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Abstract: We consider coupled map lattices of hyperbolic type, i.e., chains of weakly
interacting hyperbolic sets (attractors) over multi-dimensional lattices. We describe the
thermodynamic formalism of the underlying spin lattice system and then prove exis-
tence, uniqueness, mixing properties, and exponential decay of correlations of equilib-
rium measures for a class of Hölder continuous potential functions with a sufficiently
small Hölder constant. We also study finite-dimensional approximations of equilibrium
measures in terms of lattice systems (Z-approximations) and lattice spin systems (Zd-
approximations). We apply our results to establish existence, uniqueness, and mixing
property of SRB-measures as well as obtain the entropy formula.

Introduction

Coupled map lattices form a special class of infinite-dimensional dynamical systems.
They were introduced by K. Kaneko [Ka] in 1983 as simple models with essential fea-
tures of spatio-temporal chaos. These systems are built as weak interactions of identical
local finite-dimensional subsystems at lattice points. Such systems are proven to be use-
ful in studying qualitative properties of spatially extended dynamical systems. They can
easily be simulated on a computer, and many remarkable results about coupled map
lattices were obtained by researchers working in different areas of physics, biology,
mathematics, and engineering.

Bunimovich and Sinai initiated the rigorous mathematical study of coupled map
lattices in [BuSi]. They constructed special Sinai–Bowen–Ruelle (SRB)-measures for
weakly coupled expanding circle maps (under some additional assumptions that the
interaction is of finite range and preserves the unique fixed point of the map). SRB-
measures are invariant under both space and time translations and have strong ergodic
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properties including mixing, positive entropy, and exponential decay of correlations.
From the physical point of view this is interpreted as evidence of spatio-temporal chaos.
In [BK1–BK3], Bricmont and Kupiainen extended the results of Bunimovich and Sinai
to general expanding circle maps. In [KK], Keller and Künzle studied the case when the
local subsystems are piecewise smooth interval maps. A detailed survey can be found
in [Bu].

The first attempt to analyze coupled map lattices with multidimensional local sub-
systems of hyperbolic type was made by Pesin and Sinai in [PS]. They constructed
conditional distributions for the SRB-measure on unstable local manifolds assuming
that the local subsystem possesses a hyperbolic attractor. In [J1, J2], Jiang considered
the case when a local subsystem possesses a hyperbolic set and obtained some partial
results on the existence and uniqueness of Gibbs distributions. In this paper we ex-
tend these results and establish the existence and uniqueness of Gibbs distributions for
arbitrary chain of weakly interacting hyperbolic sets.

Our main tool of study is the thermodynamic formalism which is applied to the
lattice spin system of statistical mechanics associated with a given coupled map lattice.
We point out that the lattice spin systems corresponding to coupled map lattices are of
a special type and have not been studied in the framework of the “classical” statistical
mechanics until recently. The study of Gibbs distributions for these special lattice spin
systems required new and advanced technique which was developed in [JM] and [BK2,
BK3].

In [JM], the authors considered two-dimensional lattice spin systems. Using polymer
expansions of partition functions they found an explicit formula for Gibbs states in
terms of the potentials. They proved existence and uniqueness of Gibbs states for the
special class of potentials arising from the corresponding coupled map lattices (which
are generated by Ḧolder continuous functions with sufficiently small Hölder constant).
They also established continuity of Gibbs states over such potentials. In [BK2, BK3],
the authors considered general multidimensional lattice spin systems. Using expansions
of the correlation functions they also established existence and uniqueness of the Gibbs
states as well as the mixing property for the same type of potentials. In this paper we
include a detailed discussion of lattice spin systems and their relation to coupled map
lattices. The appendix contains a concise description of polymer expansions. This makes
the paper relatively self-contained and thus more accessible for specialists in dynamical
systems who are not very familiar with this highly specialized area of statistical physics.

The paper is divided into five sections. In the first three sections we generalize results
of [J1] on the topological structure of coupled map lattices of hyperbolic type. Our main
result is that these systems are structurally stable (Theorem 1.1). This result allows us
to obtain a complete description of topological properties of coupled map lattices of
hyperbolic type as well as construct their symbolic representations.

When the interaction is short ranged and thus the coupling is exponentially weak, the
conjugacy map allows one to use Markov partitions for the uncoupled map lattice to build
Markov partitions for the coupled map lattice. This leads to a symbolic representation
of the lattice system as a lattice spin system of statistical mechanics. In [JM] (see also
[BK3]) the authors established uniqueness of Gibbs states and exponential decay of
correlations for these lattice spin systems. We use their results (as well as results in
[BK3]) to establish uniqueness and the exponential mixing property of equilibrium
measures. Our main result is Theorem 3.6.

In Sect. 4 we construct “natural” finite-dimensional approximations of equilib-
rium measures. There are two different types of approximations. One results from
Z-approximations by finite volumes in the lattice while the other is obtained fromZd+1-
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approximations by finite volumes in the lattice spin systems. Our main results are stated
in Theorems 4.2 and 4.3.

In Sect. 5 we apply our results to establish the existence, uniqueness, and mix-
ing property of SRB-measures for chains of weakly interacting hyperbolic attractors.
We show that these measures are Gibbs states for Hölder continuous functions and we
describe them in terms of their finite-dimensional approximations using lattice spin sys-
tems (see Theorem 5.1). One direct consequence of our construction of SRB-measures
is a formula for theZd+1-measure theoretic entropy (see Remark (5) in Sect. 5; see
[J3] for the detailed proof). This generalizes the well-known formula for the entropy of
SRB-measures in the finite-dimensional case.

1. Coupled Map Lattices

1.1. Definition of coupled map lattices.LetM be a smooth compact Riemannian man-
ifold andf aCr-map ofM , r ≥ 1. Let alsoZd, d ≥ 1 be thed-dimensional integer
lattice. SetM = ⊗i∈ZdMi, whereMi are copies ofM . The spaceM admits the struc-
ture of an infinite-dimensional Banach manifold with the Finsler metric induced by the
Riemannian metric onM , i.e.,

‖v̄‖ = sup
i∈Zd

‖vi‖. (1.1)

The distance inM induced by the Finsler metric is given as follows:

ρ(x̄, ȳ) = sup
i∈Zd

d(xi, yi), (1.2)

wherex̄ = (xi) and ȳ = (yi) are two points inM andd is the Riemannian distance
onM .

We define thedirect productmap onM byF = ⊗i∈Zdfi, wherefi are copies off .
Consider a mapG onM which isCr-close to the identity mapid. Set8 = F ◦G.

The mapG is said to be aninteractionbetween points (space sites) of the latticeZd and
the map8 is said to be aperturbationof F . Iterates of the map8 generate aZ-action
onM calledtime translations.

We also consider the group action of the latticeZd onM by spatial translationsSk.
Namely, for anyk ∈ Zd and any ¯x = (xi) ∈ M, we set

(
Sk(x̄)

)
i

= xi+k.
The pair of actions (8, S) on M is called acoupled map latticegenerated by the

local mapf and the interactionG. If G commutes with the spatial translationsSk, i.e.,
Sk ◦ G = G ◦ Sk, we callG spatial translation invariant. In this case the pair (8, S)
generates aZd+1-action onM. If G = id, the lattice is calleduncoupled.

One can also define the perturbation in the form8 = G ◦ F . If F is invertible
(and in what follows we will always assume this) the study of perturbations of such
a form is equivalent to the study of perturbations in the previous form sinceG ◦ F =
F ◦ (F−1 ◦G ◦ F ) with F−1 ◦G ◦ F being close to the identity.

1.2. Coupled map lattices of hyperbolic type.We consider a special type of coupled map
lattice assuming that the local map is hyperbolic. More precisely, letU ⊂ M be an open
set,f : U → M aC1-diffeomorphism, and3 ⊂ U a closed invarianthyperbolicset for
f . The latter means that the tangent bundleT3M over3 is split into two subbundles:
T3M = Es

⊕
Eu , whereEs andEu arestableandunstable subspaces. They are both

invariant under the differentialDf , and for someC > 0 and 0< λ < 1,
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‖Dfnv‖ ≤ Cλn‖v‖ for n ≥ 0, v ∈ Es; (1.3)

‖Df−nw‖ ≤ Cλn‖w‖ for n ≥ 0, w ∈ Eu.

The hyperbolic set3 is calledlocally maximalif there exists an open setU ⊃ 3 such
that3 =

⋂
n∈Z f

n(Ū ), whereŪ is the closure ofU .
For any pointx in a hyperbolic set3 one can constructlocal stableandunstable

manifoldsdefined by

V s(x) = {y ∈ M : d(x, y) ≤ ε, d(fn(x), fn(y)) → 0, n → +∞};

V u(x) = {y ∈ M : d(x, y) ≤ ε, d(fn(x), fn(y)) → 0, n → −∞}. (1.4)

It is known that these submanifolds are as smooth as the mapf .
The definition of hyperbolicity can easily be extended to diffeomorphisms of Banach

manifolds. Suppose thatH is a C1-diffeomorphism of an open setU of a Banach
manifoldN (endowed with a Finsler metric) and a set1 ⊂ U is invariant underH (note
that1 may not be compact). We say that1 is hyperbolicif the tangent bundleT1N
over1 admits a splittingT1N = Es ⊕ Eu with the following properties:

1)Es andEu are invariant under the differentialDH;
2) for any continuous sectionsv valued inEs andw valued inEu we have

‖DHnv‖ ≤ Cλn‖v‖ and ‖DH−nw‖ ≤ Cλn‖w‖,
for some constantsC > 0 and 0< λ < 1 independent ofv andw;

3) there existsb > 0 such that for anyz the angle betweenEs(z) andEu(z) is
bounded away from zero, i.e.,

inf{‖ξ − η‖ : ξ ∈ Es(z), η ∈ Eu(z)‖, ‖ξ‖ = ‖η‖ = 1} ≥ b. (1.5)

Note that in the finite-dimensional case the last condition holds true automatically.
It is easy to see that the mapF is hyperbolic in the above sense, i.e., it possesses an

infinite-dimensional hyperbolic set

1F = ⊗i∈Zd3i,

where3i is a copy of3. Moreover, for each point ¯x = (xi) ∈ 1F the tangent spaceTx̄M
admits the splittingTx̄M = Es(x̄) ⊕ Eu(x̄), where thestableandunstable subspaces
are

Es(x̄) = ⊗i∈ZdE
s(xi), Eu(x̄) = ⊗i∈ZdE

u(xi). (1.6)

Furthermore, for each point ¯x = (xi) ∈ 1F the local stableandunstable manifolds
passing through ¯x are

V sF (x̄) = ⊗i∈ZdV
s
i (xi), V uF (x̄) = ⊗i∈ZdV

u
i (xi), (1.7)

whereV si (xi) andV ui (xi) are the local stable and unstable manifolds atxi respectively.
If the hyperbolic set3 is locally maximal, so is1F .

1.3. Short range maps.The goal of this paper is to investigate metric properties of coupled
map lattices of hyperbolic type. In the finite-dimensional case one uses thermodynamic
formalism (see [Bo, Ru]) to construct invariant measures and then studies the ergodicity
of hyperbolic maps with respect to these measures. The extension of this formalism to
the infinite-dimensional case faces some obstacles. The most crucial obstacle is non-
compactness of the hyperbolic set1F . One of the ways to overcome this obstacle is to
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introduce a new metric onM with respect to which the space becomes compact. This
metric is known as ametric with weightsand is defined as follows: given 0< q < 1 and
x̄, ȳ ∈ M, we set

ρq(x̄, ȳ) = sup
i∈Zd

q|i|d(xi, yi), (1.8)

where|i| = |i1| + |i2| + · · · + |id|, i = (i1, i2, · · · , id) ∈ Zd.
For different 0< q < 1 the metricsρq induce the same compact (Tychonov) topology

in M.
Although working withρq-metrics gives us some advantages in studying invariant

measures for the mapsF and8, it also introduces some new problems. For example,
the setM is no longer a differential manifold and the mapsF and8, while being
continuous, need not be differentiable. In particular, the set1F being compact is no
longer hyperbolic in the above sense but only in some weak sense. More precisely, this
set istopologically hyperbolic, i.e., for every point in1F the local stable and unstable
manifolds (1.7) are, in general, only continuous (not smooth).

We will restrict to the class of perturbations to be able to keep track of the hyperbolic
behavior of trajectories for the perturbation map8. More precisely, we consider the
special class of perturbations called short range maps. The concept of short range maps
was introduced by Bunimovich and Sinai in [BuSi] and was further developed by Pesin
and Sinai in [PS] (see also [KK]). We follow their approach.

LetY be a subset ofM andG : Y → M a map. We say thatG isshort rangedif G is
of the formG = (Gi)i∈Zd , whereGi : Y → Mi satisfy the following condition: for any
fixedk ∈ Zd and any points ¯x = (xj), ȳ = (yj) ∈ Y with xj = yj for all j ∈ Zd, j 6= k
we have

d(Gi(x̄), Gi(ȳ)) ≤ Cθ|i−k|d(xk, yk), (1.9)

whereC andθ are constants andC < 0, 0< θ < 1. We callθ thedecay constantofG.
If G is spatial translation invariant thenG can be shown to be short ranged with a

decay constantθ, if and only if

d(G0(x̄), G0(ȳ)) ≤ Cθ|k|d(xk, yk), (1.10)

for anyx̄ = (xj), ȳ = (yi) ∈ Y with xj = yj for all j ∈ Z, j 6= k.
In the following Propositions 1.1–1.3 we collect some basic properties of short range

maps. The proofs can be found in [J1].

Proposition 1.1. LetG be aC1-diffeomorphism of an open setU ⊂ M onto its image.
Assume thatG is short ranged with a decay constantθ. Then
1) the differential ofG at every point̄x,Dx̄G : Tx̄M → Tx̄M, is a short range linear

map with the same decay constantθ;
2) the bundle mapDG is short ranged with the same decay constantθ.

