for the following reason. Although the maps F
and G are close in C1-topology, the linear operators F* and G, may not be close, i.e.,
the norm

| | F , - G , | | = sup
[Mlco=l

may not be small. To see this we notice that in the difference just considered the vector
field i> is considered at two different points and one can find a continuous vector field
of norm 1 for which the two values are completely different. Indeed, if we fix F, it is
possible to find 5 > 0 such that \\F, - G*|| < S implies F = G.

THEOREM B. ([BK], [BP].) Let F be a C1 -diffeomorphism with an exponential splitting
TM — (Df=l EF. Then, EF\x) is Holder continuous for each i.

We improve Theorem A in the following way that displays the precise relation between
e and S and gives an upper bound for the angles between EF^ and E^ in terms of S.

THEOREM 1. There exist positive constants L, r, and 8], depending only on F, such that

p(EF'\ E^) < LSr ifda(F, G) < S < <?,.

Remark. We will show that one can take r to be equal to the Holder exponent of the
distribution E(p. This implies that if E(j) is Lipschitz continuous then r = 1. One cannot
in general, obtain a better estimation in Theorem 1 than the one given by the Holder
exponent of the bundle. To see this let F be a map of a torus and G = T& o F o 7 1 A
where 7A is the translation by an amount A, then dc>(F,G) ~ ||.F||c2|A| and
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320 M. Jiang et al.

THEOREM C. ([P].) Assume that F is a C-diffeomorphism on M and TM = 0f=1 EF
} is

the exponential splitting associated with F. For a fixed k, suppose that [A.*, /LI*] satisfies
one of the following non-resonance conditions:
(1)

[ ^ 1 jf)i,ni] = ®,l<i <k (1.1)

for every j = 1, • • •, r0;
(2)

and [(Xky, fatf'] f][Xh m] = 0 , p > i > k (1.2)

for every j = 1, • • •, r\.
Then, for every x € M, there exists a local C -submanifold VF \x) tangential to

at x (i.e., TVF
k\x) = E(k)(x)) and invariant under F (i.e., F(VF

k)(x)) C VF
k)(F(x))).

Moreover, for any point x the collection of local manifolds [VF (F'x)}'^^ is the only
collection that satisfies TF*(x)VF

k)(F*x) = Ef(Flx), F(VF
k\Flx)) C VF

k)(Fi+l(x)),
and supl<l<r supieZ \\d'VF (F'x)\\ < constant.

Remark. In [P], the author claimed that the local manifold VF
k)(x) can be glued together

to make up a continuous foliation with smooth enough leaves. As we will see later this
is not true in general. We also point out that the statement about uniqueness of VF

k\x) in
Theorem C is stronger than the corresponding statement in [P] but can be easily proved
by arguments presented there.

In the case when M is an n-dimensional torus T" (or any manifold whose universal
cover is W ) and F is a small perturbation of a linear hyperbolic automorphism A of T",
one can say more about the global integrability of intermediate distributions E^p. First of
all, the Mather spectrum for a linear automorphism of the torus, a (A) consists of a finite
number of circles with radii A.,, i = 1, • • •, p 0 < A., < •• • < Xp. Let 7T" = 0f=1 E(p
be the corresponding exponential splitting. It is easy to see that each subbundle Ep
is C°°-integrable and the corresponding foliation W(l) = {W(l)(x)|x e T"} is a smooth
C°°-foliation of T".

A combination of Theorem A and an adaptation of the pseudo-stable and pseudo-
unstable manifold theorem (see [I]) gives us the following result about small perturbations
of A.

For a fixed k, 2 < k < n — 1, and A.fr < A.fr+i < 1, we denote

, lnA.fr
I I i n i . . I > " '

N =
I I HI Afr I _ j j f 111

I L'nA.fr+1 J ' lnAfr+1

If 1 < A.fr_| < A.fr, we set

if i—i—*- is not an integer;lnA.fr+i
 6

if | . k is an integer.

N = •

is not an integer;

is an integer.

