POINTWISE HYPERBOLICITY IMPLIES UNIFORM HYPERBOLICITY
BORIS HASSELBLATT, YAKOV PESIN, AND JORG SCHMELING

ABSTRACT. We provide a general mechanism for obtaining uniform
information from pointwise data. A sample result is that if a diffeomor-
phism of a compact Riemannian manifold has pointwise expanding
and contracting continuous invariant cone families, then the diffeo-
morphism is an Anosov diffeomorphism, i.e., the entire manifold is
uniformly hyperbolic.

1. INTRODUCTION

We present a novel combination of ideas (from descriptive set theory
and hyperbolic dynamical systems) that provides a way of obtaining uni-
form information from nonuniform assumptions.

To give a flavor of the immediate application to hyperbolic dynamics
(mainly Theorem 4), consider a diffeomorphism f of a compact smooth
Riemannian manifold M. In the hyperbolic theory one studies the expo-
nential growth rates of the size of vectors under repeated application of
the differential D f and often obtains estimates on a subset X c M to the
effect that

1Dy f* ()| = AX)A" (x)||v| for every neNand x € X,

whenever v belongs to a certain subspace Ey of TyM. Here A: X — R" is
a Borel function and A: X — (1,00) is an f-invariant Borel function. Note
that this is equivalent to

.1 . n
r}1—>_nolo; yeEr,f,lﬁ:llOg IDx f" ()l >0
for all x € X. This condition can also be characterized by the existence of
an invariant cone family C such that vectors in C(x) expand in the same
way as above. In general, C, E, A and A are not continuous. Remarkably,
we can nevertheless show that if X is compactand A and A—1 are positive
and C is continuous (i.e., the system is pointwise hyperbolic in the cones),
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then there is a positive lower bound for both A and A -1 (i.e., the system
is uniformly expanding in the E-direction). We do allow degenerate cones,
so as a special case this includes a theorem about continuous E implying
uniform expansion.

In [3], Cao proved that the requirement that X is compact can be weak-
ened to the assumption that X is a set of fotal probability, meaning its
complement has zero measure with respect to any invariant probability
measure'. We stress that our approach is quite different. Subadditivity
of the expansion is a crucial ingredient in Cao’s arguments, which makes
it necessary for him to assume the existence of an invariant subbundle
on which the expansion assumption is imposed (and which enables him
to improve on [1]%). By contrast, we only need to assume that there is
an invariant expanding cone field; indeed, we do not even assume strict
invariance. Our approach is in a manner analogous to the way the defi-
nition of hyperbolicity (by Anosov and in terms of invariant subbundles)
was followed by the characterization of hyperbolicity in terms of invariant
cone fields (by Alekseev).

In [7], Mané proved a statement similar to ours that differs in two ways.
On one hand, he does not require the expansion to be exponential (just un-
boundedness of orbits of the differential). On the other hand, his method
requires information about behavior of the system in the transverse di-
rection, which we do not. A result for continuous-time systems that is

~ 79

analogous to Mafné’s was proved earlier by Sacker and Sell [8].

Remark 1 (Pujals). A simple example may illuminate our assumptions and
conclusions. A suitably-constructed derived-from-Anosov map [6, Section
17.2] will satisfy the assumptions of Theorem 4, and the conclusion pro-
duces a 1-dimensional expanding subbundle on the 2-torus. With respect
to our hypotheses this illustrates that we obtain a meaningful conclusion
without information about a complementary direction and without need-
ing to construct an invariant 1-dimensional bundle a priori. This example
also illustrates that the subbundle we obtain does not represent the unsta-
ble direction everywhere (for instance, not at the repelling point, whose
unstable manifold is 2-dimensional), but does so in some places. It can
be viewed as a fast-stable subbundle of uniform dimension in a context
where the dimension of the unstable subbundle varies.

