CHAOS IN TRAVELING WAVES OF LATTICE SYSTEMS
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Abstract. We describe coupled map lattices (CMLs) of unbounded media
corresponding to some well-known evolution partial differential equations (including
reaction-diffusion equations and the Kuramoto-Sivashinsky, Swift-Hohenberg and
Ginzburg-Landau equations). Following Kaneko we view CMLs also as phenomeno-
logical models of the medium and present the dynamical systems approach to studying
the global behavior of solutions of CMLs. In particular, we establish spatio-temporal
chaos associated with the set of traveling wave solutions of CMLs as well as describe the
dynamics of the evolution operator on this set. Several examples are given to illustrate
the appearance of Smale horseshoes and the presence of the dynamics of Morse-Smale

type.
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Introduction. In this paper we deal with lattice dynamical sys-
tems of an unbounded medium. These are also called coupled map
lattices (or briefly CMLs) and are described by equations of the form

(0.1) uz(n +1) = f(uz(n)) + eg;({ui(n) }_5<,)-

Here n € 7 is the discrete time coordinate, 7 = (ji), k = 1,...,d is the
discrete space coordinate, and u(j,n) = uz(n) is a characteristic of the
medium (for example, its density, or distribution of the temperature, etc.).
Furthermore, f: R — R? and g : (R¢)?**! — R? are smooth functions; f
is called the local map and g the interaction of finite size s. Finally,
¢ is a parameter which is assumed to be sufficiently small.

A natural source of CMLs are discrete versions of partial differential
equations of evolution type. They arise while modeling partial differential
equations by a computer. In Section 1 we discuss some examples of partial
differential equations and their discrete versions as CMLs. Intensive study
of this topic representing various points of view on the subject can be
found in [2-4, 6, 7, 14]. In general, no information on the global behavior
of solutions of a partial differential equation can be derived from the study
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of its discrete versions even when the discretization is very fine. However,
we believe that some methods of studying spatio-temporal chaos in CMLs
described in this paper can be applied (perhaps with some modifications)
to partial differential equations.

In [18, 24, 25], Kaneko and collaborators developed a new point of
view on CMLs as phenomenological models to be used to describe the be-
havior of media with high level of energy pumping (corresponding to large
Reynolds numbers). They observed the appearance of particle-like local-
ized structures, i.e. distinct spatial structures obeying individual dynamics
and interacting with nearest neighbors. Moreover, if the medium is spa-
tially homogeneous, then the individual dynamics are identical. Thus, the
behavior of the medium obeys Equation (0.1) (with the local map f rep-
resenting the individual dynamics). The discovery by Kaneko et al. drew
the attention of many physicists and mathematicians to CMLs and led to
a great interest to this area. CMLs have now become a popular subject of
study in both pure and applied mathematics.

The dynamical systems approach to the study of CMLs was originated
by Bunimovich and Sinai (see [14]) and since then has become a core tech-
nique in the theory (see, for example, [3, 4, 6-10, 23, 27, 37]). The main
achievement of this approach is the description of the global behavior of
solutions of Equation (0.1) for a broad class of local maps exhibiting a
greater or lesser degree of hyperbolicity. Let us point out that in order to
solve Equation (0.1) one should fix initial and boundary conditions. The
initial condition is uniquely determined by fixing values (u;(0)). Since the
medium is unbounded the boundary conditions are given by fixing the rate
of increase (or decrease) of solutions at infinity.

In this paper we consider the case when solutions grow at infinity
at an exponential rate. The corresponding infinite-dimensional dynamical
system which governs the behavior of solutions of Equation (0.1) (i.e., the
group of time translations generated by the evolution operator) is described
in Section 2. Since the medium is unbounded one can introduce the group
of space translations. We assume that they commute with the evolution
operator (this depends on the interaction and is always the case when the
CML is obtained as a discretization of a partial differential equation). This
leads to an action of the ZP*!-lattice on the infinite-dimensional phase
space by time and space translations. The main objective of this paper is
to describe hyperbolic, topological, and ergodic properties of this action.

In particular, we reveal the mechanism for appearance of finite-
dimensional spatial and/or temporal chaos associated with various spe-
cial classes of solutions (including steady-state, spatio-homogeneous, and
traveling wave solutions; see Section 3). Although the chaotic behavior
occurs only on a “tiny” finite-dimensional subset it may (and often does)
influence the behavior of a physically observable set of solutions of the
CML, i.e., solutions which are typical in a sense. In particular, we es-
tablish spatio-temporal chaos associated with traveling wave solutions of
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the CMLs (see Section 4). This class of solutions was studied first by
Afraimovich and Pesin in [6] and provides the only known class of so-
lutions that may generate finite-dimensional spatio-temporal chaos. The
dynamics of the evolution operator restricted to traveling wave solutions is
completely determined by the traveling wave map. In Sections 5 and 6 we
present all known results describing hyperbolic, topological, and ergodic
properties of this map as well as consider some interesting examples.

1. Lattice dynamical systems as discretizations of partial dif-
ferential equations. There are many partial differential equations of evo-
lution type whose discrete versions are lattice dynamical systems of the
form 0.1.

Among them we consider some nonlinear reaction-diffusion equation
as well as then Swift-Hohenberg, Kuramoto-Sivashinsky, and Ginzburg-
Landau equations.

1.1. A nonlinear reaction-diffusion equation is a partial differ-
ential equation of the form:

du
(1.1) 5= h(u) + kAAu,

where u = u(z,t) is a function of two variables (the space coordinate z
and time t) with values in the d-dimensional Euclidean space R? (d =
1,2,3); A is the coupling matrix and & is the diffusion coefficient. Equation
1.1 describes a large variety of phenomena in different fields. Examples
are heat conductivity in physics, chemical diffusion processes in chemistry,
enzyme kinetics in biology, and propagation of voltage impulses through
nerve axosn in neurophysiology (see [29] and [31] for more applications).

One can obtain a number of well-known particular cases of reaction-
diffusion equation 1.1 by an appropriate choice of the nonlinear term h.
Among them are:

1.1.1. The Kolmogorov-Petrovsky-Piskunov (KPP) equation
for which the nonlinear term is a quadratic polynomial,

(1.2) h(u) = au(l - u),

where o > 0 is a parameter. This equation appeared in genetics as a
model for the spread of an advantageous gene through a population. The
solution u(z,t) measures the proportion of the population possessing this
gene during the evolution of the system (the so-called Fisher model), see
[11, 21, 28, 31].

1.1.2. The Huxley equation for which the nonlinear term is a
cubic polynomial,

(1.3) h(u) = au(l — u)(u — a),

where 0 < a < 1 and a > 0 are parameters.
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1.1.3. The FitzHugh-Nagumo equation where the nonlinear
term is a two-dimensional map of the plane,

(1.4) h(u,v) = (do(u) — av,bu — cv)).

Here ¢(u) is a cubic polynomial, o(u) = u(u—8)(1 —u) with 8 € (0,1) and
a,b,c,d > 0 are real parameters.

The Huxley equation and FitzHugh-Nagumo equation are used to
model the propagation of voltage impulse through a nerve axon (see [29]).

1.2. The Swift-Hohenberg equation is a partial differential equa-
tion of the form
0
& au- (1+82)%u —u?

ot
v 6%
— (e — 3 9
=la-lu-u ozt T 0z%’

where v is a real function and a a real parameter. For some physical
phenomena modeled by this equation see [22, 35]; for an extensive mathe-
matical study of the Swift-Hohenberg equation see [15].