THEOREM D. ([LW].) Let A be a linear automorphism of torus T". Then, for every e > 0,
there exists a neighborhood r\ of A in Diff'(T") such that any C -diffeomorphism G e r)
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has an exponential splitting TV = 0f=1 Ej
G where p(E%\ Ef) < e. Ifr>N, then

the subbundle EQ , i = 1, • • •, p is integrable and the corresponding integral manifolds
form a continuous CN-foliation off", W^ = {W^(x)\x e V). Moreover, for any two
numbers v_, v+ with A.£ < v_ < v+ < /j.^, we have y e Wj~'• (x) if and only if

lim —\Gn(y)-Gn(x)\=O and lim — \Gn(y) - G"(x)\ = 0 (1.3)
n->oo v" n->—oo v__

where' denotes objects in W lifted from the torus.

If a continuous C'-foliation W has the property that TxW(x) = EQ\X) for any
x e T", then one can show that the characterization (1.3) implies W = WQ . In fact,
if W^ is of class CN+], then it is as smooth as V^ (see Theorem C), i.e., of class C
and Vg* c WQ\ In this case the local invariant manifolds V^ can be glued together to
form a continuous C-foliation.

We note that Theorem D is complementary to the well known theorem on existence of
strong stable and unstable foliations (see [BP]) and it claims the existence of foliations
for intermediate annuli of the Mather spectrum that are bounded from both sides by other
annuli. Let us also point out that Theorem D is proved on manifolds whose universal
cover is R". The foliations in Theorem D are invariant under topological coordinate
change whereas the strong stable and unstable foliations are not. The leaves of the strong
stable and unstable foliations are as smooth as the map is, whereas the smoothness of
WQ\ claimed in the Theorem D, depends on the gaps between the eigenvalues and cannot
be substantially improved.

THEOREM 2 . Let A be a linear automorphism of T 3 with eigenvalues A.,-,i = 1 , 2 , 3
0 < A] < A.2 < 1 < A-3. Assume that lnAi/lnA.2 is not an integer. Let N = [In A.i/lnA.2].

Then, in any neighborhood r\ of A in Diff'(T3), there exists G e r\ such that:
(1) the map G is a C°°-diffeomorphism and topologically conjugate to A;
(2) the map G induces an exponential splitting o/T3, 7T3 = 0 3

= 1 E^ with E^ close
to E^ and integrable. The integral manifold WQ (X) passing through x is of class
CN but not CN+] for some point x e T3;

(3) the set of points S = {x : w£\x) £ CN+l} is a residual set in T3.

In fact, we show that diffeomorphisms with the properties stated in Theorem 2 are
dense in a small neighborhood of A.

THEOREM 3. There exists a neighborhood t] of A in Diff'(T3) such that in any
neighborhood of a C°°-diffeomorphism F e r\, there is a C°°-dijfeomorphism G satisfying
statements (]), (2) and (3) in Theorem 2.

Remark. If x e T3 is a periodic point for F of period p than the map DF'\x) : M? —> R3

is a linear automorphism of 7^T3. Its eigenvalues are called the eigenvalues at the
periodic point x. If G is a small perturbation of F then G is conjugate to F by a
homeomorphism h. The map G is said to have the same eigenvalues at periodic points if
for any F-periodic point x e T3 the eigenvalues at x for F are the same as the eigenvalues
at h(x) for G. From the point of view of rigidity theory it would be interesting to know
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whether one can modify the construction used in the proof of theorems 2 and 3, so that
the resulting diffeomorphism of T3 would have the same eigenvalues at periodic points.

For tori of dimension 4 and higher one can construct examples where the perturbed
map G has the same eigenvalues at periodic points as F but the leaves of the appropriate
foliation WQ* are not as smooth as the map G is and, hence, satisfy statements 2 and 3
of Theorem 2. This answers a question posed to us by A. Katok.

THEOREM 4. For any n > 4 there exists a linear Anosov automorphism A ofT" with the
following properties:
(1) there exists a Xs-ring where X\ < A.,- < 1 is an eigenvalue of A that satisfies the

non-resonance condition (1.1);
(2) in any C°°-neighborhood of A one can find a diffeomorphism G ofT" such that

(a) for any x e T" and for any e > 0, there exists y e V^'\x), d(x, y) < e such

(b) the maps G and A have same eigenvalues at periodic points; the Mather spectra
of G and A coincide.