Moreover, if the mapG is continuous with respect to aρq-metric then either of statements
(1) or (2) implies thatG is short ranged.

Proposition 1.2. For any0 < θ < 1, there existsε > 0 such that ifG : M → M is a
short rangeC1+α-diffeomorphism with the decay constantθ anddistC1(G, id) < ε then
G−1 is also a short range map.

Short range maps are well adopted with the metric structure ofM generated byρq-
metrics as the following result shows.
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Proposition 1.3. 1) LetG : M → M be a short range map with a decay constantθ.
ThenG is Lipschitz continuous as a map from(M, ρq) into itself for anyq > θ.

2) If G is a Lipschitz continuous map from(M, ρq) to (M, ρq1), with some0< q1 < 1,
thenG is short ranged with the decay constantθ = q.

3) For any ε > 0 and 0 < θ < q < 1, there existδ > 0 such that ifG is aC1+α-
spatial translation invariant short range map ofM with the decay constantθ and
distC1(G, id) ≤ δ, thenG is Lipschitz continuous in theρq-metric with a Lipschitz
constantL ≤ 1 + ε.

1.4. Structural stability.We consider the problem of structural stability of coupled map
lattices of hyperbolic type (M, F ). It is well-known that finite-dimensional hyperbolic
dynamical systems are structurally stable (see for example, [KH, Sh]) and so are hyper-
bolic maps of Banach manifolds which admit a partition of unity (see [Lang]). We stress
that the Banach manifoldM = ⊗i∈ZdMi does not admit a partition of unity and this
result cannot be applied directly. In order to study structural stability we will exploit the
special structure of the system (M, F ) as the direct product of countably many copies
of the samefinite-dimensional dynamical system (M, f ). This enables us to establish
structural stability by modifying arguments from the proof in the finite-dimensional
case.

From now on we always assume that the interactionG is short ranged.

Theorem 1.1. 1) For anyε > 0 there exists0< δ < δ0 such that, ifdistC1(8, F ) ≤ δ,
then there is a unique homeomorphismh : 1F → M satisfying8 ◦ h = h ◦ F |1F

with distC0(h, id) ≤ ε. In particular, the set18 = h(1F ) is hyperbolic and locally
maximal.

2) For any 0 < θ < 1 there existsδ > 0 such that ifG is aC2-spatial translation
invariant short range map with a decay constantθ anddistC1(G, id) ≤ δ, then the
conjugacy maph is Hölder continuous with respect to the metricρq, 0 < q < 1.
Moreover,
h = (hi(x̄))i∈Zd satisfies the following property:

d(h0(x̄), h0(ȳ)) ≤ C(δ)dα(xk, yk) (1.11)

for everyk 6= 0 and anyx̄, ȳ ∈ M with xi = yi, i ∈ Zd, i 6= k, where0 < α < 1
andC(δ) > 0 is a constant. Furthermore,C(δ) → 0 asdistC1(G, id) → 0.

Proof. We describe the main steps of the proof of Statement 1 recalling those arguments
that will be used below (detailed arguments can be found in [J1]). LetU (1F ) be an open
neighborhood of1F andC0(1F , U (1F )) the space of all continuous maps from1F

toU (1F ). Consider the map

G : C0(1F , U (1F )) → C0(1F ,M) (1.12)

defined byβ 7−→ 8◦β ◦F−1. We wish to show thatG has a unique fixed point near the
identity map. Let00(1F , TM) be the space of all continuous vector fields on1F . We
denote byI the identity embedding of1F intoM, byBγ(I) the ball inC0(1F , U (1F ))
centered atI of radiusγ, and byA : Bγ(I) → 00(1F , TM) the map that is defined as
follows:

Aβ(ȳ) = (exp−1
yi
βi(ȳ))i∈Z. (1.13)

Whenγ is smallA is a homeomorphism onto the ballDγ(0) in 00(1F , TM) centered
at the zero section 0 of radiusγ. Set
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G′ = A ◦ G ◦ A−1 : Dγ(0) → 00(1F , TM). (1.14)

If a sectionv ∈ Dγ(0) is a fixed point ofG′, thenA ◦ G ◦ A−1v = v, and hence the
preimage ofv, A−1v ∈ Bγ(I), is a fixed point ofG.

To show thatG′ has a fixed point inDγ(0) we want to prove that the following
equation has a unique solutionv in Dγ(0):

−((DG′)|0 − Id)−1(G′v − (DG′)|0v) = v. (1.15)

Note that00(1F , TM) is a Banach space and the mapG′ is differentiable inDγ(0). In
fact,DG′ is Lipschitz inv since the exponential map and its inverse are both smooth.
Since the mapG is short ranged, so are the mapsG′ and (DG′)|0. Therefore, we can use
weak∗ bases to represent (DG′) in a matrix form. This enables one to readily reproduce
the arguments in [KH] (see Lemma 18.1.4) and, exploiting hyperbolicity ofF , to show
that:
1) the operator−((DG′)|0 − Id)−1 is bounded;
2) the mapK : Dγ(0) → 00(1F , TM) defined by

Kv = −((DG′)|0 − Id)−1(G′v − (DG′)|0v) (1.16)

is contracting in a smaller ballDγ0(0) ⊂ Dγ(0) ⊂ 00(1F , TM);
3) K(Dγ0(0)) ⊂ Dγ0(0).

Thus,K has a unique fixed point inDγ0(0).
We now proceed with Statement 2 of the theorem. In order to establish (1.11) we

need to show that the sectionv has such a property. Letw be a section satisfying (1.11).
Since the mapK is short ranged and sufficiently closed to an uncoupled contracting
map, it is straightforward to verify that the sectionKw also satisfies (1.11).

Since the mapG is spatial translation invariant, so ish. The Ḧolder continuity of
h was proved in [J1] by showing that stable and unstable manifolds for8 vary Hölder
continuously in theρq-metric. In Sect. 5, we describe finite-dimensional approximations
for h which can be also used to establish an alternative proof of the Hölder continuity.
�

The hyperbolicity of the map8|18
enables one to establish the following topological

properties of this map:
1) the manifoldsV s8(h(x̄)) = h(V sF (x̄)) andV u8 (h(x̄)) = h(V uF (x̄)) are local stable and

unstable manifolds for8. They are infinite-dimensional submanifolds ofM and are
transversalin the sense that the distance between their tangent bundles is bounded
away from 0.

2) stable and unstable manifolds for8 constitute alocal product structureof the set
18. This means that there exists a constantδ such that for any ¯x, ȳ ∈ 18 with
ρ(x̄, ȳ) < δ, the intersectionV s8(x̄) ∩V u8 (ȳ) consists of a single point which belongs
to 18.

Furthermore, in [J1] the author proved the following result.

Theorem 1.2. If the mapf |3 is topologically mixing then so is the map8|18
.

Although the spaceM equipped with theρq-metric is not a Banach manifold and
the mapsF and8 are not differentiable, Theorem 1.1 allows one to keep track of the
hyperbolic properties of these maps. More precisely, the following statements hold:



682 M. Jiang, Ya.B. Pesin

1) The local stable and unstable manifolds are Lipschitz continuous with respect to the
ρq-metric. The map8 is uniformly contracting on stable manifolds and the map8−1

is uniformly contracting on unstable manifolds. The contracting coefficients can be
estimated from above by (1 +ε)λ with ε arbitrary small.

2) The local stable and unstable manifolds are transversal in theρq-metric in the fol-
lowing sense: for any points ¯x, ȳ ∈ V s8(x̄), andz̄ ∈ V u8 (x̄),

ρq(x̄, ȳ) + ρq(x̄, z̄) ≤ Cρq(ȳ, z̄), (1.17)

whereC is a constant depending only on the size of local stable and unstable mani-
folds and the numberq.

The first property was originally proved in [PS] based upon the graph transform
technique. The second property was established in [J2]. These properties allows one to
say that the map8 is “topologically hyperbolic”.

2. Existence of Equilibrium Measures

Let � be a compact metric space andτ aZd+1-action on� induced byd+ 1 commuting
homeomorphisms,d ≥ 0. Let alsoU = {Ui} and be a cover of�. For a finite set
X ⊂ Zd+1 define

UX = ∨x∈Xτ−xU . (2.1)

Denote by|X| the cardinality of the setX.
The actionτ is said to beexpansiveif there existsε > 0 such that for anyξ, η ∈ �,

d(τxξ, τxη) ≤ ε for all x ∈ Zd+1 impliesξ = η.

A Borel measureµ on � is said to beτ -invariant if µ is invariant under alld + 1
homeomorphisms. We denote the set of allτ -invariant measures on� by I(�).

Let µ ∈ I(�) andU = {Ui} be a finite Borel partition of�. Define

H(µ,U ) = −
∑
i

µ(Ui) logµ(Ui), (2.2)

and then set

hτ (µ,U ) = lim
a1,...,ad+1→∞

1
|X(a)|H(µ,UX(a)) = inf

a

1
|X(a)|H(µ,UX(a)), (2.3)

whereX(a) = {(i1 . . . id+1) ∈ Zd+1 : a = (a1 . . . ad+1), ak > 0, |ik| ≤ ak, k =
1, . . . , d + 1}. The (measure-theoretic)entropyof µ is defined to be

hτ (µ) = sup
U
hτ (µ,U ) = lim

diamU→0
hτ (µ,U ), (2.4)

where diamU = maxi(diamUi).
Let U be a finite open cover of�, ϕ a continuous function on�, andX a finite

subset ofZd+1. Define

ZX (ϕ,U ) = min
{Bj}

{
∑
j

exp
[

inf
ξ∈Bj

∑
x∈X

ϕ(τxξ)
]}, (2.5)

where the minimum is taken over all subcovers{Bj} of UX . Set
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Pτ (ϕ,U ) = lim sup
a1,...,ad+1→∞

1
|X(a)| logZX(a)(ϕ,U ). (2.6)

The quantity
Pτ (ϕ) = lim

diamU→0
Pτ (ϕ,U ) = sup

U
Pτ (ϕ,U ) (2.7)

is called thetopological pressureof ϕ (one can show that the limit in (2.7) exists).
For any continuous functionϕ and anyν ∈ I(�) thevariational principleof statis-

tical mechanics claims that

Pτ (ϕ) = sup
ν∈I(�)

(
hτ (ν) +

∫
ϕdν

)
. (2.8)

A measureµ ∈ I(�) is called anequilibrium measureforϕwith respect to aZd+1-action
τ if

Pτ (ϕ) = hτ (µ) +
∫
ϕdµ. (2.9)

In [Ru], Ruelle shows that expansiveness of aZd+1-action implies the upper semi-
continuity of the metric entropyhτ (µ) with respect toµ. Therefore, it also implies the
existence of equilibrium measures for continuous functions. For uncoupled map lattices
one can easily check that the action (F, S) is expansive on1F in theρq-metric. The
expansiveness of the action (8, S) on 18 is a direct consequence of the structural
stability (see Theorem 1.1). Thus, we have the following result.

Theorem 2.1. Let τ = (8, S) be aZd+1−action on18, where8 = F ◦ G andG is
short ranged spatial translation invariant and sufficientlyC1-close to identity. Then for
any0 < q < 1 and any continuous functionϕ on (18, ρq), there exists an equilibrium
measureµϕ for ϕ with respect toτ . The measureµϕ does not depend onq.

While this theorem guarantees the existence of equilibrium measures for continuous
functions (with respect toρq-metrics), it does not tell us anything about uniqueness and
ergodic properties of these measures. One can show that uniqueness of equilibrium mea-
sures implies their ergodicity (see [Mañé]) and usually some stronger ergodic properties
(mixing, etc.).

Ruelle [Ru] obtained the following general result about uniqueness which is a direct
consequence of the convexity of the topological pressure on the Banach spaceC0(18)
of all continuous functions in aρq-metric.

Theorem 2.2. Assume that the mapf is topologically mixing. Then for a residual set of
(continuous) functions inC0(18), the corresponding equilibrium measures are unique.

3. Uniqueness of Equilibrium Measures

Ruelle’s theorem does not specify the class of functions for which the uniqueness takes
place. In this section we establish uniqueness for Hölder continuous functions with suf-
ficiently small Ḧolder constant. Our main tool is the thermodynamic formalism applied
to symbolic models corresponding to the coupled map lattices.

3.1. Markov partitions and symbolic representations.One of the main manifestations
of Structural Stability Theorem 1.1 is that the conjugacy maph is continuous inρq-
metric and is even Ḧolder continuous. Therefore, the study of existence, uniqueness, and
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ergodic properties of an equilibrium measureµϕ corresponding to a (Ḧolder) continuous
functionϕ on18 for the perturbed map8 is equivalent to the study of these properties
for the equilibrium measureµϕ◦h for the unperturbed mapF .

We shall assume thatf is topologically mixing and the hyperbolic set3 is locally
maximal. For anyε > 0 there exists aMarkov partitionof 3 of “size” ε. This means
that3 is the union of setsRi, i = 1, . . . ,m satisfying:

1) each setRi is a “rectangle”, i.e., for anyx, y ∈ Ri the intersection of the local stable
and unstable manifoldsV s(x) ∩ V u(y) is a single point which lies inRi;

2) diamRi < ε andRi is the closure of its interior;
3) Ri ∩Rj = ∂Ri ∩ ∂Rj , where∂Ri denotes the boundary ofRi;
4) if x ∈ Ri andf (x) ∈ intRj , thenf (V s(x,Ri)) ⊂ V s(f (x), Rj); if x ∈ Ri and

f−1(x) ∈ intRj , thenf−1(V u(x,Ri)) ⊂ V u(f (x), Rj); hereV s(x,Ri) = V s(x) ∩
Ri andV u(x,Ri) = V u(x) ∩Ri.