1.3. The Kuramoto-Sivashinsky equation was introduced by
Kuramoto in one space dimension for the study of phase turbulence in
the Belousov-Zhabotinsky reactions. A two-dimensional extension of this
equation was later used by Sivashinsky in studying the propagation of flame
fronts in the case of mild combustion (see [17, 22]). We will consider only
the one-dimensional version which is a partial differential equation of the
form

Ou _ ?u  0*u du
- ™M a2 9t “or

where u is a real function and 7 a real parameter.

(1.5)

1.4. The Ginzburg-Landau (amplitude) equation is a one-

dimensional partial differential equation of the form

2
% =h(u)+ A+ ia)%,
where h(u) = (k+i8)ulu|? —yu and ), «, 8, v, & are real parameters. The
complex-valued function u(z,t) is defined on Q x R* where  is an open
domain in R?.

This equation governs the finite amplitude evolution of instability
waves in a large variety of dissipative systems. Various forms of this equa-
tion arise in hydrodynamic instability theory. For example, one can use
it to describe the nonlinear growth of convection rolls in Rayleigh-Bénard
problem or the appearance of Taylor vortices in the flow between counter
rotating circular cylinders (see [36]).

(1.6)
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In this paper we will deal with the real version of Ginzburg-
Landau equation
ou o*u

(17) E—t- = h(u) + ﬁ,

where h(u) = u(y — du?), (u € R), and v, § are real parameters.
When v = 6 = 1 this equation becomes the nonlinear heat equa-
tion.

1.5. Discretizations. One can obtain discrete versions of the above
partial differential equations replacing derivatives by appropriate differ-
ences.

For the time derivative we assume the following discretization:

ou

5 — (et + A1) - u(z,1)]/At,

where At is the discretization step. Thus, we obtain the following local
maps:
1. for the Kolmogorov-Petrovsky-Piskunov equation,

(1.8) f(u) =u+ Ath(u) = u +vu(l — u)

is a quadratic polynomial, where v = aAt is a parameter;
2. for the Huxley equation,

(1.9) f(u) = u+ Ath(u) = u + vu(l — u)(u — a)

is a cubic polynomial, where v = at is a parameter;
3. for the FitzZHugh-Nagumo equation,

(1.10) flu,v) = (u + Ap(u) — av, Bu + yv)

is a two-dimensional map, where A = dAt, a = aAt, 8 = bAt,
X = cAt, and y =1 — x are positive numbers and 0 < 8 < 1;
4. for the Swift-Hohenberg equation,

(1.11) flw) =1 +v)u—pdd
is a cubic polynomial, where v = (1 — )]At and p = At are
parameters.
5. for the Kuramoto-Sivashinsky equation,
(1.12) f(u) =vu

is a linear function, where v = (1 — n)At is the parameter;
6. for the (real) version of the Ginzburg-Landau equation,

(1.13) f(u) = u+ Ath(u) = u + vu(l — qu?)

is a quadratic polynomial, where v = yAt and q = (§/v)At are
parameters.
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1.6. For the space derivatives we allow any discretization scheme
involving an arbitrary number of points. For example, we choose the fol-
lowing discretizations:

Z—Z — [u(e + Ag,t) - u(z, 1)]/Ag,

% ~— [u(z + Az, t) — 2u(z, t) + u(z — Az, t)]/(Az)?,
tu

i [u(z + 2Az,t) — du(z + Az, t) + 6u(z,t)

—4u(z — Az,t) +u(z — 2Az,t)]/(Az)?,

where Az is the discretization step. The interaction g is then a function of
2s + 1 variables, where

s =1 for Kolmogorov-Petrovsky-Piskunov equation,
Huxley equation,
FitzHugh-Nagumo equation,
Ginzburg-Landau equation,

s =2 for Swift-Hohenberg equation,

Kuramoto-Sivashinsky equation.

2. Lattice systems as infinite-dimensional dynamical systems.
We provide a formal mathematical description of lattice systems in terms
of dynamical systems. Consider the direct product of finite-dimensional
Euclidean spaces R = @,,R¢ = (R*)2". We introduce a special norm
called norm with weights. Namely, given ¢; = (g1:), ¢2 = (g2,;) with
Gi>1,q:i>1,1=1,. ,pandu—(u—)ERJEZ” we set

(2.1) Nullgr,eo = Z Z

where j = (j;) and ¢(ji) = (g1,4)% if j; > 0 and ¢(ji) = (g2,4)% if ji < 0.
Norms with weights were used by Sattinger in [34] to study the stability of
traveling waves for some partial differential equations and by Afraimovich
and Pesin in [6] to study spatio-temporal chaos in traveling waves for some
lattice systems.

The lattice dynamical system 0.1 can now be described as the infinite-
dimensional dynamical system (M, 4,, ®) with the underlying phase space

q (Jp

(2'2) quzz - {u - (U'—) HUHQMIz < OO}
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and the non-linear evolution operator ® = &,

(2.3) (Pu)z(n + 1) = f(uz(n)) + eg;({uz(n)}ji_51<,)-

Let us point out that the dynamical system (Mg, 4,, ®) corresponds to so-
lutions of the CML which satisfy the initial condition (u3(0)) € My, 4, and
boundary condition ||ullg ¢, < oo (i.e., the solution may grow at infinity
at an exponential rate).

We observe that My, 4, is a Banach space with respect to the metric
II|lq1,q2- Moreover, the operator ® has a special form ® = F+&eG where F =
&, f is the direct product of copies of the local map f and G = (95')762?‘
F is called the uncoupled map and G the coupling or interaction. If
¢ is sufficiently small the operator ® is a small perturbation of the map F.

We assume that the following main assumptions hold:

A1l. There exists K > 0 such that for [ = 1,2:

(2.4) sup ||lezf| <K,
z€RC
al
(2.5) sup sup 7| < K
1<i<2s+1 gepazo+t | OT;

A2. For any z = (z;) € (R#)2s+1

dg(z)
(2.6) det( 9o, ) #0,
and
dg(z)\ ™
(2.7) zeuszlig“ det (—8:01 ) < 00.

We emphasize that we do not require that the maps f and g be
bounded but only their first and second derivatives. Under assumptions
Al and A2, the dynamical system (Mg, q,,®) is correctly defined. More
precisely the following statement holds:

PROPOSITION 2.1 (see [6]). Under Assumptions Al and A2 for any
a1 = (q1,i),q2 = (g2,i) as above the operator & maps My, 4, into itself.

Let us stress that the operator ® is not differentiable in the sense of
Frechét but in the sense of Gateaux (the latter means that it is differentiable
only along finite-dimensional subspaces). One can show that the Gateaux
differential of @ is given by the following linear map:

(2.8) du®(&);=f'up)&+ Y, ar-&,

[i=7I<s

where u = (u3), £ = (§) € My, ,q, and a7 = g&({u;}ﬁ—ﬂSs)'
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The space My, 4, admits spatial translations (or shifts) Sk Mgy, 4
— My, 4, given by

(2.9) S*(u); = vz,
where i = (i;), k = (k;) € ZP.

We now assume that the following condition holds:

A3. The maps ' and S* commute for any | € Z and k € Z>.