Remark. We will show that the examples can be constructed in infinite-dimensional (and
infinite-codimensional) manifolds whose boundary includes the linear automorphism.

2. Proofs
Proof of Theorem 1. Let V°(TM) = //, 0 H2 be a splitting of r°(TM) where //,
and H2 are F*-invariant. With respect to such a splitting, one can write G« in the
form G, = (Gjj), where G,j : //, —> Hj,i,j = 1,2, are bounded linear operators,
IIGnll < X, HG^'ll < H-, and Xfi < 1 for some X, /z. In [P], the author proved the
following result (see Lemma 1): for any e > 0 there is 8' > 0 such that if HG12II < 8'
and ||G2i || < 8', then there exists a splitting V0(TM) — H[ 0 H'2 relative to which

G-(G'n 0
* ~ V 0 G>22

where ||G'U|| < X, \\G'22
{\\ < /x and p(/f,-,H/) < e. In fact, H[ is the graph of a

transformation A : H\ —*• H2, where A is the unique fixed point of the map Q:

QA = G22
X AGn + G22\-G2X + AG]2A).

The map Q is contracting and transforms the unit ball of the space of all bounded and
continuous maps from H\ to H2 into itself.

To prove Theorem 1 it suffices to show that ||A|| < L8r. We first show that there
exist 80 and a constant V such that for any 8' < 5o and HG12II < 8', HG21H < 8', we
have ||A|| < L'S'.

Since Q is a contracting map, for any map P with 11P\| < 1 we have | | g " / ' - A | | —• 0.
We consider P = 0. Then Q0 = -G22G2] and | |g0 | | < \i • 8''. We wish to have
IK2"0|| < L'S' for some constant V. Let us assume that this is true for n = k - 1, i.e.,
| |g*~'0| | < L'S'. Then,

IIG*0|| < \\G22
lQk-xOGn\\ + \\G22\

 k l k l

< XixL'8' + (1(8' + L25'3).
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Thus, if we choose

L' = Jt±L and S *
2V

we obtain

~ 4 ~ '
By induction ||<2"0|| < L'S' for all n = 1, 2 , . . . . Therefore,

Now, Theorem B implies that 8' < L" • 8T where 8 = do (F, G), L" > 0 is a
constant and r is the Holder exponent. Then ||A|| < L'L"8X. This finishes the proof of
Theorem 1.

Proof of Theorem 2. We define the perturbation G in the form G = n -(A + h), where n
is the usual covering map from R3 onto T3 and h : R3 —> R3 is a map. We describe h in
[e^\ e®\ e^ J-coordinate system. Let p0 = (0, 60, 0) e R3 be given in this coordinate
system with 0 < BQ < 1 sufficiently small and flf (/?) be an open ball centered at p 6 R3

of radius e > 0. We choose po close to the origin and 0 < e < 1 to be small enough such
that the sets 7r(Se(0)), An(Bt(p0)), n{B((p0)), A^ix(B({p0)), • • •, A-Kn(Be(p0))
are all disjoint. Moreover, if e and BQ are sufficiently small, K can be arbitrarily large

and we can assume that
\ K 1A ±->L. (2.1)

8A.1

We can also require A(Bf(po)) and (Bf(po)) to be contained in the same fundamental
domain D. Define a smooth function / : D -»• K such that:
(1) | / ( a , B, y)\ < 8 and \\Df(a, B, y)\\ < 8, where <5 is a constant satisfying

A i e 1
0 < 5 < max , -(A.2 — .

\ 4 4

(2) | | ^ ( a , /So, 0)| > | for |or| < | ;

(3) f(a,B,y)=0 for(ct,B,y)?B((p0).
Let us set for all (a,B,y) e R3

Mor, )3, y) = ( /(«, )3, y), 0,0) (modi )

and then
G = A + h, G = n • (A + h).