The transfer matrixA = (aij)1≤i,j≤m associated with the Markov partition is defined
as follows:aij = 1 if f (intRi) ∩ intRj 6= ∅ andaij = 0 otherwise.

Let (6A, σ) be the associated subshift of finite type (whereσ denotes the shift).
For eachξ ∈ 6A the set

⋂∞
n=−∞ f−n(Rξ(n)) contains a single point. Thecoding map

π : 6A → 3 defined byπξ =
⋂∞
n=−∞ f−n(Rξ(n)) is a semi-conjugacy betweenf and

σ, i.e.,f ◦ π = π ◦ σ.

We consider6Zd
A as a subset of the direct product�Zd+1

, where� = {1, 2, . . . ,m}.
The elements will be denoted bȳξ = ξ̄(i, j)i∈Zd,j∈Z, or sometimes bȳξ = ξi(j)i∈Zd,j∈Z.
This symbolic space is endowed with the distance

ρq(ξ̄, η̄) = sup
(i,j)∈Zd+1

q|i|+|j||ξ̄(i, j) − η̄(i, j)|, (3.1)

which is compatible with the product topology. Letσt andσs be the time and space

translations on6Zd
A defined as follows: for̄ξ = (ξi) ∈ 6Zd

A , ξi = ξi(·) ∈ 6A,

(σkt ξ̄)i(j) = ξi(j + k), k ∈ Z; (σks ξ̄)i = ξi+k, k ∈ Zd. (3.2)

We define the coding map ¯π = ⊗i∈Zdπ : 6Zd
A → 1F . It is a semi-conjugacy between the

uncoupled map lattice and the symbolic dynamical system, i.e., the following diagram
is commutative:

1F
(F,S)−→ 1F

↑ π̄ ↑ π̄
6Zd
A

(σt,σs)−→ 6Zd
A . (3.3)

The following statement describes the properties of the map ¯π. Its proof follows
from the definitions. We denote the boundary set of the Markov partition forf by ∂R
and the boundary set of the induced the Markov partition of1F by B. The setB can be
written in the form of a countable union:B = ∪k∈ZdB(k), whereB(k) = {x̄ = (xi)i∈zd :
xk ∈ ∂R}.
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Proposition 3.1. (1) π̄ is surjective and Lipschitz continuous with respect to theρq-
metric for any0< q < 1.

(2) π̄ ◦ σt = F ◦ π̄, π̄ ◦ σs = S ◦ π̄, i. e., π̄ ◦ τ∗ = τ ◦ π̄.
(3) π̄ is injective outside the set

⋃
k∈Zd+1 τ∗k(π̄−1(B)).

3.2. Coupled map lattices and lattice spin systems.The coding map ¯π enables one
to reduce the study of the uniqueness and ergodic properties of equilibrium measures
corresponding to a (Ḧolder) continuous functionϕ on (1F , ρq) for the Zd+1-action
τ = (F, S) to the study of the same properties of equilibrium measures corresponding

to the functionϕ∗ = ϕ ◦ π̄ on6Zd
A for the actionτ∗ = (σt, σs). In statistical physics the

latter is calledthe lattice spin system. We describe the reduction in the following series
of results.

Theorem 3.1. (1) Letϕ be a continuous function on1F . ThenPτ∗ (ϕ∗) ≥ Pτ (ϕ).

(2) Letµ∗ be aτ∗-invariant measure on6Zd
A andµ = µ∗ ◦ π̄−1

∗ . Thenhτ (µ) ≤ hτ∗ (µ∗).

As in the case of finite-dimensional dynamical systems it is crucial to know that the
projection measureµ = µ∗ ◦ π̄−1

∗ of the equilibrium measureµ∗ corresponding to the
functionϕ∗ is not concentrated on the boundaryB of the Markov partition, i.e., that

µ∗(π̄−1(B)) = 0. (3.4)

Theorem 3.2. Letϕ be a continuous function on1F . Assume that the condition (3.4)
holds for any equilibrium measureµ∗ corresponding toϕ∗ = ϕ ◦ π̄. Then,
(1) the pressurePτ∗ (ϕ∗) = Pτ (ϕ);
(2) the measureµ = µ∗ ◦ π̄−1

∗ is an equilibrium measure corresponding toϕ;
(3) if µϕ is an equilibrium measure forϕ on 1F , then there exists an equilibrium

measureµ∗ for ϕ∗ = ϕ ◦ π̄ with the propertyµϕ(E) = µ∗(π̄−1(E)) for any Borel
setE ⊂ 1F .

Theorem 3.1 and Statements 1 and 2 of Theorem 3.2 follow directly from the defi-
nitions of topological pressure and metric entropy for theZd-actions and the variational
principle (see (2.4) and (2.7)). Statement 3 of Theorem 3.2 can be proved using argu-
ments similar to those in the finite-dimensional case (see [Bo]). LetA be the set of
continuous functions on6Zd

A of the formg ◦ π̄, whereg is a continuous function on1F .

Clearly,A is a closed linear subspace of the space of all continuous functions on6Zd

A .
Define a linear functionalF onA by the formulag ◦ π̄ → ∫

g dµ and extend it then to
the entire space by the Hahn-Banach theorem. Consider a new functionalF∗ which is a
weak∗-accumulation point of the average of translations ofF over finite volumes of the
lattice. Letµ∗ be the measure corresponding toF∗. One can see thatµ∗ is a translation
invariant measure. Finally, one can use the variational principle to show thatµ∗ is an
equilibrium measure.

In the finite-dimensional case Condition (3.4) holds provided the potential function
is Hölder continuous. This is due to the fact that the equilibrium measure is unique and
hence is ergodic [Ma]. In the infinite-dimensional case the ergodicity ofµ∗ with respect
to time translations is still sufficient for (3.4) to hold.

Theorem 3.3 ([J1]). Letµ∗ be an equilibrium measure corresponding to a Hölder con-

tinuous function on6Zd
A . Assume thatµ∗ is ergodic with respect to the time translation

σt. Then it satisfies Condition (3.4).
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The proof of this theorem is similar to the argument in the finite-dimensional case
(see [Bo]). The boundaryB can be represented as the unionB = ∪k∈ZdB(k), where
B(k) = {x̄ = (xi) : xk lies on the boundary of the Markov partition forfk}. EachB(k)
can be decomposed into “stable” and “unstable” parts,B+(k) andB−(k) (depending on
whetherxk lies on stable or unstable local manifolds). The stable part is invariant under
F and is a closed subset. Thus, its preimage in6Zd

A , π̄−1(B+(k)) is a closed subset and is
invariant under time translations. By ergodicity, its measure is either zero or one. Since
every equilibrium measure is a Gibbs state and takes on positive values on open sets (see
below) the measure of the stable part ¯π−1B+(k) is zero. Applying the above arguments
to the inverse ofF , we conclude that the measure of the unstable part ¯π−1B−(k) is also
zero and hence Eq. (3.4) holds for the whole boundary set.

Uniqueness of the equilibrium measure implies its ergodicity with respect to the
Zd+1-action induced by (F, S). This is weaker than ergodicity with respect to the time
translation. In [J1], the author proved directly that for a class of Hölder continuous
functions Condition (3.4) holds.

Recall that a functionϕ on1F is Hölder continuous in theρq-metric if

|ϕ(x̄) − ϕ(ȳ)| ≤ cραq (x̄, ȳ),

wherex̄ = (xi), ȳ = (yi) ∈ 1F . Note that if the functionϕ is Hölder continuous on

1F (in theρq-metric) then the functionϕ∗ = ϕ · π̄ on 6Zd
A is also Ḧolder continuous.

The following statement enables one to reduce the study of the uniqueness problem for
coupled map lattices to the study of the same problem for lattice spin systems.

Theorem 3.4 ([J1]). Let ϕ be a Ḧolder continuous function on(1F , ρq). Assume in
addition that

|ϕ(x̄) − ϕ(ȳ)| ≤ cραq (x̄, ȳ),

wherex̄ = (xi), ȳ = (yi) ∈ 1F ,x0 = y0, andc is sufficiently small. Then,µ∗(π̄−1(B)) = 0

holds for any equilibrium measureµ∗ for ϕ∗ on6Zd
A . Therefore, for this class of poten-

tial functions, the uniqueness of equilibrium measure forϕ∗ implies the uniqueness of
equilibrium measure forϕ.

In the next section we shall actually show that the equilibrium measure forϕ∗ is
unique and exponentially mixing for the class of Hölder continuous functions satisfying
the condition of Theorem 3.4.

3.3. Gibbs states for lattice spin systems.We remind the reader of the concept of Gibbs
states for lattice spin systems of statistical physics.

An elementξ̄ ∈ 6Zd
A ⊂ �Zd+1

is called aconfiguration. For any subsetX ⊂ Zd+1

we set

�X = {η̄ ∈ �X : there exists̄ξ ∈ 6Zd
A such that ¯η(i) = ξ̄(i), i ∈ X}.

The elements of�X will be denoted byξ̄X , or sometimes bȳξ(X). One can say that
�X consists of restrictions of configurations̄ξ toX.

Let ϕ be a Ḧolder continuous function on6Zd
A with respect to theρq-metric (see

(3.1)). For each finite subsetX ⊂ Zd+1 define the functionpX (ξ̄) on6Zd
A by

pX (ξ̄) =
1∑

η̄,η̄(X̂)=ξ̄(X̂)
exp

(∑
x∈Zd+1 ϕ(τxη̄) − ϕ(τxξ̄)

) , (3.5)
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whereτx is the action (σt)i ◦ (σs)j , X̂ = Zd+1 \X, andx = (i, j), i ∈ Zd, j ∈ Z.

A probability measureµ on6Zd
A is called aGibbs statefor ϕ if for any finite subset

X ⊂ Zd+1,

µX (ξ̄X ) =
∫

�
X̂

pX (ξ̄)dµ
X̂
, (3.6)

whereµX andµ
X̂

are the probability measures on�X and�
X̂

respectively that are
induced by natural projections. This equation is known as theDobrushin-Ruelle–Lanford
equation.

There is an equivalent way to describe Gibbs states corresponding to Hölder contin-
uous functions on symbolic spaces. Letϕ be such a function. For each finite volumeX
we define a conditional Gibbs distribution on�X under the given boundary condition
η̄∗ by

µη̄∗,X (ξ̄(X)) =
1∑

η̄,η̄(X̂)=η̄∗(X̂)
exp

(∑
x∈Zd+1 ϕ(τxη̄) − ϕ(τx(ξ̄(X) + η̄∗(X̂))

) , (3.7)

whereξ̄(X)+η̄∗(X̂) denotes the (admissible) configuration onX∪X̂ whose restrictions
to X andX̂ are ξ̄(X) and η̄∗(X̂) respectively. The set of all Gibbs states forϕ is the
convex hull of the thermodynamic limits of the conditional Gibbs distributions.

The relation between translation invariant Gibbs states and equilibrium measures
can be stated as follows (see [Ru]).

Theorem 3.5. If the transfer matrixA is aperiodic thenµ is an equilibrium measure
for ϕ if and only if it is a translation invariant Gibbs state forϕ.

In statistical mechanics Gibbs states are usually defined for potentials rather than for
functions. We briefly describe this approach.

A potentialU is a collection of functions defined on the family of all finite configu-
rations, i.e.,

U = {UX : X ⊂ Zd+1, UX : �X → R}.
Gibbs statesfor a potentialU are defined as the convex hull of the thermodynamic limits
of theconditional Gibbs distributions:

µη̄∗,X (ξ̄(X)) =
exp(

∑
V ∩X 6=∅ UV (ξ̄(X) + η̄∗(X̂))∑

η̄,η̄(X̂)=η̄∗(X̂)
exp(

∑
V ∩X 6=∅ UV (η̄))

, (3.8)

where ¯η∗ is a fixed configuration.
We describe potentials corresponding to Hölder continuous functions (in theρq-

metric (see (3.1)). Letϕ be such a function. We writeϕ in the form of a series

ϕ =
∞∑
n=0

ϕn. (3.9)

Here the value ofϕn depends only on configurations inside the (d+1)-dimensional cube
Qn centered at the origin of side 2n× · · · × 2n. We also setQ0 = (0, 0). We define the
functionsϕn as follows. Fix a configurationη∗ and set

ϕ0(ξ̄) = ϕ
(
ξ̄(Q0) + η̄∗(Q̂0)

)
. (3.10)
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Continuing inductively we define

ϕn+1(ξ̄) = ϕ
(
ξ̄(Qn+1) + η̄∗(Q̂n+1)

)− ϕ
(
ξ̄(Qn) + η̄∗(Q̂n)

)
, n = 1, 2, . . . . (3.11)

It is easy to see that‖ϕn‖ → 0 exponentially fast asn → ∞. We define the potential
Uϕ associated with the functionϕ onQn by setting

Uϕ(ξ̄(Qn)) = ϕn(ξ̄(Qn)). (3.12)

For other (d+1)-dimensional cubes that are translations ofQn we assign the same value
ofUϕ. For other finite subsets ofZd+1 we define the potential to be zero. Thus, we obtain
a translation invariant potential whose values on finite volumes decrease exponentially
when the diameter of the volume grows.

If ϕ0 = 0, the value of the corresponding potentialUϕ is bounded by the Ḧolder
constant of the functionϕ. More generally, let us set

F (α, q, ε) = {ϕ : |ϕ(ξ̄) − ϕ(η̄)| ≤ εραq (ξ̄, η̄)}, (3.13)

‖UQn
‖ = sup

ξ(Qn)∈�Qn

|UQn
(ξ̄(Qn))|, (3.14)

P(q, ε) = {U : sup
n≥1

q−n‖UQn
‖ ≤ ε}. (3.15)

It is easy to see that, ifϕ ∈ F (α, q, ε), thenUϕ ∈ P(qα, ε). On the other hand,Uϕ ∈
P(q, ε) impliesϕ ∈ F (1/2, q, ε).