Let us note that if the interaction g- does not depend on j the as-
sumption A3 holds. This is the case when the lattice system is obtained as
a discretization of a partial differential equation.

Under assumption A3 the maps {(®!,5%) : | € Z, k € ZP} generate
an action of the ZP*!-lattice on M,, 4,. The main goal of this paper is to
describe topological, hyperbolic, and ergodic properties of this action.

3. Types of chaotic behavior in lattice systems.

3.1. In [32], Pesin and Sinai discussed the following types of chaotic
behavior in lattice systems corresponding to actions of temporal and/or
spatial translations. A lattice dynamical system is said to display:

1) temporal chaos if there exists a measure p invariant under the
Z!-action {®'} which is mixing;

2) spatial chaos if there exists a measure p invariant under the Z?*-
action {S*} which is mixing;

3) spatio-temporal chaos if there exists a measure p invariant un-
der the ZP*1l-action {®, S¥} which is mixing.

In many cases the chaotic behavior of lattice systems is essentially
finite-dimensional. This means that there exists a finite-dimensional (of-
ten smooth) submanifold in the infinite-dimensional phase space which is
invariant with respect to time translations or space translations or both
and which supports an invariant mixing measure. Such submanifolds are
usually associated with special classes of solutions.

It may also happen that such a submanifold is stable in the infinite-
dimensional phase space, i.e., solutions which start in a small neighborhood
of this submanifold approach it with time.

In this case chaotic behavior is persistent and thus is physically ob-
servable. Otherwise, chaotic behavior occurs on a “tiny” finite-dimensional
submanifold and is “invisible.” In some cases the invariant submanifold
is stable in a weaker sense: it possesses an infinite-dimensional separatrix
which is everywhere dense in the phase space. In this case the chaotic
behavior should also be considered as physically observable. However, it
is essentially unstable (with respect to small perturbations of initial data)
and hence, is significantly more difficult to study.

3.2. One can observe temporal chaos in the space of solutions which
are spatially-homogeneous, i.e., do not depend on the spatial coordinate,

u7(n) = u(n). We assume that the coupling g;(z: ..., Zas4+1) does not
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depend on j, i.e., g; = g. It is easy to see that the function u(n) should
satisfy the following equation:

(3.1) u(n + 1) = f(u(n)) + eg(u(n),...,u(n)).
2s+1

This equation reproduces orbits of the map H, : R? — R¢ given by H,(z) =
f(z)+£g(z) where g(u) = g(u,...,u). The map H, is a small perturbation
2s+1
of the local map f and completely determines the behavior of the evolution
operator ®. on the space of spatially-homogeneous solutions. To illustrate
this let us introduce the embedding map x : R — My, ,,, where x(z) =
(uz) with uz = z for any 7 € ZP. Obviously, this map is linear.
PROPOSITION 3.1.
1. The space of spatially-homogeneous solutions H = x(R?) is a d-
dimensional linear subspace of the Banach space My, q4,.
2. H is invariant under both space and time translations, i.e. under
the ZP*+ -action (3L, S¥).
3. The action of the evolution operator on the space of spatially-
homogeneous solutions, ®.|H, is linearly conjugate to the map H,,
i.e. the following diagram is commutative:

X
Rd H C M‘117¢12

n Js

X
Rd H C M‘hﬂlz

D1. Embedding of Spatially-homogeneous Solutions.

Proof. The first statement follows immediately from the fact that
the map x is linear. Since every point in H is spatially-homogeneous,
‘H is invariant under space translations. The invariance of ‘H under time
translations and commutativity of the diagram follows from the definitions
of H and H,. a

As an immediate consequence of Proposition 3.1 we obtain that if y is
an invariant mixing measure for the map H, then the measure x.u (defined
by x«p = p o x) is an invariant mixing measure for the evolution operator
®.|Mj,, .- Thus, the latter displays temporal chaos.

The problem of finding an invariant mixing measure for H, is purely
finite-dimensional and can be solved within classical perturbation theory.
For example, if the local map is hyperbolic (i.e, possesses a hyperbolic
invariant set) then so is the map H, for sufficiently small e. This guaran-
tees the existence of mixing measures (see a more detailed description of
hyperbolic sets in Section 5 below; see also the Appendix).
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It is unknown whether the space # is stable in Mg, 4,, in the above
mentioned sense, and therefore, whether the associated temporal chaos is
physically observable.

3.3. In order to demonstrate the phenomenon of spatial chaos we
consider the space of steady-state (stationary) solutions, i.e., solu-
tions which do not depend on time: uJ—-(n) = uz. It is easy to see that
these solutions form a finite-dimensional linear subspace of the phase space
My, 4,- We have the following equation for us:

(3.2) uz = f(v5) +eg;({ushi-g<s)-

Steady-state solutions have been studied by many authors. For exam-
ple, in [2], Afraimovich and Chow considered the case of a one-dimensional
lattice (p = 1) and assumed that g = g(u1,uz2,u3) = u1 — 2uy + us (this
form of function g corresponds to the spatial discretization of the reaction-
diffusion equation described above). In this case Equation 3.2 becomes:

(33) h(uj) + a(uj_l — 2u,- + U]'_|.1) =0

with j integer. Solving (3.3) for uj;1 yields
1
(34) Uj41 = -—Eh(u]') + 2’U,j — Uj-1.

Solutions to equations 3.4 are determined by the map G, : R?¢ — R4
given by

(35) Calwt) = (v ~3h(3) +2y ),

where z,y € R%. _
PROPOSITION 3.2. There exists an embedding x : R?¢ — My, 4, such
that
1. the space of steady-state solutions S = x(R?*?) is a smooth 2d-
dimensional submanifold of Mg, g,;
2. the space S is invariant under both space and time translations;
3. the action of the evolution operator on the space of steady-state
solutions, ®.|S, is conjugated to the map G,, i.e. the following
diagram is commutative:

X
R —— SC My

Gal 131‘

X
R2d S C M¢11 192

D2. Embedding of Steady-state Solutions.
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Proof. For any (z,y) € R*?, set x(z,y) = (u;), where
(G™M)1(z,y) forn>0

U= & forn=0
(G7Y) ™)1 (z,y) forn<0

and G;'(z,y) = (—1h(z)+2z—y, z) (here we use the index 1 to denote the
first component of the maps G, and G, i.e. the corresponding projection
to R?). The first statement now follows. By the definition of steady-state
solutions every point in § is fixed under time translations. The invariance
of § under space translations S; and the commutativity of the diagram
follow from the definitions of G, and . a

In [2], Afraimovich and Chow studied topological properties of steady-
state solutions. A solution u* = {u}} of equation 3.4 is said to be a
homoclinic point for space translations on S if there exists u® € R? such
that

(3.6) lim u} = ul.
i]—o0

One can show that «® € S. In [2], the authors studied the problem of
existence of a homoclinic point with bounded /2> (or {*)-norm. If such
a point exists, then the map G, possesses a locally maximal hyperbolic
set and hence, has many invariant mixing measures (see Appendix). They
also discussed the stability of homoclinic points with respect to small linear
perturbations.

4. Traveling wave solutions. We describe another class of solu-
tions known as traveling wave solutions. We shall show that traveling wave
solutions running with a given velocity form a finite-dimensional smooth
submanifold in the infinite-dimensional phase space which is invariant un-
der both time and space translations. We also observe finite-dimensional
spatio-temporal chaos associated with traveling waves.