If 5 is sufficiently small, it is clear that G is a C°°-diffeomorphism of T3. Moreover, for
any 0 < / < 1, the function tf satisfies conditions 1-3 with the constant t8 instead of 8.
Thus, for any neighborhood r\ of A in Diff'(T3), we can choose 8 so small that G e rj
and the following two statements are true:
(a) the map G is an Anosov diffeomorphism, topologically conjugate to A;
(b) the map G possesses an exponential splitting of 7*T3 = ®; = , EQ (we also have

the corresponding splitting of 7"R3 : 7"R3 = ®?_1 EQ , where EQ is G invariant
and DTI(EQ) = EQ) and the Mather spectrum of G satisfies the non-resonance
conditions (1.1) and (1.2).
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We will verify the following properties of diffeomorphisms G and G:

II G"(Be(p0)) = An(Bf(p0))forany \n\ < K;
III E^\0) = {tef : t G E};
IV the map G has a local smooth manifold v£\0) at p = 0 such that vg\0) = {tef :

t e (—a, a) for some a > 0};
V E™(A(p0)) + Ef (A(p0)) = {tef : t e R};
VI E^(A"(p0)) + Ef(A"(Po)),for n > 1.

The properties I and II are obvious. To show III and IV, it is sufficient to observe
that p = 0 is a fixed point of A and G = A near p = 0. Property VI follows
from V. In fact, G — A near A"(/?o), n > 1. E^)(A"(p0)) are G-invariant and
Ef(An(p0)) are A-invariant for all n e Z. Therefore, if E^\A(p0)) ^ Ef(A{p0))
then E^(An(p0)) ± Ef(An(p0)) for all n > 1.

Let us now prove property V. We show that if V is not true, the angle between E^{p)
and E^A\p) will exceed the upper bound given in Theorem 1 at some point.

To estimate the angle, we assume that

where u(p) and w(p) are two continuous functions in R3 and u2(p) + w2(p) < 1. The

differential of G is given by:

(
1 _!_ ^f ^f f

o a x2 o
0 0 X3

Since EG (p) is invariant under DG we have

c I i I = I 9 a o ^ k2
 v o

\W(P)/ V 0 0 ^ / WG-l( />))

This implies that

= U, + - ^ ( G ( P ) ) « (G(p) ) + ^ ( G » ) +
[ 3a J op dy

(2.2)
X2w{p) = X3w(G-\p)). (2.3)

From equation (2.3) we have that w(p) = 0 for all p e R3. Thus, we obtain that

where \u{p)\ < 1 and

[_ 3a J 9/3

Assume that V is not true, i.e., Eg2)(A(/?0)) = £^2)(A(Po))- There exists ^ e Bf(p0)
such that G(^) = A(p0) = (0, A.2j60, 0). We estimate \u(q)\ which gives the angle
between E(

G\q) and E%\q). Suppose that q = (a', y3', y')- Then,

r - / ( a ' , ^ , y ' ) ,

https://doi.org/10.1017/S0143385700008397 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385700008397


On the integrability of intermediate distributions for Anosov diffeomorphisms 325

Thus, y' = 0, p = p0 and A.,a' + f(a',p',Y') = 0. It follows that a' =
-X^f(a', P', y'). Therefore,

This implies that q e B(/i(po). The assumption E^\A(p0)) = E%\A(p0)) means that
u(A(p0)) = 0. We have by equation (2.4) that

and, hence

«(<?) = —

According to the definition of the function /

We consider the angles between £^2) and £^2) at points G " 1 ^ ) , G~2(q), • • •, G~K(q).
Since all these points are outside of B€(p0), df/da = df/dp = 0 at all of them. It follows

and

u{G~J-\q)) = (—\u(G-j(<l)), for 7 = 0 , 1, • • • , £ - 1.

Thus,

u{G-\q))= ( ^ ) u(q).

• (2.5)

Comparing (2.5) with what we have in Remark to Theorem 1, we obtain

(£f.JL<L.
This contradicts (2.1).

We conclude the proof of Theorem 2. The first statement is obvious. Since
A"po = (0, A.^o,O) -»• 0 when n ->• +oo, we have A"p0 e V2(0) for all sufficiently
large n. Property VI means that E^ (An (p0)) is never tangential to the local smooth
manifold V^(0). Thus W^(0) and V^(0) do not coincide near the origin. This implies
that w£\0) is not of class CN+X. This proves the second statement.