1Speciﬁcally: Theorem B. Let f bea C! diffeomorphism with a positively invariant set
A for which the tangent bundle has a continuous invariant splitting Ta M = E€S@ E“ . If f
has positive Lyapunov exponents in the E°* direction and negative Lyapunov exponents
in the E® direction on a set of total probability, then A is a hyperbolic set.

2The pertinent result from [1] is: Theorem A. Let f: M — M be a C! local diffeomor-
phism defined in a compact Riemannian manifold. If f is nonuniformly expanding on a
set of total probability, then f is uniformly expanding.
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There are two principal ingredients to our method, and the combination
of these is new. One ingredient is the application of ideas in descriptive set
theory to the exhaustion of a compact space by compact proper subsets.
The other is a careful analysis of the consequences for smooth dynamical
systems. Descriptive set theory has been used for the study of topological
dynamical systems, but we have not seen it applied to smooth dynamics.
We believe that the analysis from descriptive set theory is of interest be-
yond the theory of dynamical systems, and we keep it in a separate section
(Section 3) in a form that is ready to “plug in.”

The applications presented here are meant to illustrate the practicality
of our method, but they are not new, and stronger results have been known,
a few of them for some time. A selection of pertinent references is [1,3-5,7].

2. STATEMENT OF RESULTS

In this section we state results that illustrate our method, beginning in a
somewhat generic context and then stating dynamical consequences.

Let (V,7) be a continuous finite-dimensional normed linear bundle
over a compact metric space X, f: X — X continuous and f. a linear
extension, i.e., mo f, = fom.

Definition 2. In a linear space L, a cone Cgg of angle 6 = 0 around a
subspace E is defined as the set of vectors v € L such that £ (v, E) < 6. The
distance between cones Cg, g, is given by max(£(E, E»), |01 —02). Cg, 6,
and Cg, g, are said to be transverseif £(E;, Ez) > 0, +0-). For any cone C
in a normed linear space we write Cl:={veC]||v|=1}.

A family of cones C, c V, is said to be continuous if the defining sub-
spaces and angles are continuous in x and f -invariant if f.(Cyx) S Cg(y).

We call attention to the fact that it is convenient, albeit not essential, for
us to consider “circular” cones defined by a direction and an angle. Note
also that an f-invariant subbundle of V can be viewed as an invariant
cone family by taking 6 = 0.

Consider a continuous function a: V — R*. Itis said to be homogeneous
if alav) =|ala(v) for ve V, a eR. Let

1
¢@n(x):= —minloga(f]'v).
n veCl

In our results the case of a being a norm is of obvious interest, but we
retain this generality to emphasize that we mainly use homogeneity of
a. However, we will need to make a nondegeneracy assumption on a
that is automatic in the case of norms (and ensures that (5) on page 10
gives a positive number.) Since such an assumption can take various
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forms, we describe these before stating the results themselves. The most
straightforward condition is
(1) min a(v)>0,

zeX, veCé
where Cy is the cone family in the statement of Theorem 3. This in turn
can be seen to be a consequence of the following assumption:

2) there is an M € R such that if v € C}, then a(f. v) < Ma(v)

combined with the assumption ¢ > 0 of the theorem. If a is a norm and
f« is the action of the differential of a diffeomorphism, then one can take
M to be the maximum of the usual norm of the differential.

A different assumption that serves equally well in the proof is that
(3) min a(f.v)>0.

zeX, veC}

At face value, this assumption is slightly weaker than (1), but its main
interest lies in the observation that positivity of ¢ and continuity can be
combined to observe that there is an iterate of f for which this condition
holds. This means that without any of the preceding assumptions one
obtains the conclusion of Theorem 3 for an iterate of f.

Theorem 3. Assume that a is homogeneous and that there is a continuous
invariant cone family {Cy}xex on X such that (1) or (2) or (3) holds. If
@x):=lim,_ __¢,(x) >0 forall x € X, then there exist y >0 and N € N
such that ¢, = x forall n= N. In particular, there is a C > 0 such that
a(fl'v)=C-e*" forallneN and ve C..