Let m be an integer and I = (I;) € ZP an integer p-tuple. For j =
(i), k = (ki) € ZP, we set (7, k) = Y.P_, jiki. A traveling wave solution
of Equation 0.1 is of the form:

(41) u(j,n) = P((I, 5) +mn),

where ¢ : Z — R? is a function. The numbers m and !; determine the
velocity of the wave. From now on we assume that

1. the numbers /; are relatively prime (i.e., their least common divisor

is 1);

2.m>sy0 1.
The last condition means that the velocity of the wave is large.

For simplicity we consider only one-dimensional lattices (i.e., p = 1;
for the general case we refer the reader to [6, 7]). The norm in the phase
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space My, 4, is determined by two numbers ¢ > 1 and ¢ > 1 in the
following way

(4. ol o = 3 122k 1 57 2l

=
<o &t jeo B2

We fix m,l € Z which satisfy Conditions 1 and 2, i.e. m,! are relatively
prime numbers and m > ls+ 1.

We also assume that the coupling g;(z; ...,Z2s41) does not depend
onj,ie, gj=g.

The function ¢ must satisfy the following traveling wave equation:

(4.3) P(k) = f($(k —m)) +eg({$(k —m + i) }j51<s)s

where k = [j + mn + m is called the traveling coordinate.

Denote by ¥ = ¥(e, ¢1,q2,m,[, s) the set of solutions of the traveling
wave equation which is a subset in (R?)Z. In view of our assumptions on m
and [, Equation 4.3 is an equation with delay argument (i.e., k —m+1s <
k —1 < k). Therefore, a traveling wave is uniquely determined by the
values:

(4.4) o =¢(-m—Is+p+1) forp=1,...,Is+m.

These relations define a (non-linear) map a : (R?)!$*™ — .

The dynamics on the set ¥ of traveling waves is given by the shift
map Q. defined by Q.(¥)(k) = ¢(k+1). In [6], the authors demonstrated
that this dynamics is finite-dimensional and is governed by the traveling

wave map F. : (R)*" - (R)**™ given by
(45) FE (zla ey -Tls-+—m) = (mZa -3 Llstm, f(xls—f-l) + Eg(xp(i))"ig:—s)’

where p(i) = I(s +1) + 1.

THEOREM 4.1 (see [6]). There exist qio) > 1, qéo) > 1 such that for
any q1 2 Q§O), g2 > qéo) we have:

1. the map « is a smooth embedding of (Rd)ls+m into My, ¢, the

image Yq, ¢, = a((R‘i)ls+m) is a smooth submanifold of dimension

d(ls + m);
2. for any z € (Rd)ls+m and £ € (Rd)ls+m the differential dya is
given by
(dsa(€)) (k) =df (¥(k — m))(dza(§))(k — m)
(4.6) +e Y ai((dza(®)(k —m+ 1)),

i=-—3

where a; = 25 ((k — m + 1i)}<5); moreover,
Ou; jil<
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(4'7) sup ”dza“lh»lh < 005
s€(R)!+m

3. the shift map Q. and the traveling wave map F; are smoothly con-
jugated via the embedding map «, i.e., ao F, = Q. o a; in other
words the following diagram is commutative:

dlstm o
R \Ijlh,lh

r | Jo

dlst+m a
R ql‘llyqz

D3. Embedding of Travelling Wave Solutions, I.

Every solution ¢ of the traveling wave equation 4.3 determines a solu-
tion u = uy = uy j(n) of the lattice system 0.1 whose values at time n =0
are given as

(4.8) uy,j(0) = ¥(lj).

It follows that uy j(n) = ¢(lj + mn) = ¥Y(k — m) for every time n. In
particular, every traveling wave is uniquely determined by its values at
countably many points of the form [j with j € Z.

Equation 4.8 defines the linear map (/) = uy on ¥y, 4.

THEOREM 4.2 (see [6]). For any ¢ > q;o) and g2 > qéo) (see Theorem
4.1) we have:
1. B is a smooth linear embedding of ¥, 4, into MQLQQ; the image
Agy a0 = B(¥yq, ;) s a smooth submanifold of dimension d(ls+m);
2. the map QT and the restriction of the evolution operator ®. to
Ag, q» are conjugated via the map B, i.e. Bo QT = &, 0f; in other
words, the following diagram is commutative:

B
\IJ‘h,lIz ’ Aq1,q2 C Mq{,qé

Q;"l lq’é

B
Y100 » Ag g C Mqi,q’2

D4. Embedding of Travelling Wave Solutions, II.

Combining the above two diagrams together we obtain that the dy-
namics of the evolution operator ®. on the set of traveling wave solutions

with a given velocity m/! is completely determined by the traveling wave
map F,. Namely, the following diagram is commutative:
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dyls+m X
(]R ) ; Aqmz C Mqi,qé

Fe'"l P"

d\lst+m X
(R ) ? A(Il»qz C Mqll,qé
D5. Embedding of Travelling Wave Solutions, III.

where x = [ o a is the (non-linear) conjugacy map.

It is immediate to check that the submanifold Ay, ,, is preserved under
space translations S* and hence, is invariant with respect to both time and
space translations. We call it the traveling wave submanifold. We will
sometimes use a more explicit notation for it, Afl'l'f'qz, to indicate that it
consists of traveling wave solutions running with the velocity m/!.

As an immediate consequence of the diagram D5 we obtain that if
4 is an invariant mixing measure for the map F; then the measure y,u
is an invariant mixing measure for the evolution operator ®.|A,, 4, (see
Appendix).

Below, we shall study topological and ergodic properties of the travel-
ing wave map and in particular, describe situations where the existence of
mixing measures is guaranteed. We now show that the submanifold A;’l",fh
of traveling waves solutions is stable in some weak sense.

As we noted above the traveling wave equation is an equation with
delay argument and therefore, the dynamics on the set of the traveling
wave solutions is a “drift.” Such systems were studied in [5, 6]. We follow
the approach suggested in [6] to construct an infinite-dimensional stable
manifold for Ag, 4,.

Consider the non-linear operator Q. : My, 4, — M, ,, given by

(4.9) Qe ((wx)) = (f (Wk—m) + €g({Wk-m+1i}jii<s))-

It is easy to see that the restriction of this operator to the set of traveling
waves Wq, o, C My, 4, coincides with the shift map Q.. For any fixed
Y € ¥y, g, We set

(4.10) V¥

q1,92

(d)) = {w = (wk) € Mth;‘lz rwy =9 for i < k}

It is easy to check that for every ¢ € ¥, ., the subspaces Vq’i,qz (¥)

are linear and form a filtration, i.e., Vitl(y) c V} () for every k.
Moreover, the linear subspace

(411) Vql,qz (1/)) = UkEZVqu ,q2 ("/))

is everywhere dense in My, 4,. One can also prove the following statements:
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1. The subspaces V,ﬁ,qz(w) are invariant under the operator ., more

precisely, Qc (V¥ , (%)) C VEm—(y);

2. Ifq > qgo) and ¢z > qgo) then for every k the subspace Vqu,qz (¥) is
stable, i.e. there are constants C = C(k,¢1,¢2) >0and 0< y< 1
such that for any w € VX ()

(4.12) 197 (w) = QFW)llgr.gz < CY" 1w = Pllgs a0

moreover the subspace VX (1) is transverse to ¥, 4, at 9.