The definition of Gibbs states corresponding to potentials is consistent with the
one corresponding to functions. More precisely, Gibbs distributions corresponding to a
Hölder continuous functionϕ are exactly the Gibbs distributions corresponding to the
potentialUϕ.

As we have seen the problem of uniqueness of equilibrium states on symbolic spaces
can be reduced to the problem of uniqueness of translation invariant Gibbs states provided
the functionϕ is Hölder continuous. This problem has been extensively studied in
statistical physics for a long time. In the one-dimensional case (whend = 0) Gibbs
states are always unique and are mixing with respect to the shift provided the potential
decays exponentially fast as the length of intervals goes to infinity (see [Ru]). In the
case of higher dimensional lattice spin systems the well-known Ising model provides an
example where the Gibbs states are not unique even for potentials of finite range (see
[Sim]). We first describe the two-dimensional Ising model in the context of spin lattice
systems.

Example 1 (The Ising Model,d = 1). Define the potential functionϕ on� by

ϕ(ξ̄) = β
(
ξ̄(1, 0)ξ̄(0, 0) + ξ̄(0, 0)ξ̄(0, 1)

)
. (3.16)

Then the following statements hold:
(1) ϕ(ξ̄) depends only on the values ofξ̄ at three lattice points:(1, 0), (0, 0), and(0, 1)

and is Ḧolder continuous;
(2) there existsβ0 > 0 such that forβ > β0 Gibbs states corresponding to the potential

Uϕ generated byϕ are not unique.

Based upon this Ising model we describe now an example of a coupled map lattice
and a Ḧolder continuous function with non-unique equilibrium measure.
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Example 2 (Phase Transition For Coupled Map Lattices).LetM be a compact smooth
surface and (3, f ) the Smale horseshoe. One can show that the semi-conjugacy ¯π be-
tweenM = ⊗i∈ZM and{0, 1}Z2

induced by the Markov partition can be chosen as
an isometry. Thus, the functionψ = ϕ ◦ π̄−1 is Hölder continuous on1F , where the
functionϕ is chosen as in Example 1. Since the boundary of the Markov partition is
empty Condition (3.1) holds. We conclude that there are more than one equilibrium
measure for the functionψ.

The following statement provides a general sufficient condition for uniqueness of
Gibbs states. LetU be a translation invariant potential on the configuration space�Zd+1

,
where� = {1, 2, . . . ,m}.
(1) ( Dobrushin’s Uniqueness Theorem[D1, Sim]): Assume that∑

X: 0∈X
(|X| − 1)||U (X)|| < 1. (3.17)

Then the Gibbs state forU is unique.
(2) ([Gro, Sim]): There existr > 0 andε > 0 such that if∑

X: 0∈X
erd(X)||U (X)|| ≤ ε (3.18)

(d(X) denotes the diameter ofX) then the unique Gibbs state is exponentially mixing
with respect to theZd+1-action on�Zd+1

.

The proof of Dobrushin’s uniqueness theorem exploits the direct product structure
of the configuration space�Zd+1

. This result cannot be directly applied to establish
uniqueness of Gibbs states for lattice spin systems, which are symbolic representations

of coupled map lattices, because the configuration space6Zd
A is, in general, a translation

invariant subset of�Zd+1

. In [BuSt], the authors constructed examples of strongly irre-
ducible subshifts of finite type for which there are many Gibbs states corresponding to
the functionϕ = 0. In order to establish uniqueness we will use some special structure of

the space6Zd
A : it admits subshifts of finite type in the “time” direction and the Bernoulli

shift in the “space” direction.
We now present the main result on uniqueness and mixing property of Gibbs states

for lattice spin systems which are symbolic representations of coupled map lattices of
hyperbolic type. In the two-dimensional case (d = 1), it was proved by Jiang and Mazel
(see [JM]). In the multidimensional case it was established by Bricmont and Kupiainen
(see [BK3]).

A potentialU0 on 6Z
A is called longitudinal if it is zero everywhere except for

configurations on vertical finite intervals of the lattice. A potentialU0 is said to be
exponentially decreasingif

|U0(ξ̄(I))| ≤ Ce−λ|I|, (3.19)

whereC > 0 andλ > 0 are constants,I is a vertical interval (i.e., in the time direction),
|I| is its length, and̄ξ(I) is a configuration overI. Exponentially deceasing longitudinal
potentials correspond to those potential functions whose values depend only on the
configurationξ̄(0, j), j ∈ Z.

We say that a Gibbs state is exponentially mixing if for every integrable function on
the configuration space theZd+1-correlation functions decay exponentially to zero.
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Theorem 3.6 (Uniqueness and Mixing Property of Gibbs States).For any exponen-
tially deceasing longitudinal potentialU0 and every0< q < 1, there existsε > 0 such
that the Gibbs state for any potentialU = U0 + U1 with U1 ∈ P(q, ε) is unique and
exponentially mixing.

Proof. We provide a brief sketch of the proof assuming first thatU0 = 0 andd = 1.
We may assume that the potential is non-negative (otherwise, the non-negative potential
U ′(η(Q)) = U (η(Q)) + maxη(Q) |U (η(Q))| defines the same family of Gibbs distribu-
tions).

We introduce a new potential̃U which is defined on rectangles and isequivalentto
the potentialU . The latter means that both potentials generate the same conditional Gibbs
distributions. Consider a squareQand a rectangleP and denote byb(Q) = (b1(Q), b2(Q))
andb(P ) = (b1(P ), b2(P )) the left lowest corners ofQ andP , respectively. FixL > 0
(its choice will be specified later) and define arectangular potentialŨ (η̄(P )) in the
following way. For every rectangleP with b2(P ) = nL, n ∈ Z of sizel(P ) ×Ll(P ) we
have

Ũ (η̄(P )) =
∑

Q:Q∼P
U (η̄(Q)), (3.20)

where the sum is taken over all squaresQ associated withP (we write this asQ ∼ P )
i.e., the following condition holds:Q is of sizel(P )× l(P ) andb1(Q) = b1(P ), b2(P ) ≤
b2(Q) < b2(P ) +L. It is easy to show that̃U ∈ P(q, δ), whereδ = δ(ε) → 0 asε → 0.

Let V ⊂ Z2 be any finite volume. Fix a boundary condition ¯η∗(V̂ ). For any config-
urationξ̄(V ) such thatξ̄(V ) + η̄∗(V̂ ) is a configuration inZ2 aconditional Hamiltonian
specified by the potential̃U (η̄(P )) is defined as follows (see A2.3)

HŨ (ξ̄(V )|η̄∗(V̂ )) = −
∑

P∩V 6=∅
Ũ
(
η̄(P )|ξ̄(V ) + η̄∗(V̂ )

)
.

The expressioñU
(
η̄(P )|ξ̄(V ) + η̄∗(V̂ )

)
means that the potential̃U (η̄(P )) is evaluated

under the condition that̄ξ(V ) + η̄∗(V̂ ) is fixed. It is easy to see that

HŨ (ξ̄(V )|η̄∗(V̂ )) = −
∑

Q:Q∩V 6=∅
U
(
η̄(Q)|ξ̄(V ) + η̄∗(V̂ )

)
−
∑

P∩V 6=∅

∑
Q:Q∼P
Q∩V =∅

U
(
η̄(Q)|ξ̄(V ) + η̄∗(V̂ )

)
= HU (ξ̄(V )|η̄∗(V̂ )) −

∑
P∩V 6=∅

∑
Q:Q∼P
Q∩V =∅

U
(
η̄(Q)|ξ̄(V ) + η̄∗(V̂ )

)
.

(3.21)

The conditional Gibbs distributions defined by (3.8) for the potentialŨ can be expressed
in terms of the conditional Hamiltonian as follows:

µ
V,η̄∗ (ξ̄(V )) =

exp
(
H(ξ̄(V )|η̄∗(V̂ ))

)
Ξ(V |η̄∗(V̂ ))

, (3.22)

where
Ξ(V |σ′(V̂ )) =

∑
η̄(V )

exp
(
H(η̄(V )|η̄∗(V̂ ))

)
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is thepartition functionfor the potentialŨ in the volumeV with the boundary condition
η̄∗(V̂ ) (see (A2.2) and (A2.4)). It follows from (3.21) that

exp
(
HU (ξ̄(V )|η̄∗(V̂ ))

)∑
η̄(V ) exp

(
HU (η̄(V )|η̄∗(V̂ ))

) =
exp

(
HŨ (ξ̄(V )|η̄∗(V̂ ))

)∑
η̄(V ) exp

(
HŨ (η̄(V )|η̄∗(V̂ ))

) .
Therefore, the potentialsU andŨ generate the same conditional Gibbs distributions on
any finite volumeV ⊂ Z2.

Let B ⊂ V ⊂ Z2. We use (3.22) to compute the probabilityµ
V,η̄∗ (ξ̄(B)) of the

configurationξ̄(B) under the boundary condition and wish to show that it has a limit
asV → Z2 independent of ¯η∗. The latter is the unique Gibbs state for the potentialŨ .
Using (3.22) we obtain the following formula for the conditional measureµ

V,η̄∗ (ξ̄(B)):

µ
V,η̄∗ (ξ̄(B)) =

∑
η̄(V ):η̄(V )|B=ξ̄(B)

µ
V,η̄∗ (η̄(V )).

We wish to use the Polymer Expansion Theorem (see Appendix) and decompose the
above expression in the form of (A4.3). Namely,

µ
V,η̄∗ (ξ̄(B)) =

N (B) exp

∑
P⊆B

Ũ (η̄(P )) +
∑

℘:℘∩V \B 6=∅
w(℘|ξ̄(B) + η̄∗(V̂ )) −

∑
℘:℘∩V 6=∅

w(℘|η̄∗(V̂ ))

 ,
(3.23)

where N (B) is the normalizing factor, determined the volumeB (see (A4.4)),
w(℘|η̄∗(V̂ )) andw(℘|ξ̄(B) + η̄∗(V̂ )) are the statistical weights for the polymer℘ (see
(A4.3)), andP is a rectangle. If the parameterL in the definition of the rectangles is
chosen sufficiently large andε is sufficiently small by the Polymer Expansion Theorem,
each sum in (3.23) converges to a limit uniformly inP(q, δ).

The above argument can be extended to the general case whenU0 is an exponentially
decreasing longitudinal potential (see [JM] for detail). The cased > 1 is considered by
Bricmont and Kupiainen in [BK3] and is treated in a slightly different way by obtaining
polymer expansions of correlation functions. �

Theorems 3.4 and 3.6 enable us to obtain the following main result about uniqueness
and mixing property of equilibrium measures for coupled map lattices.

Theorem 3.7. Let (8, S) be a coupled map lattice andϕ = ϕ0 + ϕ1 a function on18,
whereϕ0 is a Hölder continuous function depending only on the coordinatex0 and
ϕ1 is a Hölder continuous function with a small Hölder constant in the metricρq. Then
there exists a unique equilibrium measureµϕ on18 corresponding toϕ. This measure is
mixing and takes on positive values on open sets. Furthermore, the correlation functions
decay exponentially for every Hölder continuous function on18 satisfying the above
assumptions.
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4. Finite-Dimensional Approximations

In this section we describe finite-dimensional approximations of equilibrium measures
for coupled map lattices. One should distinguish two different types of approximations:
byZd+1-action equilibrium measures andZ-action equilibrium measures. The first come
from the correspondingZd+1-dimension lattice spin system while the second one is a
straightforward finite-dimensional approximation of the initial coupled map lattice.

In order to explain some basic ideas concerning finite-dimensional approximations
we first consider an uncoupled map lattice (M, F ). Letϕbe a Ḧolder continuous function
on M which depends only on the central coordinate, i.e.,ϕ(x̄) = ψ(x0), whereψ is a
Hölder continuous function onM (whose Ḧolder constant is not necessarily small). It is
easy to see that the equilibrium measureµϕ corresponding toϕ is unique with respect to
theZd+1-action (F, S) and thatµϕ = ⊗i∈Zd µψ, whereµψ is the equilibrium measure on
3 ⊆ M for ψ with respect to theZ-action generated byf . One can also verify that for
any finite setX ⊂ Zd the measureµX = ⊗i∈X µψ is the unique equilibrium measure
on the spaceMX = ⊗i∈XM corresponding to the functionϕX =

∑
i∈X ϕ(Six̄) with

respect to theZ-actionFX = ⊗i∈X f . Clearly,µXn
→ µϕ in the weak∗-topology for

any sequence of subsetsXn → Zd (i.e.,Xn ⊂ Xn+1 and
⋃
n≥0Xn = Zd).

It is worth emphasizing that the sequence of the functionsϕXn does not converge
to a finite function onM asn → ∞, while the correspondingZ-action equilibrium
measuresµϕXn

approach theZd+1-action equilibrium measureµϕ.
On the other hand, one can considerϕ as a function on the spaceMX provided

0 ∈ X. The unique equilibrium measure with respect to theZ-action generated byFX
is µψ × ⊗i∈X,i 6=0 ν0, whereν0 is the measure of maximal entropy onM .

This simple example illustrates that theZd+1-action equilibrium measures corre-
sponding to a functionϕ may not admit approximations by theZ-action equilibrium
measures corresponding to the restrictions ofϕ to finite volumes.

4.1. Continuity of equilibrium measures over potentials.In this section we show that
equilibrium measures for coupled map lattices depend continuously on their potential
functions in the weak∗-topology.