To prove the third statement let W^2)(TT(0)) be the integral manifold of E^\ It
is not of class CN+] at x = jr(O). Denote S = [x e T3 : W?\x) <g CN+l) and
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I = [x e T3 : the negative semi-trajectory {G~n(x) : n > 0} is dense in T3}. Since G
is conjugate to a linear Anosov diffeomorphism of T \ G is transitive. Therefore / is a
Baire set [S]. We will show that I C S. Assume that x e I but x # S. Then wg\x)
is of class CN+l, which implies V%\x) c W%\x). Thus, by the invariance of W™
and V«l2) we have V™(G-n(x)) C W{g\G~n{x)) and the size of V^\G~n{x)) grows
as n increases. Since {G~"(x)} is dense in T3, there exists a subsequence n, such that
G~"'(x) -> 7r(0). In [P], the author showed that Vg\x) depends continuously on x
in C-topology. It follows that VJ?(G~ni{x)) -»• V<i2)(7r(O)). On the other hand, since
Wg2) is a continuous foliation, v£\n(0)) C w£2)(7T(0)) by the uniqueness of the limit.
This implies that W^infO)) is also of class CN+l as V^2)(jr(O)) is. This contradicts the
assumption that x $ S.

Proof of Theorem 3. We will follow the same construction used in the proof of Theorem
2. Choose <50 < \&\ so small that for any F e Diff'(T3) with d(F, A) < 2<5O the map
F is topologically conjugate to A and

ki-a <\\DF$\\ <iii+o

for ^ e E(p with H^'ll = 1, where a > 0 is small. We know that Ef is integrable
and its integral manifolds form a continuous CN-foliation W^. If it is not of class
CN+l at least at some point x e M, then we can choose G = F. Let us assume now
that W^ is of class CN+l. Then it is a C°°-foliation on M. In any neighborhood of
F, we will construct a smooth map G e Diff'(T3) such that G induces a splitting of
7T3 = ©-= 1 E%> with E™ integrable but not of class CN+i.

Construction of the map G. Let z e TT3 be the unique fixed point of F and Wp(z)
be the integral manifold of Ep passing through z, i = 1,2,3. We define G by
constructing a diffeomorphism G of the universal cover R3. Let pz e R3 be the
fixed point of the lift F. We will use '"' to denote the objects in the covering space.
Choose a point po e WF (pz) close to pz and e > 0 small enough such that the
set F(Be(p0)), B e ( p 0 ) , F~l(B((Po)), •••, F-K(B((p0)) are located in the interior of a
fundamental domain D and all disjoint. The constant K will be determined later. If we
choose e sufficiently small and po close to pz, K can be taken arbitrarily large. We can
also require that Be(pz)f]Fj(B((p0)) - 0, j = 1, 0, - 1 , • • •, -K. When e is small,
for any p e R3, the basis {eF (p), eF (p), eF (/?)) can serve as a local coordinate system
in Bt(p) such that Be(p) is identified with an open ball in R3 centered at the origin. We
use (ap(q), f$p(q), yP(q)) to denote a point q e B((p) in this local coordinate system. In
particular ap(p) = Pp(p) = yp(p) = 0. Let us fix S, 0 < <5 < SQ, K = K(S) a positive
integer and e = e(K, S) which we will determine later. Let / : D —>• R be a smooth
function satisfying

(1) / = 0 if p 4 B({Po);
(2) | / | < l\€\ \\Df\\ < \S, where /, is a constant;

(3)

Define G{p) = F(p) if p <0 Bf(p0), p e D and G(p) = F(p) +
(f(<Xptt(p),Ppo(p)> YIH,(P))>Q>°)

 i f P e B<(Po)- The map G is well defined in D and
we set G = 7r • G .
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We claim that if e, Zj and K are chosen in an appropriate way then G and G have the
following properties:
I G e Diff'CT3), C°° and da(F, G) < S. Thus, G induces a splitting of 7T3 =

£B E and respectively, G induces a splitting of TR3 = ®,-=] EQ and
= E%\it(p));

4 Ef\F(po));
III El£HF"(po)) 96 Ef\F"(p0)), for all n > \.
We only need to prove II and we will follow closely the proof of property V in Theorem 2.