We now describe the embedding of the subspaces V‘Z’im (¥) into the
space of solutions of the lattice system. Consider the map 8 on My, ,4,
which associates to every w = (w;) the solution u = (u;j(n)) = B(w) such
that u;(0) = wy;. It is clear that the restriction of 3 to ¥,, ,, coincides
with 3. Moreover, the following statement holds:

PROPOSITION 4.3 (see [6]). 3 is a linear bounded operator from My, 4,

to Mq{,qé which establishes the conjugacy between QZ}’ and the evolution
operator; more precisely the following diagram is commutative:

B
Mth,qz ’ Mqi,qé

ar | k2

B
My, g > Mq{,qé

D6. Embedding of Stable Manifolds.

For any traveling wave solution u = B() € Y, q,, where ¢ € ¥, .,
we set

(413) qu1 »q2 (u) = B(Vqli 42 (,(‘Z)))’ WQI »q2 (u) = B(Vlll sq2 (d)))

Clearly,

(4.14) Wy g2 (u) = U qul»‘IZ (u).
kezZ

The following theorem describes stability properties of the traveling wave
solutions.

THEOREM 4.4 (see [6]). For sufficiently large g1, g2 and for any u €
Ay, . the submanifold Wy, o, (u) is infinite-dimensional and everywhere
dense in qul 4 It is invariant under the evolution operator ®., transverse
to Aq, g., and stable.

Summarizing the above results we have established that for sufficiently
large ¢1 and ¢
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FiG. 1. Stable Separatriz for a Traveling Wave Submanifold.

o the set of traveling wave solutions of the lattice system is a smooth
submanifold Ay, 4, of finite dimension d(ls + m) in My o1

o the dynamics of the evolution operator ®. on this submanifold is
completely determined by the traveling wave map F,;

e the union of submanifolds W, ,,(u) over u € Ay, 4, forms an
infinite-dimensional everywhere dense separatrix transverse to
Aygy 25 we denote it by Wy, o, = W(Aq, 4.)-

Let q§0) > 1 and q§°) > 1 be chosen according to Theorem 4.1. Fix

any ¢; > qfo) and ¢ > qéo) . There exists a smallest positive integer L such
that ({”)% > g1 or (¢”) > ga.

For every integer 1 <1 < L, let us set §; = §;(I) = q;-l/l, 1=1,2. We
have that §; > ¢°.

Therefore, for every integer m > s+ 1 such that m and [ are relatively
prime, Theorem 4.2 applies and provides a smooth d(/s + m)-dimensional
submanifold A’{;’,lqz C Mg, q,- It has an infinite-dimensional everywhere
dense separatrix W(Ag:’,lqz).

Therefore, one has countably many submanifolds Aqf’:”lqz corresponding
to traveling waves running with velocities m/l, such that ¢ = ¢; and @ =
g2. Each of these submanifolds possesses an everywhere dense separatrix.
This indicates that there is no stability in the space My, 4, in a strict sense
but only in a weak one (along the stable separatrices). For values of [ other
than mentioned above such that q§0) < G < ¢ and qgo) < @a < g2 for some
¢1 and g, the stable separatrices W(A;f:’fqg) are nowhere dense in My, 4,.
There is an analogy between submanifolds A:ﬁ’,lqz and inertial mani-
folds for differential equations v’ = F(u) in a Hilbert space. Recall that
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F1G. 2. Coezistence of Countably Many Traveling Wave Submanifolds.

an inertial manifold for the semigroup {S(t)}¢>o associated to such an
equation is a finite-dimensional smooth submanifold M which satisfies the
following properties:

(1) S(t)M C M, i.e. M is positively invariant for the semigroup.

(2) M attracts exponentially all the orbits of the system.

While the first property obviously holds for the submanifolds AZ’I’,’qz,
the second property holds only in a weak sense, i.e., along their stable

manifolds.

5. Dynamics of the traveling wave map: The case of a hyper-
bolic local map. As we saw above the dynamics of the evolution operator
on the set of traveling wave solutions running with a given velocity is com-
pletely determined by the traveling wave map (4.5). In this section we de-
scribe hyperbolic properties of this map, i.e ., properties which characterize
instability of trajectories. Our goal is to illustrate that for sufficiently small
interactions these properties are dominated by the hyperbolic behavior of
the local map f. In particular, we show that if the local map is hyperbolic
in a strong sense (i.e., it possesses a hyperbolic set; every trajectory in this
set is highly unstable; see below) then so are the traveling wave map and
the restrictions of space and time translations to the submanifold of trav-
eling wave solutions. This implies that the CML displays chaotic behavior
of the highest degree, i.e., there exists a measure invariant under space and
time translations which is supported on the set of traveling wave solutions
and has ergodic properties of higher order (in other words, it is equivalent
to the Bernoulli measure in the classical probability theory).

We begin by considering a map F; : (R?)" — (R%)" of the form:

(5.1)  Fo(z1,- 1 Thy-- s Tn) = (@24 oy Tht1,- -+, f(2k) +9(Ti) )
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which is a generalization of the traveling wave map. Here z; € R?, i =
1,...,nand 1 < k < n. Furthermore, f : R? - R? is a diffeomorphism and
g: (R?)™ — R? is a smooth map. We assume that f and g satisfy conditions
Al and A2. This implies that the map F; is a local diffeomorphism, i.e.,
its differential d, F, is non-degenerate for every z € (R?)". In particular,
F, is locally one-to-one but it may not be globally one-to-one.

5.1. One can view the map F; as a small perturbation of the map Fy:
(5.2) Fo(zy,. .. ks oy Zn) = (T2y- oy Tht1y - -+ f(TH))-

Let us note that the map Fy is an endomorphism and its differential d, Fy, is
degenerate for every z € (R?)". Therefore, in studying topological and er-
godic properties of the map F;, for sufficiently small ¢ classical perturbation
theory may not be applied directly and may need significant modifications.

We provide a useful description of Fy. Set m = n—k+1 < n and
consider the map G : (R%)™ — (R%)™

(5.3) G(x1,. s Tm—1,Zm) = (T2,. -+, Tm, f(Z1))-
This map is a difftomorphism and its inverse is given by:
(5.4) G Hz1, 22,y Tm) = (FH(Zm), T1, - s Tme1).

It is easy to see that Fp is a suspension over G, i.e., we have the following
commutative diagram:

()" —— ()"

| Jo

(RY)" —— (RH)"™
D7. The Suspension of the Endomorphism Fy by the Diffeomorphism G.

where 7 : (R%)" — (R*)™ is the natural projection to the last m d-
dimensional components of (R?)".

5.2. We consider the case when the local map f possesses a locally
maximal hyperbolic set A. Recall that a compact invariant set A is called
hyperbolic if for every z € A there exists a splitting of the tangent space
T:M at z into two subspaces E*(z) and E“(z), TMx = E*(z) @ E*(z)
such that:

1. the splitting is invariant under the differential df, i.e.,

(5-5) df (E°(2)) = E°(f(2)), df(E*(z)) = E*(f(2));
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2. the subspaces E°(z) and E%(x) are respectively stable and un-
stable for the differential df, i.e.,

(5.6) |dfe"v| < cA™v|
for every v € E*(z) and
(57) @77o] > A

for every v € E%(z), where ¢ > 0 and 0 < A < 1 are constants
independent of z and v.
A hyperbolic set A is said to be locally maximal if there exists an open
neighborhood V of A such that

(5.8) A= () ™V

n=—odo

For every point x € A one can construct local stable and unstable
manifolds. We denote them by W, (z, f) and W% _(z, f) respectively. The
local stable manifold consists of those points y whose forward trajectories
follow the trajectory of z within the distance ¢ for sufficiently small . The
local unstable manifold is characterized in a similar way by reversing time.