Fix 0 < q < 1 and consider the space of all Hölder continuous functions on18

with Hölder exponent 0< α < 1 and Ḧolder constantε > 0 in the metricρq. We denote
this space byF̃ (α, q, ε). It is endowed with the usual supremum norm‖ϕ‖. We also
introduce theqα-norm on this space by

‖ϕ‖qα = max{sup
n≥0

q−αn sup
x̄,ȳ∈18

|ϕ(x̄) − ϕ̃(ȳ)|, ‖ϕ‖}, (4.1)

where the second supremum is taken over all points ¯x, ȳ for whichxi = yi for |i| ≤ n.
The following statement establishes the continuous dependence of equilibrium mea-

sures for coupled map lattices for potential functions inF̃ (α, q, ε). We provide a proof in
the cased = 1 using an approach based on polymer expansions. Ifd > 1 the continuous
dependence still holds and can be established using methods in [BK3].

Theorem 4.1. There existsε > 0 such that the unique equilibrium measureµϕ on18

depends continuously (in the weak∗-topology) onϕ ∈ F̃ (α, q, ε) with respect to the
norm‖ · ‖qα , i.e., forψm ∈ F̃ (α, q, ε), ‖ψm − ϕ‖qα → 0 impliesµψm → µϕ in the
weak∗-topology.



Equilibrium Measures for Coupled Map Lattices 693

Proof. Observe that the convergence‖ψm − ϕ‖qα → 0 implies the convergence of
corresponding potentials on the symbolic space. Therefore, we need only to establish
the continuity of the Gibbs state for the corresponding symbolic representation. For a
potentialU on6Z

A its norm‖ · ‖q is defined as

‖U‖q = sup
n≥0

q−n‖UQn
(ξ̄Qn )‖, (4.2)

where 0< q < 1. By Theorem 3.6 the Gibbs state is unique when‖U‖q is sufficiently
small. We denote the Gibbs state forU byµU . We show that for any cylinder setE ⊂ 6Z

A,
µU (E) depends onU continuously in a neighborhood of the zero potential in the set
P(q, 1) = {U : ‖U‖q ≤ 1}.

For this purpose we use the explicit expression ofµU (E) in terms of the potentialU
provided by the Polymer Expansion Theorem (see (A4.5)). Namely, for a non-negative
potentialU ∈ P(q, ε) and any finite volumeB ⊂ Z2 we have that

µU (ξ̄(B)) = N (B) exp

∑
P⊆B

U (ξ̄(P )) +
∑

℘:dist(℘̄,B)≤1

dist(℘̄,B̂)=0

w(℘|ξ̄(B)) −
∑

℘:dist(℘̄,B)≤1

w(℘)

 ,
(4.3)

whereN (B) is a normalizing factor determined by the volumeB (see (A4.4)),w(℘) and
w(℘|ξ̄(B)) are the statistical weights for the polymer℘ (see (A4.5)), andP is a rectangle.
By the Polymer Expansion Theorem the statistical weightsw(℘) andw(℘|ξ̄(B)) (B is
fixed) depend continuously onU (η(P )) with respect to the norm‖ · ‖q. This implies that
µU depends weakly continuously onU .

To show thatµU depends onU continuously for all (not necessarily non-negative)
potentialsU ∈ P(q, ε/4) let us consider the potentialUε defined asU (ξ̄(Qn)) = εqn.
Then, for anyU ∈ P(q, ε/4) we have that

U +Uε/4 ≥ 0, U +Uε/4 ∈ P(q, 1/2ε).

Note that givenQn,Uε is a constant potential onQn. Therefore, Gibbs distributions for
U andU +Uε/4 coincide and hence,

µU = µU+Uε/4
. (4.4)

This implies the desired result. �

4.2. Finite-dimensionalZd+1-approximations. We now describe finite-dimensional
Zd+1-approximations of equilibrium measures for coupled map lattices.

Let ϕ ∈ F̃ (α, q, ε) be a Ḧolder continuous function on18. Fix a pointx̄∗ = (x∗
i )

which we call theboundary condition. Given a finite volumeV ⊂ Zd consider the
function on18

ϕn,x̄∗ (x̄) = ϕ(x̄|V , x̄∗|
V̂

). (4.5)

One can see that
‖ϕn,x̄∗ − ϕ‖qα

1
→ 0 (4.6)

asn → ∞ for anyq1 with 0 < q < q1. The following result is an immediate corollary
of Theorem 4.1.
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Theorem 4.2. µϕn,x̄∗
weak∗
−→ µϕ independently of the boundary conditionx̄∗ (recall

thatµϕn,x̄∗ is the unique equilibrium measure corresponding to the functionϕn,x̄∗ and
µϕ is the unique equilibrium measure corresponding to the functionϕ).

4.3. Finite-dimensionalZ-approximations I: uncoupled map lattices.We describe some
“natural” finite-dimensional approximations of equilibrium measures for coupled map
lattices byZ-action equilibrium measures. We first consider an uncoupled map lattice
(F, S) in the space (M, ρq).

For every volumeV ⊂ Zd we setMV = ⊗i∈VMi, FV = ⊗i∈V fi, and1F,V =
⊗i∈V 3i. One can see thatMV is a smooth finite-dimensional manifold,FV is aCr-
diffeomorphism ofMV , and1F,V is a locally maximal hyperbolic set forFV .

Fix a pointx̄∗ = (x∗
i ) ∈ 1F (the boundary condition) and consider a Ḧolder con-

tinuous functionϕ ∈ F̃ (α, q, ε) on1F . Define the functionψV,x̄∗ on1F,V by

ψV,x̄∗ (x) =
∑
i∈V

ϕ(Si(x, x∗|
1̂F,V

)). (4.7)

Consider theZ-action equilibrium measureνV corresponding to the functionψV,x̄∗ . We
can view these measures as being supported onM. Letµϕ be theZd+1-action equilibrium
measure corresponding toϕ. This measure is concentrated on1F and thus can also be
viewed as being supported onM.

Theorem 4.3. There existsc0 > 0 such that if0 < ε ≤ c0 thenµϕ is the limit (in the
weak∗-topology) of equilibrium measuresνV asV → Zd in the sense of van Hove, i.e.,
for any fixeda ∈ Zd,

lim
V→Zd

|τa(V ) \ V |
|V | = 0.

Proof. We consider only the cased = 1. Ford > 1 the arguments are similar. It is
sufficient to prove the convergence of the measuresν∗

V = νV π̄ to the measureµ∗ = µϕ∗

(ϕ∗ = ϕ ◦ π̄) on the symbolic space⊗Z6A asV → Z.
Let us fix a configuration ¯η∗ onZ2. Givenn > 0 andm > 0, consider the rectangle

Vnm = {x = (i, j) ∈ Z2 : |i| ≤ n, |j| ≤ m} and define the Gibbs distribution onVnm
as follows: for any configuration̄ξ(Vnm) over the volumeVnm we set

µnm(ξ̄(Vnm)) =

exp
∑

x∈Vnm

ϕ∗(τx(ξ̄(Vnm) + η̄∗(V̂nm)
)

∑
η̄(Vnm)

exp
∑

x∈Vnm

ϕ∗(τx(η̄(Vnm) + η̄∗(V̂nm)
) . (4.8)

Given a finite volumeW ⊂ Z2, for sufficiently largenandmwe have thatW ⊂ Vnm.
Therefore, the set configurations̄ξ(W ) overW is a subset of the configuration space
ξ̄(Vnm) overVnm. We denote byµnm(ξ̄(W )) the measure on this set, whereµnm is
defined by (4.8).

By the definition of Gibbs states and the uniqueness ofµ∗ the measureµ∗ is the
thermodynamic limit of measuresµnm, i.e., for any finite volumeW ⊂ Z2 and any
configurationξ̄(W ) overW ,

µ∗(ξ̄(W )) = lim
Vnm→Z2

µnm(ξ̄(W )),
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whereVnm converges toZ2 in the sense of van Hove.
We observe that for eachn > 0, there exists the limitν∗

n = limm→∞ µnm, which
is theZ-action Gibbs state for the functionψ∗

Vn,η∗ onVn = ⊗n
i=−n6A. Thus, for each

fixedn there existsm(n) such that

|µnm(n)(ξ̄(W )) − νn(ξ̄(W ))| ≤ 1
n

for everyW ⊂ Vnm. Notice thatVnm(n) → Z2 in the sense of van Hove. This implies
that limn→∞ νn = limn→∞ µnm(n) = µϕ. �

4.4. Finite-dimensionalZ-approximations II: coupled map lattices.We consider a cou-
pled map lattice (8, S) in the space (M, ρq) and define its finite-dimensional approxi-
mations as follows.

Fix a point x̄∗ ∈ 18 (the boundary condition). For any finite volumeV ⊂ Zd
consider the map onMV , (

8V (x)
)
i

=
(
8((x, x∗|

V̂
)
)
i
, (4.9)

where ()i denotes the coordinate at the lattice sitei. One can see that if the perturbation
is sufficiently small then8V is a diffeomorphism ofMV . It can be written as8V =
GV ◦ FV , whereGV is the restriction ofG toMV :

GV (x) = G(F
V̂

(x∗|
V̂

), x). (4.10)

Since the diffeomorphism8V is closed to the diffeomorphismFV by the structural
stability theorem it possesses a locally maximal hyperbolic set which we denote by
18,V . Moreover, there exists a conjugacy homeomorphismhV : 1F,V → 18,V which
is close to identity.

The maps8V andhV provide finite-dimensional approximations for the infinite-
dimensional maps8 andh respectively. In order to describe this in a more explicit way
we introduce the following maps:

8̃V (x̄) = (8V (x̄|V ), F
V̂

(x̄|
V̂

)), h̃V (x̄) = (hV (x̄|V ), id
V̂

(x̄|
V̂

)).

We denote byd0
q andd1

q theC0 and respectivelyC1 distances in the space of diffeomor-
phisms induced by theρq-metric. We also used(0, ∂V ) to denote the shortest distance
from the origin of the lattice to the boundary of the setV .

Theorem 4.4. There exist constantsC > 0 andβ > 0 such that for anyV ⊂ V ′ ⊂ Zd,

(1) d1
q(8V ,8V ′ ) ≤ Ce−βd(0,∂V ) and8V → 8.

(2) d0
q(hV , hV ′ ) ≤ Ce−βd(0,∂V ) andhV → h.

Proof. The first statement is obvious since8 is short ranged. The proof of the second
statement is based on arguments in the proof of structural stability (see Theorem 1.1). We
recall that the conjugacy maph is determined as a unique fixed point for a contracting map
K acting on a ballDγ(0) contained in the Banach space00(1F , TM) of all continuous
vector fields on1F (see (1.16)).

In order to obtain the conjugacy maphV one needs to find a (unique) fixed point for
a contracting mapKV acting inDγ(0) by a formula similar to (1.16):

KV v = −((DG′
V )|0 − Id)−1(G′

V v − (DG′
V )|0v),



696 M. Jiang, Ya.B. Pesin

whereG′
V = A◦GV ◦A−1 (see (1.14)) andG′

V β = 8̃V ◦β ◦F−1. One can show that the
contraction coefficient ofFV is uniform overV and thatFV converges exponentially
fast toF . Therefore, the corresponding fixed pointhV converges exponentially fast to
h. �

For a Ḧolder continuous functionϕ ∈ F̃ (α, q, ε) on 18 consider the function ˜ϕ =
ϕ ◦ h on 1F , whereh : 1F → 18 is a conjugacy homeomorphism. Let ˜νV be the
Z-action equilibrium measure on1F,V corresponding to the functioñψV,x̄∗ which is
determined by (4.7) with respect to the function ˜ϕ. Finally, we define the measure
νV = (h−1

V )∗ ◦ ν̃V on 18,V . It also can be considered as a measure onM. As a direct
consequence of Theorem 4.3 we conclude the following result.

Theorem 4.5. If ε is sufficiently small then the measureµϕ is the limit (in the weak∗-
topology) of the measuresνV asV → Zd.

5. Existence, Uniqueness, and Ergodic Properties of SRB-Measures

In this section we discuss the problems of existence and uniqueness of Sinai–Bowen–
Ruelle measures for coupled map lattices as well as some of their ergodic properties
(including mixing and decay of correlations). The first construction of these measures
appeared in [BuSi]. In [BK2], Bricmont and Kupiainen constructed these measures for
general expanding circle maps. Their approach is based upon the study of the Perron—
Frobenius operator. In [PS], Pesin and Sinai developed another method for constructing
SRB-measures for coupled map lattices assuming that the local map possesses a hyper-
bolic attractor.

In this section we develop a new approach and obtain stronger results under more
general assumptions.

Letf be aCr-diffeomorphism of a compact finite-dimensional manifoldM possess-
ing a hyperbolic attractor3. The latter means that3 is a hyperbolic set and there exists
an open neighborhoodU of 3 such thatf (U ) ⊂ U . In particular,3 = ∩n>0f

n(U ) and
is a locally maximal invariant set. We assume that the mapf is topologically mixing.
Then an SRB-measureµ on3 is unique and is characterized as follows:

1) the conditional distributions generated byµ on the unstable manifolds are absolutely
continuous with respect to the Lebesgue measure;

2) for any continuous functiong and almost allx ∈ U with respect to the Lebesgue
measure inU ,

lim
n→∞

1
n

n−1∑
k=0

g(fkx) =
∫
gdµ; (5.1)

3) µ is the unique equilibrium measure corresponding to the Hölder continuous function
ϕu(x) = − log Jacu f (x), where Jacu f (x) denotes the Jacobian off atx along the
unstable subspace.

In the infinite-dimensional case we construct a measure on18 which has similar prop-
erties. This is an SRB-measure for the coupled map lattice. Our construction is based
upon symbolic representations of the finite-dimensional approximations of the lattice
constructed in the previous section.