Applying Theorem 3 with the function a(x, v) := | v|| we obtain

Theorem 4. Let f bea C' diffeomorphism of a compact smooth manifold
M with a compact invariant set K on which there is a continuous invariant
cone family C, c TyM and

1
(4) lim — minlog(| Dy f™*()[) >0
n—oo I veCl

forall x € K. Then there exist c, y >0 such that
IDxf ()l = c-e!" foreveryx€ K, ve C. andneN.

Furthermore, for every x € K there is a subspace Ex c TyM such that
Df(Ex) = Efx) and | Dy f" ()| = c-e*" for every v € Ey, |lvll =1 and
neN.

Theorem 5. Let K € M be a compact f -invariant set that admits two
continuous transverse cone families Cy and D, on TM 'k such that for all

x € K each v € Cy has positive Lyapunov exponent, and each v € D, has
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negative Lyapunov exponent. Then K is a uniformly hyperbolic set for f .
In particular, if K = M, then f is an Anosov diffeomorphism.

Remark 6. This result in proved in [7], and a continuous-time version is
due to Sacker and Sell [8].

Proof. Theorem 4 provides two continuous cone fields with uniform 1-
step estimates of contraction and expansion, respectively, for an iterate.
This implies hyperbolicity by the Alekseev cone criterion: An invariant set
X for a diffeomorphism f is uniformly hyperbolic if and only if it supports
continuous cone families C and D that are strictly invariant for f and
f -1 respectively, and such that vectors in C, are expanded and vectors in
D, are contracted by factors that are bounded away from 1 [6]. O

The continuity assumption in Theorem 5 is essential as demonstrated
by an example with a homoclinic tangency [5]. In such examples con-
sideration of the images of the tangency points shows that the invariant
subbundles cannot be uniformly continuous and are hence discontinuous.

This leads to a natural question: Under what conditions is it possible to
prove our main result when the cone family is only assumed to be a Baire
family, i.e., a pointwise limit of continuous cone families? (More properly,
this should be called a cone family in the first Baire class.)

3. TRANSFINITE HIERARCHY OF SET FILTRATIONS

This section presents the core of our method, which is a set-theoretic
construction that consists of a detailed study of representations of a com-
pact space as a nested union of compact sets. This could easily be pre-
sented in even greater generality, but we instead carry it out in a context
that is sufficient for our purposes.

What we do in this section is not difficult, but it might nevertheless help
to motivate the idea. It is modeled on the proof that a positive continuous
function ¢ on a compact space has a positive minimum: The open cover
by sets (p_l ((1/n,00)) has a finite subcover. If one wanted to extend this
proof to Baire functions (under suitable additional conditions, of course)
one might try to cover the space with the interiors of the sets ¢~ ([1/n,00)).
If this does not succeed, one could pass to the set that remains after delet-
ing all these interiors, with the subspace topology, and then repeat the
process. The object of this section is to describe a transfinite process of
this sort and to show how this provides information of the desired kind.
(The main item is Proposition 13(1).) In particular, it provides a handle
for showing that the process does indeed terminate in one step which, in
the example of a positive Baire function, would then establish that the
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minimum is positive. Our applications rest on using specific information
to show that the process terminates immediately.

3.1. Filtrations. Let (X, d) be a compact separable metric space.

Definition 7. A set filtration or simply filtration of X is a collection of
compact sets X, ¢ X such that U,eny X, = X and X, € X4 for ne N
with X, € X471 if X417 # X. We say that X is uniform with respect to this
filtration if X = X, for some n € N.

Lemma 8. If X is compact, {X,}nen a filtration, then X = Cl U Int(X},),

neN
where Cl denotes closure.