Assume that A is a locally maximal hyperbolic set for the local map
f. Consider the set Ag = &7, A;, where A; are copies of A, i =1,...,n
We have that Fy(Ag) C A and Ag is hyperbolic.

The set A may not survive under small perturbations of Fy (even for
local diffeomorphisms). Therefore, we introduce the set

(5.9) Ao = [) Fo Ko.

Jj=0

The set A is invariant under Fp, i.e., Fg(Ag) = Ag. It is locally maximal
and hyperbolic and admits the following characterization:

LEMMA 5.1 (see [6]). For anyy € Ao there exists a sequence yx € Ag
such that yo =y and Fy(yx) = yg+1 for k € Z.

In the case of endomorphisms, for every point z in a locally maximal
hyperbolic set one can construct a local stable manifold. It is uniquely
defined and consists of those points y whose forward trajectories follow
the trajectory of = within the distance ¢ for sufficiently small €. On the
other hand there are many local unstable manifolds, each corresponding
to a branch of preimages of z. We will specify later the choice of unstable
manifolds.

For the endomorphism Fy, the local stable manifold at a point z =
(@;) € A is given by

(510) Wloc z, FO H B x'u X HVI/IOC .’L‘“
i=k
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where € > 0 is sufficiently small. We will define the local unstable manifold
at = by

k-1 n
(511) Wl%c(maFO) = H{zl} X Hszc(qu)
=1 i=k

In [6], the authors studied hyperbolic properties of the map F. for suffi-
ciently small £ using a modification of the classical perturbation theorem
for hyperbolic sets.

THEOREM 5.2 (see [6]). There exists €9 > 0 such that for any 0 <
€ < €g there is an invariant locally mazimal hyperbolic set A, for F.

5.3. We consider the traveling wave map F.. By Theorem 5.2, for
sufficiently small ¢ there exists a locally maximal hyperbolic set A, for F;.
Let 1 be an invariant mixing measure on A.. Using the map y we can push
this measure on Ay, 4, (see Diagram D5). Hence, we obtain the measure
Hq1,q2 = XxHb-

THEOREM 5.3 (see [6]). The measure g, 4, s invariant under time
and space translations and is mizing.

Therefore, the lattice dynamical system displays spatio-temporal chaos.

5.4. In this section we show that the local map corresponding to the
FitzHugh-Nagumo equation possesses a locally maximal hyperbolic set.
The FitzHugh-Nagumo equation is the only example known to the authors
of a partial differential equation whose local map is hyperbolic.

Consider the map f : R? — R? defined by

(5.12) f(z,y) = (z + Ah(z) - ay, Bz + 7y),

where h(z) = z(z—0)(1-z), 4,0 < 7,0 < 1 and @, § are positive numbers.
Let R = [0, 1] x [r, s] be a rectangle, where r and s are positive numbers.

PROPOSITION 5.4. Assume that numbers o, 3,7 and 6 satisfy the

following conditions:

1 1-6 af 1-6
(513) ’)’<§, —0—<1_7, v < T
Then for all sufficiently large A there exists a rectangle R = [0,1] x [r, 5]
such that the intersection RN f(R) consists of two connected components
R; and Ry (see Figure 3).

Based on Proposition 5.4 one can now develop a “horseshoe-type con-
struction” to obtain an invariant subset A for f. One can then use the
standard “cone technique” to show that A is hyperbolic. More precisely,
the following statement holds.

PRrROPOSITION 5.5. The set

(5.14) A= ) B

n=-—oo

18 a locally mazimal hyperbolic set for f.
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F16. 3. The Horseshoe for the Local Map of the FitzHugh-Nagumo Equation.

6. Dynamics of the traveling wave map: The case of a local
map of Morse-Smale type.

6.1. In this section we consider the case when the local map f is
a Morse-Smale diffeomorphism. It was studied in [30]. Morse-Smale dif-
feomorphisms are hyperbolic in a weak sense: there exist finitely many
hyperbolic periodic points which determine the behavior of all other orbits
(the formal definition is given below). These systems are not chaotic, in
fact, the behavior of every single trajectory is well understood: all of them
(except hyperbolic periodic points) move towards attracting periodic points
as time increases and towards repelling periodic points as time decreases.
Our goal in this section is to show that for sufficiently small interactions
the traveling wave map F; is also of Morse-Smale type and so are space and
time translations restricted to the set of traveling wave solutions. Thus,
the topological behavior of the CML is completely understood and is not
chaotic. We show that the compactification of the local map associated to
some partial differential equations considered in Section 1 is Morse-Smale.

We first provide some necessary background.

Let M be a smooth compact Riemannian manifold and F: M — M
a C'-diffeomorphism. A point z € M is called nonwandering if for any
neighborhood U of z there exists a positive integer n such that F*(U)NU #
0. Q(F) denotes the set of all nonwandering points of F.

A point z € M is periodic if FP(z) = z for some positive integer p.
The set of all periodic points of F is denoted by Per(F). A periodic point
z is hyperbolic if d;F? is a hyperbolic linear map (i.e., |A\| # 1 for any
eigenvalue ). If z is a hyperbolic periodic point for F one can construct
the local stable and unstable manifolds W (z) and W} (z) as well as the
global stable and unstable manifolds W*(z) and W*(z).
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A diffeomorphism F is called a Morse-Smale diffeomorphism if it
satisfies the following properties:
1. Q(F) = Per(F);
2. every periodic point is hyperbolic;
3. the global stable and unstable manifolds of periodic points intersect
transversally.

We now consider the case when F is an endomorphism. Given a hy-
perbolic periodic point z one can construct the local stable and unstable
manifolds as well as the global unstable manifold; however, the global sta-
ble manifold may not be constructed (see [12]). Therefore, we modify the
above definition in the following way.

An endomorphism F is called Morse-Smale if it satisfies the following
properties:

1. Q(F) = Per(F);

2. Every periodic point is hyperbolic;

3. The local stable and global unstable manifolds of periodic points
intersect transversally.

We point out that an invertible Morse-Smale endomorphism is a
Morse-Smale diffeomorphism and so is its inverse.

6.2. We assume that the following conditions hold:

MS1. The local map f has oo as a repelling or attracting fixed point;
one can define the compactification map f: §¢ - S% by f =
PofoP~! where P : S\{N} — R? is the stereographic projection
and N “the North Pole” of S¢;

MS2. The map f is a C' Morse-Smale diffeomorphism;

MS3. The map g and all its first order derivatives “vanish at infinity”,
i.e. for any o > 0 there exists a ball B(0,R) C R¢" centered at
O of some radius R such that ||g(z)|],||(9z;(2))|| < «a for every
z ¢ B(O,R) and ¢t = 1,...,n (here (gs,) denotes the d x d matrix
of partial derivatives of g with respect to z;;, : = 1,...,n, j =
1,...,d).

Let us remark that the map g corresponding to a space discretization
of a partial differential equation is linear (see Section 1). Therefore, it can
be changed outside a large ball in (R%)" to satisfy Assumption MS3. Below
we will show that the local maps arising from our list of examples satisfy
Assumptions MS1 and MS2.