Let V ∈ Zd be a finite volume. Consider the diffeomorphismsFV and8V . Since
8V is close toFV it has a hyperbolic attractor18,V .
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Since we assume that the mapf is topologically mixing then so are the maps
F, 8, FV , and8V . Therefore, the map8V possesses the unique SRB-measureµV that
is supported on18,V . This measure is the unique equilibrium measure corresponding
to the Ḧolder continuous functionϕV (x) = − log Jacu 8V (x), where Jacu 8V (x) is the
Jacobian of the map8V atx along the unstable subspace. We can consider the measure
µV to be supported on the compact space (M, ρq). Our main result is the following.

Theorem 5.1. The SRB-measuresµV weak∗ converge to a measure onM which is a
unique equilibrium measureµ = µϕ corresponding to a Ḧolder continuous functionϕ
on M and is mixing. Furthermore, the correlation functions decay exponentially for
every continuous function onM satisfying the assumptions of Theorem 3.1.

Remarks.(1) It is clear that for an uncoupled map lattice the SRB-measuresµV converge
to the measure⊗i∈Zdµf which is the equilibrium measure for the potential function
ϕ0(x̄) = − log Jacu f (x0). The potential functionϕ(x̄) of the SRB-measure for a coupled
map lattice is a small perturbation ofϕ0(x̄). More precisely,ϕ(x̄) = ϕ0(x̄)+ϕ1(x̄) where
ϕ1(x̄) is a Hölder continuous function with sufficiently small Hölder constant. Its precise
description is given by (5.15).

(2) We follow the approach suggested in [BK2, BK3]. We thank J. Bricmont who
suggested to use the formula (5.8) to expand the Jacobian.

(3) To avoid some technical obstacles we assume thatf is an Anosov map. In this
case18V

= 1FV
= MV . The general case of hyperbolic attractors can be treated in a

similar way with the use of Theorem 4.4.
(4) Another approach for the existence of SRB-measures was suggested in [PS]. It

is based upon a delicate analysis of conditional measures generated by measuresµV on
finite-dimensional unstable manifolds for8V . Combining results in [PS] and Theorem
5.1 one can show that these conditional measures determine the conditional measures,
generated by the SRB-measureµϕ on infinite-dimensional unstable manifolds for8 in
a unique way. This justifies one of the main characteristic features of SRB-measures.

(5) Using the finite-dimensional approximations approach developed in the proof of
Theorem 5.1 one can show that theZd+1-topological pressurePτ (ϕ) = 0, whereϕ is
the potential function for the SRB-measure. Since the SRB-measure is an equilibrium
measure in view of (2.9) we obtain the entropy formula for the SRB-measure

hτ (µϕ) = −
∫
ϕdµϕ

(see detailed arguments in [J3]).
(6) Another interesting manifestation of our construction of the SRB-measure is the

continuous dependence of the entropy on the perturbation8. Using arguments in the
proof presented below one can show that the potential function depends continuously
on the map8 in the ρq-metric. Moreover, the SRB-measure as a Gibbs state is also
continuous in the weak sense with respect to the potential function (see Sect. 4.1).
Therefore, the entropy formula gives the continuous dependence.

Proof of Theorem 5.1.Let πV = ⊗i∈V πi be the semi-conjugacy map between the
symbolic dynamical system (σt,⊗i∈V 6A) and (FV ,MV ) (hereπi are copies of the
coding mapπ). Define the measureνV on 6V

A = ⊗i∈V 6A by the following relation
µV = (hV πV )∗νV . It is easy to see that the following statement holds.

Lemma 5.1. The measuresµV converge in the weak∗ topology to a measure onM if
the measuresνV converge in the weak∗ topology to a measure on6Zd

A asV → Zd.
The desired result is now a consequence of Lemma 1 and the following lemma.
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Lemma 5.2. The measuresνV converge in the weak∗ topology to a measure on the

(d+1)-dimensional lattice spin system6Zd

A which is the unique Gibbs state for a Hölder
continuous function. It is also exponentially mixing with respect to theZd+1-action of
the lattice.

Proof of the lemma.Note that the measureνV is the unique Gibbs state for the Hölder
continuous function

ϕ∗
V (ξV ) = − log Jacu8V (hV πV (ξV )) (5.2)

on6V
A . We express the Jacobian Jacu8V (xV ), xV ∈ MV as a product

Jacu8V (xV ) = det(D8V |Wu
8V

(xV )) = det(I +AV (xV ))
( ∏
i∈V

Jacu f (xi)
)
, (5.3)

whereI is the identity matrix andAV is a matrix whose entries are submatrices satisfying
some special properties which we specify later.

Let Eu8V
(xV ) be the unstable subspace atxV for the map8V . One can see that

Eu8V
(xV ) is close to the direct product⊗i∈V Euf (xi). We choose a basis{ui(xi), si(xi),

i ∈ V } in the space

⊗i∈V TxiM =
(⊗i∈V Euf (xi)

)⊗ (⊗i∈V Esf (xi)
)

such thatui(xi) andsi(xi) are bases inEuf (xi) andEsf (xi) respectively, and we assume
that they depend Ḧolder continuously on the base pointxV . The derivativeD8V (xV )
can now be written as follows:

D8V (xV ) =
( (Duf (xi)) 0

0 (Dsf (xi))

)(
I +
( auuij (xV ) ausij (xV )

asuij (xV ) assij (xV )

))
, (5.4)

where we arrange the elements of the basis{ui(xi), si(xi), i ∈ V } in an arbitrary
linear order,ui first, followed bysi. Since8 is C1-close toF and is short ranged the
submatrices (a∗

ij(xV )) satisfy the following conditions (we use∗ to denote one of the
symbolsuu, us, su, or ss):
(1) ‖(a∗

ij(xV ))‖ ≤ εe−β|i−j|, where|i− j| is the distance between the lattice sitesi and
j and constantsε > 0 andβ > 0 are independent of the volumeV as well as of the
base pointxV ;

(2) each submatrixa∗
ij(xV ) depends Ḧolder continuously onxV :

‖a∗
ij(xV ) − a∗

ij(yV )‖ ≤ εe−β|i−k|dδ(xk, yk), (5.5)

wherexV = (xi) andyV = (yi) are such thatxi = yi for i 6= k (recall thatd is the
Riemannian distance onM ).

The constantε > 0 can be chosen arbitrarily small as theC1-distance between8 and
F goes to zero. The constantδ is independent of the volumeV and the base pointxV .

Using the graph transform technique one can identify the unstable subspaceEu8V
(xV )

with the graph of a linear mapHxV
: ⊗i∈V Euf (xi) → ⊗i∈V Esf (xi), i.e.,

Eu8V
(xV ) = (⊗i∈V Euf (xi), HxV

⊗i∈V Euf (xi)). (5.6)

The linear mapHxV
has a unique matrix representation (cusij ) in the basis{ui(xi), si(xi)},

HxV
ui(xi) =

∑
j

cusij sj(xj), (5.7)

where each submatrixcusij satisfies conditions similar to Conditions (1) and (2):
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(3) ‖cusij ‖ ≤ εe−β|i−j|;
(4) ‖cusij (xV ) − cusij (yV )‖ ≤ εe−β|i−k|dδ(xk, yk), wherexV = (xi) andyV = (yi) are

such thatxi = yi for i 6= k.

To prove Condition (3) one can use the graph transform technique in the form described
in [JLP] and combine it with the fact that the linear mapHxV

is short ranged. Condition
(4) follows from the fact that distributionsEu8V

(xV ), ⊗i∈V Euf (xi), and⊗i∈V Esf (xi)
depend Ḧolder continuously over the base pointxV .

Moreover, the entriescusij satisfy the following crucial condition which allows one
to pass from a finite volume to a bigger one:

(5) ‖cusij (xV ) − cusij (yV ′ )‖ ≤ εe−βd(i,∂V ) for any finite volumeV ⊂ V ′ and any point
yV ′ satisfyingyV ′ |V = xV .

In order to prove (5), we apply the graph transform technique to the map8V ′ on
MV ′ with theρq-metric restricted toMV ′ . Note that theρq-distance between8V ′ and
8V ⊗FV ′\V is proportional toεe−βd(V ). Therefore, using results in [PS] we obtain that
the ρq-distance between subspacesEu,s

8′
V

(x′
V ) andEu,s8V

(xV ) ⊗i∈V \V Eu,sf (yi) is also

proportional toεe−βd(V ). Hence, so is theρq-distance between linear operatorsHxV ′
andHxV

. This implies (5).
We choose{ũi} = {ui +Hui} = {ui +

∑
j cusij sj} as a basis inEu8V

(xV ), and we
write the derivativeD8|Eu8V

(xV ) in the new basis{ũi, si, i ∈ V } into the following
matrix form:

D8|Eu8V
(xV ) = (Duf (xi))(I + auuij (xV )) + (ausij (xV ))(cusij (xV )).

The latter expression can be rewritten in the form

(Duf (xi))(I + (aij(xV ))),

whereAV (xv) = (aij(xV )) is the matrix whose submatrix entriesaij(xV ) satisfy the
following conditions (which follow immediately from (1)–(5)):

(6) ‖aij‖ ≤ εe−β|i−j|;
(7) ‖aij(xV ) − aij(yV )‖ ≤ εe−β|i−k|dδ(xk, yk), wherexV = (xi) andyV = (yi) are

such thatxi = yi for i 6= k.
(8) ‖aij(xV ) − aij(yV ′ )‖ ≤ εe−βd(i,∂V ) for anyV ⊂ V ′.

Next, we apply the well-known formula:

det(exp(B)) = exp(trace(B)).

In our case, exp(B) = I +AV (xV ) and hence,

det(I +AV ) = exp(trace(ln(I +AV )) = exp(−
∑
i∈V

wV i), (5.8)

where

wV i(xV ) =
∞∑
n=1

(−1)n

n
trace(anii(xV )) (5.9)

andanii(xV ) are submatrices on the main diagonal of (AV )n.
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Sublemma. The functionswV i(xV ) satisfy:
(1) |wV i(xV )| ≤ Cε;
(2) |wV i(xV ) −wV i(yV )| ≤ Cε exp(−β

2 |i− k|)dδ(xk, yk), wherexV = (xi) andyV =
(yi) are such thatxi = yi for i 6= k;

(3) if V ⊂ V ′ then|wV i(x) − wV ′i(y)| ≤ Cε exp(−β
2d(i, ∂V ));

(4) there exists the limitϕi = limV→Zd wV i(x) which is translation invariant in the
following sense:ϕi(x̄) = ψ(σisx̄). Moreover,ψ is Hölder continuous with Ḧolder
constant which goes to zero asε → 0.

Proof of the sublemma.The proof is a straightforward calculation. We first show the
following inequality:

‖anij‖ ≤ (Cε)ne−β̃|i−j|, (5.10)

whereβ̃ is a number smaller thanβ andC = C(β̃) is a constant.
We use the induction. Forn = 2 we have

‖a2
ij‖ = ‖

∑
l∈V

ailalj‖ ≤
∑
l∈V

ε2 exp(−β(|i− l| + |l − j|))

≤
∑
l∈V

ε2 exp(−β̃(|i− l| + |l − j|) − (β − β̃)|l − j|)

≤ ε2e−β̃|i−j|∑
l∈V

exp(−(β − β̃)|l − j|) ≤ Cε2e−β̃|i−j|, (5.11)

whereC = C(β̃) =
∑
l∈Zd exp(−(β − β̃)|l|).

Let us assume that‖an−1
ij ‖ ≤ Cn−2εn−1 exp(−β̃|i− j|). Then

‖anij‖ = ‖
∑
l∈V

an−1
il alj‖ ≤

∑
l∈V

Cn−2εn exp(−β̃(|i− l| + |l − j|) − (β − β̃)|l − j|)

≤ Cn−1εn exp(−β̃|i− j|). (5.12)

Therefore, Statement 1 follows directly from the definition ofwV i.
To prove Statement 2 we need only to show the following inequality:

‖anij(xV ) − anij(yV )‖ ≤ (Cε)ne− β
2 |i−k|dδ(xk, yk),

wherexV = (xi) andyV = (yi) are such thatxi = yi for i 6= k. We again use the
induction. Forn = 2,

‖a2
ij(xV ) − a2

ij(yV )‖ =
∑
l∈V

ail(xV )alj(xV ) − ail(yV )alj(yV )

=
∑
l∈V

ail(xV )[alj(xV ) − alj(yV )] + alj(yV )[ail(xV ) − ail(yV )]

≤
∑
l∈V

ε2[exp(−β(|l − k| + |i− l|)) + exp(−β(|l − j| + |i− k|))]dδ(xk, yk)

≤ Cε2 exp(−β

2
|i− k|)dδ(xk, yk), (5.13)
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whereC = 2
∑
l∈Zd exp(−β

2 |l|).
Forn > 2 we argue similarly using Statement (1):

‖anij(xV ) − anij(yV )‖ =
∑
l∈V

an−1
il (xV )alj(xV ) − an−1

il (yV )alj(yV )

=
∑
l∈V

an−1
il (xV )[alj(xV ) − alj(yV )] + alj(yV )[an−1

il (xV ) − an−1
il (yV )]

≤
∑
l∈V

(Cε)n−1ε exp(−β

2
|i− l| − β|l − k| − β|l − j| − β

2
|i− k|)dδ(xk, yk)

≤ (Cε)n exp(−β

2
|i− k|)dδ(xk, yk). (5.14)

Statement 3 follows from Condition (8) while Statement 4 is a consequence of Statements
2 and 3 and our assumption that the map8 is spatial translation invariant. �

We proceed with the proof of the theorem. LetV be ad-dimensional cube centered
at the origin. Choose any finite volumeV0 ⊂ V and numbers 0< m < n. We have that

νV (ξ(V0,m)) = lim
n→∞ νV (ξ(V0,m)|η∗

(̂V,n)
).