Proof of Property II. Suppose that II is not true, i.e., E^\F{p0)) = EF
2)(F(p0)). Let

q = {a.pM)^pM)'YpM)) e Be(Po) be a point such that G{q) = F(p0). Then,
G(q) — (0, 0, 0) in (otp-(pn), Pfip,,)' ^(p,,)) coordinate system in Be(F(po)). This implies
that F(apo(q), ppa(q), yPl)(q)) + (f(apn(q), P^q), YPM))> 0, 0) = 0. By assumption 2
\\F(ctPn{q), PPlt(q), Yp,,(q))\\ < 'if- Then there exist a constant IF depending only on the
map F such that \\{aPa{q), fiPn{q), yPu(q))\\ < hht- If U is chosen to be small enough
we can assume that

hh < | . (2.6)

Thus, q e Bf/i(p0). We estimate the angle between E^iq) and EF
2){q). For any p e R3

we write

u2{p)ef{p) + u3(p)ef(p).

Applying DG, we have

(ux{p)\
= (DF + Dh)(SF\p) ef(p) ef{p)) u2(p) .

\u?,(p)/

Let L] and L2 be matrices representing the linear maps which transform the basis
f to the basis {if(F(q))} and {ef(p0)} to {Jp(q)} respectively, i.e.,

(eF
U(F(q)) ef(F(q)) e

( 4 % ) ~ef(q) ef{q)) = (eF
l)(p0) ~ef{p0) ef(po))U.

By virtue of the invariance of EG under the map G, we have

C K2(F(p0))

= L, 0
0

The Holder continuity of E^ix) implies

| |/ - Li | | <l'-€r and | | / - L2|| <
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for some constant / ' , /". Since the equality F,Q2)(F(/?0)) = Ef\F(p0)) implies
U\(F(po)) = 0, we have

I Xt(q) + h lu I U](q) + I h / j 2 I u2(q) + I — h/13 j u3(q) = 0 ,

where |Zi,| < l2 • eT for some constant l2. By Theorem 1 we obtain

where MQ is a constant depending only on the diffeomorphism A and e satisfies

(2.7)

Consider the angles between E^2) and £^2) at points F" 1 (^), F~2(q), • • •, F~K(q). By
the construction, G = F in the neighborhoods of these points. This implies DG = DF.
Using {ef(F-j(q))} as a basis in Be(F~j(q)), j = 0, 1, 2, • • •, K we obtain

0 0 \ / K I ( # - > ( ? ) ) \

0 X2(F'Hq)) 0 u2(F-J(q)) •
0 0 h(F-J(q))/ \u3(F-J(q))J

Hence,

J(q)) =(q)) =

We may choose a and 8 such that

( A . 2 - ( T ) (l-2L<Sr)
> 1.

Then, we have
\ui(F-K(q))\>tKM0S.

Comparing (2.8) with Theorem 1 we obtain

tKM08 < L8T.

(2.8)

(2.9)

Choose K such that
tKM08>L8T. (2.10)

This is possible because 5 is fixed and t > 1. Then we choose 6 satisfying (2.7) and
a l s o s o s m a l l s u c h t h a t F ( B e ( p 0 ) ) , B e ( p 0 ) , F ~ l ( B ( ( p 0 ) ) , •••, F - K ( B ( ( p 0 ) ) a r e l o c a t e d
in the interior of a fundamental domain D and disjoint. Choose now l\ according to
(2.6). Since (2.10) contradicts (2.9), the map G constructed above with respect to these
parameters 8,e,l\, and K satisfies all the desired properties. This claim is proved and
the rest of the proof of Theorem 3 is obvious and omitted.
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Proof of Theorem 4. We write T" as T2 x T"~2 and denote by x\, x2 the components in
the first and second factor respectively.