It is easy to check that under Assumptions MS1-MS3 for € > 0, the
map F, induces a map F; : (§%)" — (89)" where (S%)" is the compactifi-
cation of (R?)" “along each d-dimensional component.” Assumption MS3
insures that the map F. is as smooth as the map F, and is a small pertur-
bation of Fy in the C!-topology.

Let us also note that, if instead of the component-wise compactification
of (R%)" we used the standard one-point compactification, the induced map
Fy need not be continuous.
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The following result describes the dynamics of the compactification of
the traveling wave map in the case when the local map is a Morse-Smale
diffeomorphism. It was proved in [30].

THEOREM 6.1. Under Assumptions MS1-MS3 there exists g9 > 0
such that for any 0 < € < &y the map F, is a Morse-Smale endomorphism.
Moreover, F. is a local diffeomorphism for 0 < € < gg.

Although the traveling map F; is defined on (R%)™ which is not com-
pact, using Theorem 6.1 and the standard stereographic projection we
conclude that F, is of Morse-Smale type. More precisely it has finitely
many periodic orbits, all hyperbolic, say Per(F.). They constitute the
non-wandering set. Furthermore if a trajectory remains bounded then its
o- and w-limit sets is a subset of Per(F,).

As we saw in Section 4 the dynamics of the evolution operator on the
set of traveling wave solutions is conjugate to the dynamics of the traveling
wave map F,. Hence, it is also of Morse-Smale type.

6.3. We illustrate that local maps for some CMLs from our list (see
Section 1) are of Morse Smale type.

6.3.1. Kuramoto-Sivashinsky equation. The local map is linear,
f(u) = vu. For v different from 0 and 1 it is a diffeomorphism of R which
has O the only fixed hyperbolic.

THEOREM 6.2. The compactification map f is a Morse-Smale diffeo-
morphism of ST with two hyperbolic fized points corresponding to 0 and oo
(one of them is attracting and the other one is repelling).

6.3.2. Huxley equation. Recall that the local map is a cubic poly-
nomial, f(u) = u + vu(l — u)(u - 6).

Since 0 < # < 1 the map f has three fixed points 0, §, and 1. Tt
is easy to check that if ¥ < 0 is sufficiently small they are hyperbolic
(the derivatives are f'(0) =1—-v8 > 1, f'(§) =1 - v(6? - ) < 1, and
ffly=1-v(1-6)>1).

It is also easy to see that for every u € R the derivative of f is,
f'(u) = =3vu? +2v(8+ 1)u+ (1 — vé), strictly positive. Hence, f is strictly
increasing and therefore, does not have any other periodic point. It also
follows that f is a diffeomorphism of R with oo a repelling point.

Therefore, f satisfies Assumptions MS1-MS2.

THEOREM 6.3. For —1 < v < 0 and 0 < 0 < 1 the compactification
map f is a Morse-Smale diffeomorphism of S* with 4 fized points.

Similar arguments apply to show that the Swift-Hohenberg and
Ginzburg-Landau equations (whose local maps are also cubic polynomi-
als) have local maps of Morse-Smale type in some range of parameters.

6.3.3. KPP equation. The local map is a quadratic polynomial
f(u) =u+ au(l — u). It has two fixed points 0 and 1.

The derivative of f is f'(u) = 1+ a(1 — 2u). It is easy to see that
there exists ag > 0 such that f'(u) > Oforall 0 < o < ap and u <
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X
e e e — e

FiG. 4. The Local Map for Huzley Equation (v < 0).

(1/2)(1 + 1/ap). We change f for u > A = 1/(20p) such that f' > 0 and
the new map f has one more hyperbolic fixed point p > A (see Figure 4).

The new map is a diffeomorphism of R with 4 fixed points: 0 is re-
pelling (f'(0) = 1+ a > 1), 1 attracting (f'(1) = 1 — a < 1); p repelling
and oo attracting.

F1G. 5. The Change of the Local Map for the KPP Equation.
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THEOREM 6.4. For 0 < a < ap the compactification map f is a
Morse-Smale diffeomorphism of S* with 4 hyperbolic fized points.

Let us point out that the number of fixed points of a Morse-Smale
diffeomorphism of S! is even, alternating attractors and repellers.

We consider now the KPP equation for sufficiently large values of the
parameter. Set ug = (14+a)/a (a is fixed). It is clear that f(0) =0 = f(uo)
and f(uo/2) > ug for @ > 1. Since f'(u) = 1+ a —2au for every u € [0, ug]
we obtain that f'(u) = 0 for u = uo/2, f'(v) = 1 for u; = 1/2, and
f'(u) = =1 for uz = (2 + a@)/(2c). One also has that f(u1) = f(u2) > uo
if @ > 1+ V5.

In this case one can find two intervals U; = [0,u1] and Uz = [ug, uo]

such that for every u € U = U; U Us the derivative of f is expanding, i.e.
|f'(u)] > A > 1 for some A which does not depend on u (see Figure 6).

0 Uy U B
Fi1G. 6. Expanding Local Map for the KPP Equation.

Define A to be the set of all points u € I whose positive orbit remains
inI,i.e. A =);5 f(I). The set A is a Cantor-like subset of U on which f
is conjugate to the full shift on the space of one-sided infinite sequences. It
is well known that this system is mixing. We therefore pose the following
conjecture:

Conjecture. For a > 1++/5 the map F, (for sufficiently small € > 0)
has an invariant mixing measure.
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6.3.4. FitzHugh-Nagumo equation. Consider the following vector
field:

(6.1) X (z,y) = (dh(z) — ay, bz — cy).

Let X; be the flow generated by X. A rectangle R is called invariant under
X, if for every = € OR the vector X (z) points inside R.

PROPOSITION 6.5. There exists a rectangle R C R? of the form R =
[—z0, Zo] X [~Yo, Yo] with zo,yo > 0, such that for any r > 1, the rectangle
rR is invariant.

It follows from Proposition 6.5 that for every ¢ > 0 the diffeomorphism
X, admits the compactification map X; : §2 — S? (see Section 6.2). The
latter is a diffeomorphism with the North Pole (corresponding to co) as a
repelling point.

Denote ¢ = (ab)/(cd). One can show that if

(6.2) (0-1) < 4¢

then the vector field X has the origin O as the only attracting critical point
and if

(6.3) (0-1)*>4¢

then there are three critical points O and P;(z;,y;) for ¢ = 1,2, where
r; =0 +1% /(6 —-1)2—-4¢ and y; = (b/c)z;. The points O and P, are
attracting and P; is a saddle point.

One can prove that the flow X; does not have any closed orbits and
hence, the nonwandering set consists only of the critical points O, P; and
P, which are all hyperbolic.

One can also show that the stable (unstable) manifolds of these points
are transversal. We conclude with the following result:

THEOREM 6.6. X; is a gradient-like Morse-Smale flow on the sphere
S2.

Recall that a flow X; is a gradient-like Morse-Smale flow if it has no
periodic orbits, the set of critical points is finite (and therefore coincides
with the set of nonwandering points), all critical points are hyperbolic, and
their stable (unstable) manifolds intersect transversally.