In order to obtain the desired result we shall show that the one-dimensional Gibbs
distributionsνV (ξ(V,n)|η∗

(̂V,n)
) has a unique thermodynamic limit asV → Zd+1 and

n → ∞. This thermodynamic limit is precisely the uniqued + 1-Gibbs state for the
potential function

ϕ∗(ξ̄) = (ψ − log Jacu f )(hπ̄(ξ̄)) (5.15)

on6Zd

A , whereψ is defined in Statement 4 of Sublemma.
Note that the functionϕ∗ is the sum of two functions,ϕ∗ = ϕ∗

0 + ϕ∗
1, where

ϕ∗
0 = − log Jacu f ◦ π̄

and
ϕ∗

1 = (ψ − log Jacu f ) ◦ h ◦ π̄ + log Jacu f ◦ π̄.
By Statements 1, 2, and 4 of Sublemma and Theorem 1.1 the functionϕ∗

1 is Hölder
continuous with a small Ḧolder constant in the metricρq providedε is sufficiently
small. The functionϕ∗

0 is also Ḧolder continuous and depends only on the coordinate
ξ0. Therefore, by Theorem 3.7 the Gibbs state corresponding to this function is unique.

Since the measureνV is the unique Gibbs state for the Hölder continuous function
ϕ∗
V (ξV ) on6V

A (see (5.2)) it satisfies the following equation [Ru]: given a configuration

η∗ ∈ 6Zd

A ,

νV (ξ(V,n)|η∗
(̂V,n)

) =
exp

∑
k∈Z ϕ

∗
V (σkt (ξ(V,n) + η∗

(̂V,n)
))∑

η(V,n)
exp

∑
k∈Z ϕ

∗
V (σkt (η(V,n) + η∗

(̂V,n)
)
, (5.16)

whereξ(V,n) is a configuration over the finite volume (V, n) = V × [−n, n] ⊂ Zd+1, and

η∗
(̂V,n)

is the restriction of the configurationη∗ to (̂V, n) = Zd+1\V × [−n, n].

Using (5.3) and (5.8) we rewrite (5.16) in the following way:
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νV (ξ(V,n)|η∗
(̂V,n)

) =
exp

∑
k∈Z ϕ

∗
V (hV πV σkt (ξ(V,n) + η∗

(̂V,n)
))∑

η(V,n)
exp

∑
k∈Z ϕ

∗
V (hV πV σkt (η(V,n) + η∗

(̂V,n)
))

=
exp

∑
k∈Z

∑
i∈V (wV i − log Jacu f )(hV πV σkt (ξ(V,n) + η∗

(̂V,n)
))∑

η(V,n)
exp

∑
k∈Z

∑
i∈V (wV i − log Jacu f )(hV πV σkt (η(V,n) + η∗

(̂V,n)
))
.

The rest of the proof is split into the following steps.

Step 1.We wish to rewrite the last expression for the conditional distributions
νV (ξ(V,n)|η∗

(̂V,n)
) in terms of potentials (see Sect. 3). The potentialU corresponding

to the function (ψ − log Jacu f )(hπ̄) can be constructed using (3.9)–(3.12).
Given a finite volumeV andi ∈ V , consider the function (wV i− log Jacu f )(hV πV ).

In order to construct the potentialUV i corresponding to this function we again follow
the procedure described in Sect. 3 and use (wV i − log Jacu f )(hV πV ) for eachZd+1-
cube centered at (i, k) ∈ V × Z. Not that the resulting potential is invariant under time
translations but may not be invariant under spatial translations.

Step 2.We now rewrite the distributionsνV (ξ(V,n)|η∗
(̂V,n)

) in terms of potentialsUV i:

νV (ξ(V,n)|η∗
(̂V,n)

) =
exp

∑
Q∩(V,n)6=∅ U

V i
Q (ξ(V,n) + η∗

(̂V,n)
)∑

η(V,n)
exp

∑
Q∩(V,n)6=∅ U

V i
Q (η(V,n) + η∗

(̂V,n)
)
. (5.17)

Step 3.By Statement 3 of SublemmawV i → ϕi = ψ(σis) exponentially fast. Using the
fact thathV → h exponentially fast in theρq-metric (see Theorem 4.4) we obtain that
for anyZd+1-cubeQ centered at (i, k) ∈ V × Z,

|UV i(ξ(Q)) − U (ξ(Q))| ≤ Cεe−βd(i,∂V ). (5.18)

By Statement 2 of Sublemma both potentialsUV i|Q andU |Q go to zero exponentially
fast as the side length ofQ increases.

Step 4.Take a larger volume (V ′, n′) ⊂ Zd+1 such that

(V, n) ⊂ (V ′, n′)/2 = (V ′/2, n′/2),

whereV ′/2 is thed-dimensional cube centered at the origin of the side length equal
to 1/2 of the side length ofV . We follow the approach elaborated by Ruelle in [Ru]
(see Sect. 1.7). (For the reader’s convenience we provide the correspondence between
Ruelle’s notations and ours:M = (V ′, n′), 3 = (V, n),X = Q, and8 = UV i, U ).

We first decompose the numerator of (5.17) (for volume (V ′, n′)) into two terms.

exp
∑

Q∩(V ′,n′)6=∅
UV iQ (ξ(V,n) + η∗

(̂V,n)
) = exp

(
H(V,n)(ξ(V,n)) +B(V ′,n′)(ξ(V ′,n′))

)
,

where themaintermH(V,n)(ξ(V,n)), the Hamiltonian in volume (V, n), is given by

H(V,n)(ξ(V,n)) =
∑

Q⊂(V,n)

UQ(ξ(V,n) + η∗
(̂V,n)

),

while theboundaryterm is given as follows:
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B(V ′,n′)(ξ(V ′,n′)) =
∑

Q∩(V ′,n′)6=∅
UV

′i
Q (ξ(V ′,n′) + η∗

̂(V ′,n′)
) − UQ(ξ(V ′,n′) + η∗

̂(V ′,n′)
)

+
∑

Q∩(V ′,n′ )6=∅
Q∩ ̂(V ′,n′ )6=∅

UQ(ξ(V ′,n′) + η∗
M̂

).

By (5.17) and results in [Ru] (see Sect. 1.6) we now only need to verify that the boundary
term satisfies the conditions stated in Sect. 1.7 of [Ru].

We first splitB(V ′,n′)(ξ(V ′,n′)) into two termsB(V ′,n′)(ξ(V ′,n′)) = B′(η)+B′′(ξ(V,n) +
η), whereξ(V ′,n′) = ξ(V,n) + η andB′(η) collects the terms depending only onη ∈
�(V ′,n′)\(V,n), i.e.,

B′(η) =
∑

X∩(V ′,n′ )6=∅
Q∩(V,n)=∅

(
UV

′i
Q (ξ(V ′,n′) + η∗

̂(V ′,n′)
) − UQ(ξ(V ′,n′) + η∗

̂(V ′,n′)
)
)

+
∑
Q

∗UQ(ξ(V ′,n′) + η∗
̂(V ′,n′)

),

while the second term is given as follows:

B′′(ξ3 + η) =
∑

Q∩(V,n)6=∅

(
UV

′i
Q (ξ(V ′,n′) + η∗

̂(V ′,n′)
) − UQ(ξ(V ′,n′) + η∗

̂(V ′,n′)
)
)

+
∑
Q

∗∗UQ(ξ(V ′,n′) + η∗
̂(V ′,n′)

).

Here
∑∗
Q runs over{Q : Q∩ (V ′, n′) 6= ∅, Q∩ ̂(V ′, n′) 6= ∅, Q∩ 3 = ∅} and

∑∗∗
Q runs

over{Q : Q ∩ (V ′, n′) 6= ∅, Q ∩ ̂(V ′, n′) 6= ∅, Q ∩ 3 6= ∅}.
According to [Ru] in order to show that the thermodynamic limit ofνV (ξ(V,n)|η∗

(̂V,n)
)

goes to aZd+1-Gibbs state ofU , we only need to check that for any fixed (V, n),
B′′(ξ(V,n) +η) as a function ofη ∈ �(V ′,n′)\(V,n) goes to zero uniformly in�(V ′,n′)\(V,n)

as (V ′, n′) → Zd+1. The second sum inB′′,
∑∗∗
Q , goes to zero uniformly since the

potentialU decays exponentially. The first sum inB′′ can be further decomposed into
two sums. Let (i(Q), k(Q)) ∈ Zd+1 denote the center ofQ. We may assume that (V ′, n′)
is aZd+1-cube with equal sides. Then,∑

Q∩(V,n)6=∅
UV

′i
Q (ξ(V ′,n′) + η∗

̂(V ′,n′)
) − UQ(ξ(V ′,n′) + η∗

̂(V ′,n′)
)

= (
∑

i(Q)∈(V ′,n′ )/2
Q∩(V,n)6=∅

+
∑

i(Q)6∈(V ′,n′ )/2
Q∩(V,n)6=∅

)UV
′i

Q (ξ(V ′,n′) + η∗
̂(V ′,n′)

) − UQ(ξ(V ′,n′) + η∗
̂(V ′,n′)

).

By (5.18) we have

|
∑

i(Q)∈(V ′,n′ )/2
Q∩(V,n)6=∅

UV
′i

Q (ξ(V ′,n′) + η∗
̂(V ′,n′)

) − UQ(ξ(V ′,n′) + η∗
̂(V ′,n′)

)|

≤ C ′ε|(V, n)||(V ′, n′)/2|e−βd((V ′,n′)),



704 M. Jiang, Ya.B. Pesin

where |(V, n)| and |(V ′, n′)/2| are the cardinalities of the corresponding sets and
d((V ′, n′)) is the side length of (V ′, n′). The sum∑

i(Q)6∈(V ′,n′ )/2
Q∩(V,n)6=∅

UV
′i

Q (ξ(V ′,n′) + η∗
̂(V ′,n′)

) − UQ(ξ(V ′,n′) + η∗
̂(V ′,n′)

)

also goes to zero uniformly asd((V ′, n′)) → ∞ since both potentialsUV
′i andU go to

zero exponentially fast asd((V ′, n′)) → ∞.
This completes the proof of the theorem. �

Appendix: Spin Lattice Systems

1. Abstract Polymer Expansion Theorem.Consider a finite or countable set2. Its
elements are called (abstract)contoursand denoted byθ, θ′, etc. Fix some reflexive and
symmetric relation on2 × 2. A pair θ, θ′ ∈ 2 × 2 is called incompatible (θ 6∼ θ′)
if it belongs to the given relation. Otherwise, this pair is called compatible (θ ∼ θ′). A
collection{θj} is called acompatible collection of contoursif any two of its elements
are compatible.

A statistical weightw is a complex function on the set of contours. For any finite
subset3 ⊆ 2 anabstract partition functionis defined as

Z(3) =
∑

{θj}⊆3

∏
j

w(θj), (A1.1)

where the sum is extended to all compatible collections of contoursθi ∈ 3. The empty
collection is compatible by definition and it is included inZ(3) with statistical weight 1.

A polymer℘ = [θαi
i ] is an (unordered) finite collection of different contoursθi ∈ 2

with positive integer multiplicityαi. For every pairθ′, θ′′ ∈ ℘ there exists a sequence
θ′ = θi1, θi2, . . . , θis = θ′′ ∈ ℘ with θij 6∼ θij+1, j = 1, 2, . . . , s − 1. The notation
℘ ⊆ 3 means thatθi ∈ 3 for everyθi ∈ ℘.

With every polymer℘we associate an (abstract) graph0(℘) which consists of
∑
i αi

vertices labeled by the contours from℘ and edges joining every two vertices labeled by
incompatible contours. It follows from the definition of0(℘) that it is connected and we
denote byr(℘) the quantity

r(℘) =
∏
i

(αi!)
−1

∑
0′⊂0(℘)

(−1)|0
′|, (A1.2)

where the sum is taken over all connected subgraphs0′ of 0(℘) containing all of
∑
i αi

vertices and|0′| denotes the number of edges in0′. For anyθ ∈ ℘we denote byα(θ, ℘)
the multiplicity ofθ in the polymer℘.

The polymer expansion theorem below is a modification of results of [Se] and [KP]
proven in [MSu] (see also [D2] for closely related results).

Abstract Polymer Expansion Theorem. Suppose that there exists a functiona(θ) :
2 7→ R+ such that for any contourθ∑

θ′: θ′ 6∼θ
|w(θ′)|ea(θ′) ≤ a(θ). (A1.3)
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Then, for any finite3,

logZ(3) =
∑
℘⊆3

w(℘), (A1.4)

where the statistical weight of a polymer℘ = [θαi
i ] equals to

w(℘) = r(℘)
∏
i

w(θi)
αi . (A1.5)

Moreover, the series (A1.4) converges absolutely in view of the estimate∑
℘: ℘3θ

α(θ, ℘)|w(℘)| ≤ |w(θ)|ea(θ), (A1.6)

which holds true for any contourθ.