Consider a linear Anosov diffeomorphism in the form A{x\, x2) = (A\x\, A2x2) where
A\ : T2 -*• T2 and A2 : T"~2 -> Tn~2 are linear Anosov automorphisms. Let X, /x,
\X\ < 1 be eigenvalues of the matrix A\. Since det A\ = 1, we have that /A = I/A.. We
also assume that |A.| < ~. One can choose the matrix A2 such that: 1) it has the only
simple eigenvalue y with \y\ < X; 2) the numbers y and A. satisfy the non-resonance
condition (1.1). Consider the map G such that

G(xux2) = (A,(*!), A2x2

where * is a function with values on the line generated by the eigenvector corresponding
to y. This map was introduced in [LI] in order to show that there is no complete set
of invariants for smooth conjugacy depending on germs around periodic orbits. In this
paper we will show that the same map provides also an example of Anosov map with
intermediate distributions not as smooth as the map and whose periodic points have the
same eigenvalues. Namely we will show that it is possible to choose *!> such that all the
statements of Theorem 4 are satisfied.

First we note that any G in the above form has the same eigenvalues as A has.
Observe that

^ R"^) (2.11)

and the eigenvalues of DG"(x) are the same as those of the diagonal blocks. The
statement about the Mather spectrum follows since G can also be written as a block
upper triangular operator in a way similar to (2.11).

We now prove Theorem 4(2)(a). Assume the contrary, given two sufficiently close
points x, y, one can find a C°°-curve lxy connecting them and being contained in VG(x)
such that Tzlx.y e EG(z) for all z in the curve. Since DG(x)EG(x) = Ec(G(x)) we
have that TzG"{(.x_y) e EG(z) for all z e G"(tx,y). Then, by the mean value theorem, it
follows that:

\G-"(x) - G-"(y)\ < C€(\X\ - eYn for any n > 0
(2.12)

|G"W-G"(y)|-»•„_»«, 0.

To complete the proof of Theorem 4 we will give a rather explicit description of the
set WG(y) of points y that satisfy (2.12). We will show that for certain choice of * this
set does not contain any C°°-curves. This contradiction establishes the theorem.

We observe that W^(JC) — {x + t(ek,O)\t e R} where e^ is an eigenvector of A\
corresponding to X. If h is a conjugating homeomorphism between A and G which is
homologous to the identity, i.e.,

hoA = Goh (2.13)

then
h(Wx

A(x)) = WG(h(x)).

Moreover, the sequence of matrices A"(x) — A"(y) converges to zero if and only if
h o A" (x) -h o A" (v) converges to zero. By (2.13) this is equivalent to the convergence of
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Gnoh(x) — Gnoh(y) to zero. Using a lift to the universal cover, we have h(x) = x+h(x)
with h uniformly bounded so that \hoA-"{x)-hoA-"{x)\ < \A-n(x)-A-"(y)\+2\\h\\L<°
Again using (2.13), we conclude that G~"(h(x)) — G~n(h(y) grows with an exponent
less than A."1 if and only if A~"(x) — A~"(y) does. This finishes the proof of the claim.

A simple calculation shows that if we define h{x\,xi) = (x\,X2 + F(JCI)) it satisfies
(2.13) if and only if the function F satisfies

r(x,) = *(Ar '(x,)) + yT(A^(xi)). (2.14)

In that case, using the remark before, we obtain that the manifold WQ(X) is given
parametrically by

tek)).

Theorem 4 will be established as soon as we construct a function *!> such that the
function F, satisfying (2.13), is not C°° in any open interval in the direction of ex. We
observe that the sum

7 (2.15)
n=0

defines a continuous function since ^ is uniformly bounded and, hence, the series
converges uniformly. The uniform convergence implies also that the function T{x\)
solves (2.14). One can prove this by substituting (2.15) into (2.14) and rearranging the
terms in the resulting series. If we take * to be a trigonometric polynomial, the fact
that the function F given by (2.15) is not differentiable on any interval is the celebrated
analysis of the Riemann-Weirstrass examples of nowhere differentiable functions.