Proof. Let x€ X and neN. Let B be the closed 1/k-ball around x. To
produce an xi € B NU,en Int(X;,) note that
B=BnX=Bn|J X,=BnX,
neN neN
is a complete metric space and hence not a countable union of sets of

first category. Thus, there exists an N € N such that Xy n B is of second
category and hence not nowhere dense. This means that

& #Intg(Cl Xy) = Intg(Xy) € BNnInt(Xy),

where Intp denotes the interior in the subspace topology of B. This means
that there is an x; € BN U,enInt(X5,). ]

The set I':= X ~Uy,en Int(X},) is clearly compact.
Lemma9. I'={xe X |3x,, — x: x, ¢ X;;}.

Proof. If x €T = X~U,enInt(X},) there exist y,, — x such that y, ¢ Int(X},),
and by definition of interior we can find x, ¢ X,, such that d(x,, y,) < 1/n.
Thus I'c {x€ X |3x,, — x: x, ¢ X,,}. The reverse inclusion is clear because
X, ¢ X, = x, ¢ Int(X;,). O

3.2. The hierarchy. In view of Lemma 8 we wish to exhaust the set X
with the interiors of sets X,, from the filtration. This leaves uncovered
the compact set I', and we now describe how to continue this process
recursively in a transfinite way.
Let X:=X,, FO:= X and I'”:=T. Given an ordinal § such that we

already have sets T'® for all a < § we inductively define

o FP:=NgepT®,

o XP 2B X,

o TP :=Clpp (UnenIntpp (X,(,ﬁ))) ~UnenIntgep (X,(qﬁ)) cF®,
where Clp denotes the closure in the subspace topology of F B Our
next lemma implies that taking the ambient closure gives the same set.
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Lemma 10 (Compactness). T'®, F® and X are compact.

Proof. For =0 this is compactness of I', X and X,,. We now proceed
by induction assuming that T'®) is compact for all @ < . Then F® is
compact because it is defined by an intersection of compact sets. Since
X, is compact, this implies compactness of X,(lﬁ ) Finally, I'? is a closed
subset of F®  hence also compact. O

Proposition 11. Thesets F®, X'P and TP have the following properties:

(1) (Nesting) Ifa < B, then FP c F@  xP' < x@ gngrh) cT1@
@) (Filtration) Upyeny XP = FB and xP < xP)

n+1-
3) FP = ClUpenIntpp (XP) . Thus TP = FO < U ey Intpip (X))
(4) (Stabilization only at @) If a < 8 and F'¥) # & then FP) ¢ F@
(5) F@+D =T@ gnd hence XV =T@n X,,.

Proof. (1) This is clear for F#) from the definition and then immediately
follows for X,(f) aswell. TP c FP =, T 1@,

@) FP = FB A X = FP AUnen Xn = Unen FP 0 Xy = Upen X and
xP = F® X, c FP A Xy = XP,.
(3) By (2) and Lemma 10 we can apply Lemma 8 to F B) = Unen X,(f ),

@) @ # F9 = Up,en X% is compact hence complete, so there is an
no € N such that X,(,‘(’f) is of second category in the induced topology of
F@ Then Int X,({;‘) # @ because X,({;‘) is compact and nonempty. It follows
that

FP=N1Yc N 1Ycr®=rF@<J mntx® c F9~Intx® ¢ F?.
v<p asy<p neN
(5) The T™ are nested by (1), s0o F¢V = N 'Y= Nr1r@=1@ O

T<a+1 T=a

3.3. Termination of the process.
Proposition 12. There is a countable ordinal ¢ such that F ©) £ g = p+D |
This statement reflects the tacit assumption that F© = X # &.

Proof. X is second countable, so it has a countable base U. If F{% # &
then F{@ < Fl@*D « & by Proposition 11(4). Since F¥ ~ F@*1) js open in
the subspace topology of F'¥, there is an O, € U such that O, N F% # &
and O, N F@*Y) = & These O, are pairwise distinct, so there are only
countably many a for which F% # &. Thus, F(*) = & for a countable
ordinal.
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The set {a < w; | F¥ = @}, where w; is the first uncountable ordinal,
contains a( and is hence a nonempty subset of the well-ordered set of
countable ordinals. Therefore, it contains a minimal element 7.