2. Gibbs States.Let S = {1, 2, · · · , p} andA be ap × p transfer matrix with entries
aij equal to either 0 or 1. Assume thatA is transitive, i.e., there is a constantn0 such
that every entry ofAn0 is positive. For any volumeV ⊆ Z2 a configurationin V is an
elementη(V ) of SV with the valueηx(V ) at pointx = (i, j) ∈ V . A configurationη
is called admissible ifaηx1ηx2

= 1 for any pairx1 = (i, j), x2 = (i, j + 1) ∈ V . For the
family of configurationsη(Vi) in mutually disjoint volumesVi we denote by

∑
i η(Vi)

the corresponding configuration in∪iVi provided such a configuration exists (i.e., is
admissible). WhenV = Z2 we have the configuration space6Z

A =
⊗

Z 6A, where6A

is the subshift generated by the matrixA.
LetQ be a square inZ2 andl(Q) its side length. Consider a potentialU satisfying

0 ≤ U (η(Q)) ≤ exp [−l(Q)] (A2.1)

for every squareQ ⊂ Z2.
Take a finite volumeV and fix a configurationη′ overV̂ = Z2\V . The configuration

η′(V̂ ) is called a boundary condition.
Conditional Gibbs distributionsover V under the boundary conditionη′(V̂ ) are

defined by

µ
V,η′ (η(V )) =

exp
[
H(η(V )|η′(V̂ ))

]
Ξ(V |η′(V̂ ))

. (A2.2)

Hereη(V ) is a configuration overV such thatη(V )+η′(V̂ ) is also a configuration inZ2,

H(η(V )|η′(V̂ )) = −
∑
Q⊆V

U (η(Q)) −
∑

Q∩V 6=∅, Q∩V̂ 6=∅
U
(
η(Q ∩ V ) + η′(Q ∩ V̂ )

)
(A2.3)

is theconditional Hamiltonian, and the denominator in (A2.2) is thepartition function
for the potentialU in the volumeV with the boundary conditionη′(V̂ ):

Ξ(V |η′(V̂ )) =
∑
η(V )

exp
[
−βH(η(V )|η′(V̂ ))

]
. (A2.4).
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3. Contour Representation of Partition Functions.We shall show that the partition
functionΞ(V |η′(V̂ )) can be represented in the form of an abstract partition function
(A1.1). It has a polymer expansion (A1.4) ifβ is sufficiently small. We shall describe
the terms in (A1.1) in our specific context.

We first introduce a new potential which is equivalent to the original one (A2.1)–
(A2.4). This means that the new potential defines the same Gibbs distributions over any
finite volume under a fixed boundary condition.

Let b(Q) be the leftmost lower corner ofQ. Take an integerL ≥ n0 and con-
sider a rectangleP of sizen(P ) × Ln(P ) such that its leftmost lower cornerb(P ) =
(b1(P ), b2(P )) hasb2(P ) = rL, wherer andn(P ) are integers. We say that the square
Q with b(Q) = (b1(Q), b2(Q)) is associated with the rectangleP if b1(Q) = b1(P ),
L[b2(Q)/L] = b2(P ), l(Q) = n(P ), and henceQ ⊆ P (here [ · ] denotes the integer
part). For any rectangleP we define

U (η(P )) =
∑
Q

U (η(Q)), (A3.1)

where the sum is taken over all squaresQ associated with the rectangleP . Clearly,

0 ≤ U (η(P )) ≤ Lexp [−n(P )] (A3.2)

and absorbingL inβ one can assume that the potential is defined on rectanglesP (instead
of squaresQ) and satisfies

0 ≤ U (η(P )) ≤ exp [−n(P )] . (A3.3)

Set∂IV = {x ∈ V | dist (x, V̂ ) = 1}, ∂EV = {x ∈ V̂ | dist (x, V ) = 1}. We call
∂IV and∂EV an internal and anexternal boundaries ofV respectively. Observe that
every finite volumeV can be uniquely partitioned into vertical segmentsVn with each
segment being a connected component of the intersection ofV and some vertical line.
We denote bya(Vn) andb(Vn) the points of∂EV adjacent toVn from above and from
below, respectively. The collection of such elements will be denoted bya(V ) andb(V ).
In addition, we restrict our considerations to the volumes with

L[a(Vn)/L] = a(Vn) and L[b(Vn) + 1/L] − 1 = b(Vn). (A3.4)

As we still allow arbitrary boundary conditions it is sufficient to prove the uniqueness
of the limiting Gibbs state when the limit is taken over volumes of the special shape
described above.

3.1. Definition of contours.A precontourγ = {Pj} is a family of rectangles which
satisfy the following conditions:
(1) γ̄ = ∪jPj is a connected subset ofZ2;
(2) everyPj contains a point which does not belong to any other rectangle ofγ.

Consider a finite family of rectangles0 = {Pi} such that0̄ = ∪iPi is a connected
subset ofZ2. This family of rectanglesγ(0) will be a precontour by our definition. It is
called theprecontour of0. We describe an algorithm which produces a unique minimal
coveringγ(0) of 0̄.

(i) Fix the leftmost lowerpoint in 0̄. Among all rectangles of0 that begin at this point
choose the rectanglePi1 with the maximal linear sizen(Pi1) and include it inγ(0).
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(ii) Suppose that the rectanglesPi1, . . . , Pik are already selected toγ(0) during the
previous steps of the algorithm. Fix theleftmost lowerpoint x ∈ 0̄ \ (∪kj=1Pij ).
Consider all rectangles of0 coveringx. Among them choose the rectangles with
the maximal right upper corner (here maximal meansrightmost upper). From this
family of rectangles include inγ(0) the rectanglePik+1 which has the maximal
linear size.

(iii) Repeat step (ii) until̄0 will be totally covered, i.e.̄0 = ∪jPij .

We say that a rectangleP is compatiblewith precontourγ = {Pj} and denote it by
P ≺ γ if for 0 = {Pj} ∪ {P} one hasγ(0) = γ. Obviously, anyP ≺ γ belongs to ¯γ
and anyP embedded into somePj ∈ γ is compatible withγ. It is also clear that some
of the rectanglesP ⊆ γ̄ can be incompatible withγ.

A collection of precontours{γi} is called a compatible if for anyγi1, γi2 ∈ {γi}
either dist (¯γi1, γ̄i2) > 1 or γ̄i1 ⊆ γ̄i2 \ ∂I γ̄i2. ForV ⊂ Z2, the inclusion0 ⊂ V means
that every rectangle of0 is contained inV . Furthermore,0∩V 6= ∅ mean thatP ∩V 6= ∅
for everyP ⊂ 0. A collection of precontours{0i} ∩ V 6= ∅ if 0i ∩ V 6= ∅ for eachi.

A contouris a triple� =
({γi}, {τj}, η

)
, where

(i) either{γi} ∩ V 6= ∅ is a compatible collection of precontours or{0i} is an empty
set;

(ii) {τj} ⊆ V \ (∪i∂I γ̄i) is a collection of mutually disjoint finite vertical segments
with a(τj), b(τj) ∈ ∪i(∂I γ̄i ∩ V ) ∪ ∂EV ;

(iii) η is a configuration in∪i(∂I γ̄i ∩ V );
(iv) either{γi} is non empty and for everyτj at least one of its ends (a(τj) or b(τj))

belongs to∪i(∂I γ̄i ∩ V ) or {γi} is empty and{τj} consists of a single segmentτ
with a(τ ), b(τ ) ∈ ∂EV ;

(v) for every pairγi′ andγi′′ there exists a sequenceγi′ = γi1, τj1, . . . , γis , τjs , γis+1 =
γi′′ such that for any 1≤ k ≤ s eithera(τjk ) ∈ ∂I γ̄ik andb(τjk ) ∈ ∂I γ̄ik+1 or
b(τjk ) ∈ ∂I γ̄ik anda(τjk ) ∈ ∂I γ̄ik+1.

The contour clearly depends onV . In the special case whenV = Z2 we obtain so called
freecontours.

Given a contour� =
({γi}, {τj}, η

)
, we set

�̄
τ

= ∪jτj , �̄
γ

= ∪iγ̄i, �̄ = �̄
τ ∪ �̄

γ
, �̃ = �̄

τ ∪ (∪i∂I γ̄i).

A collection{�l} is compatibleif for any �l1 and�l2 one has�̃l1 ∩ �̃l2 = ∅ and the
total collection{γi(�l1), γi(�l2)} is a compatible collection of precontours.

A contour� belongs to the volumeV if the corresponding precontoursγi ⊆ V and
�̄ ⊆ V . A contour� has non empty intersection with the volumeV if {γi} ∩ V 6= ∅
and�̄

τ ⊆ V .

3.2. Definition of statistical weight for contours.We partition the finite volumeV into
vertical segmentsVn and denote the distance betweena(Vn) and b(Vn) by ||Vn|| =
|Vn| + 1. The number of configurations inV with the boundary conditionη′(V̂ ) can be
calculated as

N (V |η′(∂EV )) =
∏
n

N
(
Vn|η′

a(Vn), η
′
b(Vn)

)
, (A3.5)
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whereN
(
Vn|η′

a(Vn), η
′
b(Vn)

)
is the entry of the matrixA||Vn|| indexed byη′

a(Vn), η
′
b(Vn).

By Perron–Frobenius theorem both matricesA and its adjointA∗ have a unique max-
imal eigenvalueλ > 1. Let e ande∗ be the corresponding eigenvectors with positive
componentseη ande∗

η. We normalizee ande∗ in such a way that
∑
η eηe

∗
η = 1.

Using the Jordan normal form for matrixA one can show that

N
(
Vn|η′

a(Vn), η
′
b(Vn)

)
= eη′

a(Vn )
e∗
η′

b(Vn )
λ||Vn|| (1 +F

(
Vn|η′

a(Vn), η
′
b(Vn)

))
, (A3.6)

where for some 0< ρ(A) < 1 andν(A) > 0,∣∣F (Vn|η′
a(Vn), η

′
b(Vn)

)∣∣ ≤ ν(A)ρ(A)||Vn||. (A3.7)

We define

L(V ) = λ−
∑

n
||Vn||, (A3.8)

E(η(∂EV )) =

(∏
n

eηa(Vn )

)−1(∏
n

e∗
ηb(Vn )

)−1

,

E∗(η(∂EV )) =

(∏
n

e∗
ηa(Vn )

)−1(∏
n

eηb(Vn )

)−1

. (A3.9)

Similarly, we defineE(η(∂IV )) andE∗(η(∂IV )) by using the top and bottom elements of
Vn instead ofa(Vn) andb(Vn). Given a precontourγ and a fixed configurationη(∂I γ̄∩V ),

we define aprecontour partition functionby

Ξ
(
γ, η(∂I γ̄ ∩ V )|η′(V̂ )

)
= L
(
(γ̄ \ ∂I γ̄) ∩ V )E∗(η(∂I γ̄ ∩ V )

)−1
E
(
η′(∂EV ∩ γ̄)

)
×

∑
η
(

(γ̄\∂I γ̄)∩V
) ∏

P∈γ
[U
(
η(P ∩ V ) + η′(P ∩ V̂ )

)− 1]
∏
P≺γ

U
(
η(P ∩ V ) + η′(P ∩ V̂ )

)
.

(A3.10)
Set

Ξ∗(V |η′(∂EV )) = L(V )E(η′(∂EV ))
∑
η(V )

∏
P : P⊆V

(
1 +U

(
β, η(P )

))
.

Thestatistical weight of precontouris defined by

W
(
γ, η(∂I γ̄ ∩ V )|η′(V̂ )

)
=

Ξ
(
γ, η(∂I γ̄ ∩ V )|η′(V̂ )

)
Ξ∗((γ̄ ∩ V ) \ ∂I γ̄|η(∂I γ̄ ∩ V ) + η′(∂EV ∩ γ̄)

) .
(A3.11)

For any contour� =
({γi}, {τj}, η

)
, thestatistical weightis

W (�|η′(V̂ )) =
∏
i

W
(
γi, η(∂I γ̄i ∩ V )|η′(V̂ )

)∏
j

F (τj |η′′
a(τj ), η

′′
b(τj )), (A3.12)

whereη′′ = η′(∂EV \ ( ∪i γ̄i
))

+
∑
i η
(
∂I γ̄i ∩ V ).
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Polymer Expansion Theorem (see [JM]).LetU (η(P )) be a potential which is defined
on rectangles of sizen(P )×Ln(P ). Assume thatU ∈ P(q, ε) satisfies (A3.3). Then there
exists a constantε0 > 0 such that for any0 < ε ≤ ε0, any finite volumeV satisfying
(A3.4), and arbitrary boundary conditionη′(V̂ ) the following equation holds:

L(V )E(η′(∂EV ))Ξ(V |η′(V̂ )) =
∑

{�j}∩V 6=∅

∏
j

W (�j |η′(V̂ )), (A4.1)

where the partition functionΞ(V |η′(V̂ )) on the left-hand side is defined by (A2.1)–
(A2.4) withU (η(P )) replacingU (η(Q)) and the right-hand side is the abstract partition
function over contours defined in the previous sections. Thus, the partition function has
the polymer expansion

L(V )E(η′(∂EV ))Ξ(V |η′(V̂ )) = exp
( ∑
℘∩36=∅

w(℘)), (A4.2)

where the statistical weightw(℘) is defined in (A1.5)

For a polymer℘ = [�αi
i ], ℘̄ = ∪i�̄i, a potentialU ∈ P(q, ε) satisfying (A3.3),

and every sufficiently smallε the conditional Gibbs distributions (see (A2.2)) can be
computed by the following formula

µ
V,η′ (ξ(B)) =

N (B) exp

∑
P⊆B

U (η(P )) +
∑

℘:℘∩V \B 6=∅
w(℘|ξ(B) + η′(V̂ )) −

∑
℘:℘∩V 6=∅

w(℘|η′(V̂ ))

 ,
(A4.3)

whereP is a rectangle,B ⊂ V ⊂ P are finite volumes (V satisfies (A3.4)) and

N (B) =
L(B)

E∗(ξ(∂IB))
(A4.4)

is the normalizing factor (recall thatL(B) andE∗(ξ(∂IB)) are defined by (A3.8)).
One can show that the infinite sums on the right-hand side in the above formula are

convergent uniformly for allB in Z2 and obtain an explicit formula for the Gibbs state
in terms of the potentialU independent of the boundary conditionη′:

µ(ξ(B)) =

N (B) exp

∑
P⊆B

U (ξ(P )) +
∑

℘:dist(℘̄,B)≤1

dist(℘̄,B̂)=0

w(℘|ξ(B)) −
∑

℘:dist(℘̄,B)≤1

w(℘)

 . (A4.5)
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