In our case we can choose ^ in such a way that this analysis becomes completely
elementary. Since \X\ < 1/4 one can easily construct two disjoint closed stripes £l\, £22.
in a direction transversal (and close to perpendicular) to the vector ex in such a way
that any interval / of length V2 along the direction of ex intersects both Q\ and Slj in
intervals I\, li of length at least \ /2/4. Denote by N the largest integer smaller than
In y I In A.. We can arrange that D ^ ^ ( J C I ) = 1 if x\ e Q\ and = 0 if x\ e £22. We claim
that * satisfies all the statements in Theorem 4.

Given any sequence a = (a0, • • •, an • • •) e {1, 2}N and any interval of length one
along ex, we can find a point xn such that A~'~]xa e Qar The point is unique on each
interval along ex- Since X~Ny < 1 the series

n=0

converges uniformly and is indeed the derivative of the function F.
Let a'n) be the sequence with all components equal to one except for the nth. In any

interval / of length one along the direction ex, there exists a point x'nM. We have that
l ^ o - < c + . ) l < KX". On the other hand, | Z ) £ r ( ^ w ) - D^F(x'(n+1))| > K(yX-N)».

This shows that the function F cannot be C°° in any interval of length 1 in the
direction ex- If F is not C°° on any interval of length 1, then f o A | is not C°° on any
interval of length X along the direction ex. Using (2.14), we obtain that F cannot be
C°° in any interval of length X along ex- We can repeat the argument to conclude that
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F is not C°° on any interval of strictly positive length in the direction e\. This shows
that WQ does not contain any C°°-curves and, hence, the leaves of V^ cannot contain
segments in which they are tangential to the intermediate distribution.

Acknowledgements. The authors would like to thank A. Katok who encouraged them to
think of these problems and conjectured Theorem 2. He also kept on asking about the
question answered in Theorem 4(2)(a). We also would like to thank V. S. Afraimovich
for valuable discussions. RL would like to thank Y. Yomdin for bringing to his attention
[P], encouragement and discussion.

REFERENCES

[BK] M.I. Brin and U. Kifer. Dynamics of Markov chains and stable manifolds for random diffeomorphisms.
Ergod. Th. & Dynam. Sys. 7 (1987), 351-374.

[BP] M. I. Brin and Ya. B. Pesin. Partial hyperbolic dynamical systems, it Izv. Akad. Nauk. SSSR Ser.
Mat. 38 (1974), 170-212. MR 493# 8058. = Math. USSR-Izv. 8 (1974), 177-218.

[Fe] N. Fenichel. Asymptotic stability with rate conditions. Ind. Math. J. 23 (1974), 1109-1037.
[FK] L. Flaminio and A. Katok. Rigidity of symplectic Anosov diffeomorphisms on low dimensional tori.

Ergod. Th. & Dynam. Sys. 11 (1991), 427-441.
[HPS] M. W. Hirsch, C. C. Pugh and M. Shub. Invariant manifolds. Bull. Amer. Math. Soc. 76 (1970),

1015-1019.
[HP] M. W. Hirsch and C. C. Pugh. Stable manifolds and hyperbolic sets. Proc. Symp. Pure Math. 14

(1970), 133-63.
[I] M. C. Irwin. A new proof of the pseudo stable manifold theorem. J. London Math. Soc. 21(2) (1980),

557-566.
[LW] R. de la Llave and C.E. Wayne. On Irwin's proof of the pseudostable manifold theorem. Available

from mp.arc. Math. Zeit. In press.
[L] R. de la Llave. Smooth conjugacy and SRB measures for uniformly and non-uniformly hyperbolic

systems. Comm. Math. Phys. ISO (1992), 289-320.
[M] J. N. Mather. Characterization of Anosov diffeomorphisms. Nederl. Akad. Wetensch. Proc. Ser. A71 =

Indag. Math. 30 (1968), 479^83.
fP] Ya. B. Pesin. On the existence of invariant fiberings for a diffeomorphism of a smooth manifold. Math.

USSR Sbornik 20(2) (1973), 213-222.
[S] S. Smale. Differential dynamical systems. Bull. Amer. Math. Soc. 73 (1967), 747-817.

https://doi.org/10.1017/S0143385700008397 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385700008397