For every real number h we define the Euler map ¢, : R — R?
generated by the flow X; by

(6.4) wn =Id+ hX,
It is easy to see that
(6.5) on(u,v) = (u+ Ap(u) — av, fu + yv),

and hence, ¢}, coincides with the local map for the FitzHugh-Nagumo equa-
tion with A = dh, o = ah, 8 = bh and x = ch.
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Fi1G. 7. The Phase Portraits for the FitzHugh-Nagumo Equation: a) the local
map has two fized points (O is attracting, oo is repelling); b) the local map has
four fized points (O and P, are attracting, P; is a saddle, and oo is repelling).

_ For h small ¢, is close to the identity map and is a diffeomorphism
of R®. Moreover ¢;, maps each rectangle 7R into its interior and hence,
admits a compactification diffeomorphism @, : $2 — 52 with the North
Pole as a repelling fixed point.

Following the proof of the Palis-Smale theorem of structural stability
for Morse-Smale systems one can prove the following result

THEOREM 6.7. There ezists hg > 0 such that for any h, |h| < ho the
map @y, is topologically conjugate to Xp.

THEOREM 6.8. For sufficiently small A, a, 8, and 7y the compactifi-
cation map is a Morse-Smale diffeomorphism of the sphere S. It has two
fized points (one atiracting and one repelling) if Condition 6.2 holds and
four fized points (two attracting, one saddle, and one repelling) if Condition
6.3 holds. The repelling point corresponds to co.

6.4. Bifurcations. As we saw, the local map for the FitzHugh-
Nagumo equation is Morse-Smale in some domain of the parameter space
and has a hyperbolic set in some other domain of the parameter space.
In fact one can pass from the first domain to the second one by varying
parameters A (and perhaps x) and observe a sequence of bifurcations.

We believe that a “typical” sequence of bifurcations consist of period
doubling. On Figure 8 we present the bifurcation diagram which was
obtained using the program “Dynamics” by J.A. Yorke and H.E. Nusse
addapted for Unix/X11 systems by Eric J. Kostelich and Brian R. Hunt
(see [38]). We wish to thank Brian Hunt for providing us with the second
version of the program.

Explanation to Figure 8. Period doubling bifurcations are clearly
seen when a = 0.1, 8 = 0.2, x = 0.4 (and hence, v = 1 — x = 0.6),
0 = 0.5 while parameter A varies from 0.5 to 8. The first sequence of
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FiG. 8. The Bifurcation Diagram for the local map for FitzHugh-Nagumo
Equation.

period doubling bifurcations starts at point O while the second one starts
from point P, (see Figure 7b).

7. Conclusion. We briefly summarize here some important aspects
of our discussion in the paper.

1. If the local map of a CML is hyperbolic in a strong sense (i.e., it
possesses a locally maximal hyperbolic set) then so is the traveling wave
map F; (for sufficiently small ¢) and in turn, space and time translations
considered on the set of traveling wave solutions. In this case the dynamics
of the CML is chaotic on a finite-dimensional smooth submanifold in the
infinite-dimensional phase space M, ,, (endowed with the metric || ||g,,q4,-
An example is the two-dimensional local map for the FitzHugh-Nagumo
equation in some range of parameters.

If the local map of a CML is Morse-Smale (i.e., it is hyperbolic in a
weak sense) then so are the traveling wave map F, (for sufficiently small
¢) and space and time translations restricted to the set of traveling wave
solutions. In this case the dynamics of the CML is not chaotic and the
topological behavior of individual trajectories can be completely described.
Examples include one-dimensional local maps for Kuramoto-Sivashinsky
equation, Huxley equation, and KPP equation as well as two-dimensional
local map for the FitzHugh-Nagumo equation (in some range of parame-
ters).

2. The chaotic behavior in the infinite-dimensional phase space My, 4,
associated with traveling wave solutions is not stable in a strong sense with
respect to initial data: A small change in the initial condition may cause
the corresponding trajectory to diverge from the initial one. However, there
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is stability in a weak sense: Every submanifold Ag::lqz (which consists of
traveling wave solutions running with the velocity m/l) possesses a stable
everywhere dense separatrix.

The global instability is due to the metric structure of the phase space
M,, 4. and ultimately is determined by the boundary conditions we have
specified (we allow solutions which can grow at an exponential rate as the
spatial coordinate tends to infinity). This instability is associated with the
“pathological” behavior of the metric ||-||4, 4, Over g1 and gz; more precisely,
the space My, g, is nowhere dense in My if g1 < ¢; and g2 < g5 and at
least one of these inequalities is strict.

Let us note that “in practice” one can never deal with infinite space
and therefore, cannot distinguish between metrics || -||q,,q, With different g
and g. From this point of view the space of solutions which are bounded
as the space coordinate tends to infinity (i.e., solutions for which the norm
||u|| = supjez|u;|) is more “practical.” Let us point out that the traveling
wave solutions that lie in the hyperbolic set for the evolution operator
(assuming that the local map is hyperbolic) are indeed bounded in space.
More generally, any subset which is invariant under the traveling wave
map and its inverse and is bounded corresponds to a set of traveling wave
solutions of the CML which is bounded in space. It is unknown whether
the set of all traveling wave solutions running with a given velocity forms
a smooth submanifold and whether this submanifold is stable in the strong
sense.

3. In this paper we considered three special classes of solutions:
steady-state solutions, space-homogeneous solutions, and traveling wave
solutions. It would be interesting to find other classes of solutions where
CMLs may display temporal or/and spatial chaos.

4. The local maps associated with most of the partial differential
equations that we have considered in this paper are one-dimensional of
Morse-Smale type (except for the KPP equation in some range of the pa-
rameter). The only two-dimensional example we have studied is provided
by the local map associated with FitzHugh-Nagumo equation. In this case
one can find both hyperbolic sets and Morse-Smale type behavior. It is
a challenging problem in the area to study hyperbolic (and respectively
ergodic) properties of multi-dimensional local maps associated with other
well-known partial differential equations or arising in other models.

5. In this paper we considered only CMLs which correspond to partial
differential equations of evolution type. Little is known about CMLs which
correspond to the wave equation. In particular, it would be of great im-
portance to understand dynamics on the space of traveling wave solutions.
It is quite likely that these solutions are stable in the strong sense.
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APPENDIX

A. Equilibrium states and mixing property. For the reader’s
convenience we collect here some basic notions from statistical physics and
ergodic theory which were used in this paper. Let T : X — X be an
invertible map and p a Borel probability measure invariant under 7, i.e.,
u(A) = p(T(A)) for any measurable set A C X. p is said to be

1. ergodic if any invariant set A C X has measure either 0 or 1.

2. mixing if for any two measurable sets A, B C X

(A1) lim p(T7"(A) N B) = p(A)p(B).

n—+oo

It is well known that any mixing measure is ergodic.

Let X be a compact metric space, T : X — X a continuous map, and
¢ a continuous function on X. An invariant measure p = p,, is called an
equilibrium measure corresponding to ¢ if

(A.2) sgp(hu(T) + / pdv) = hy, (T) + / pdiy,

where h, (T) is the metric entropy of T with respect to v and the supremum
is taken over all T-invariant measures.

THEOREM A.1 (Corollary 20.3.8 in [26]). Let M be a compact smooth
Riemannian manifold, T : M — M a topologically transitive C* -diffeomor-
phism possessing a locally mazimal hyperbolic set A. Then for any Hélder
continuous function ¢ : A — R there exists a unique equilibrium measure
te which is mizing.
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