If n is a limit ordinal, i.e., it is not of the form ¢ +1 for any ordinal ¢ then
there is an increasing sequence (aj),en of ordinals such that for all 7 <n
there is an n € N for which 7 < a, <n. Hence

Fm = ﬂ r™ = ﬂ pa+h — ﬂ FO = ﬂ Flan) £,

<n <n <n neN

since @ # F @) c Fl@)  a contradiction. So we canwrite n=¢é+1. [

Proposition 13. If¢ is as in Proposition 12,i.e., F© # @ = F¢*V  then
(1) F® c Xp for some ReN. In particular, if ¢ =0 then X is uniform
with respect to the filtration (X;) neN -
@) IfT <& then U Int(X") g F.
(3) If ¢ > 0 then for every € >0 thereare T <¢ and N € N such that

N
FO<U.(F9) e | ntxP) < X < Xy,

n=1

where U, () denotes € -neighborhood.
Proof. (1) Proposition 11(3)-(5) give
o= FCtD — 1@ = p@&) U Int e (Xilf)),

neN
s0 F© cUuenIntpe (X,(f)) . This open cover has a finite subcover.
@) If FP =% Intpw X then @ =T™ = FT*D by Proposition 11(3)-
(5),and 7 =¢.
3)
ﬂ 1"(05) — F(f) ;é 7.
a<é
The T'® are nested compact sets, so infoc; dp(F © 1@y =0, where dy is
the Hausdorff distance. That is, there is a 7 < ¢ such that '@ c U, (F©)
whenever 7 < a <¢. In particular, for @ =7 we have

FO<Jmtx") =17 c U (F¥),

neN
and hence
FO<U.(F9) c [ Int(x{").
neN
This is an open cover of a compact set. The claim then follows. 0

Remark 14. This transfinite induction does not use the Continuum Hy-
pothesis. It can easily be extended to more general topological spaces.
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We close this section with a description of how this method can be
used in applications. To that end suppose that K; c K, c X are compact,
that there is a filtration of X, and that Kj is uniform. Assume also that
K>~ 0 isknown to be uniform whenever O is open and K; c O. If thereis a
uniform neighborhood U of K; then we can conclude that K, c UUK,~U
is uniform as well.

In our applications we use this idea to show that X is uniform, and we
argue by contradiction. We first establish that K; := F©), which is uniform
by Proposition 13(1), has a uniform e-neighborhood U, (see Lemma 15).
This is the main step in the proof. Now we observe that if { > 0 in Proposi-
tion 12 then we can take 7 < ¢ as in Proposition 13(3) and conclude from
the above that K3 := F” is uniform. Since this implies that F"*! = &5, we
conclude that 7+ 1 > ¢ after all, a contradiction. Consequently, ¢ =0, and
X = FO s uniform by Proposition 13(1), as claimed.

4. PROOF OF THEOREM 3

With the assumptions of Theorem 3 consider the filtration of X by
Xp:={xeX|p(x)=1/nfork=n}ci{xe X|@(x)=1/n}.

We will show that the number ¢ in Proposition 12 is equal to 0, which by
Proposition 13(1) implies that X is uniform with respect to {X,,} en .-

Lemma 15. There exist C,e >0 and A > 1 such that if f"(x) € Ue(F(g))
whenever 0 < n <K for some K €N then

mirlla(f*"(v)) > CA" whenever0<n<K.
veCy

Proof. By Proposition 13(1) there is an R € N (which depends on &) such
that F©) c Xg. Thus forall n=>R and y € F® we have

= |-

1
< @n(y) = —minloga(f] (v)),
n vec}

hence minueC} a(f'(v)) = eR,
Now take L € N such thatif y € F©, then

mina(ff()) =3 max a(v)

1 1
veCy xeX,veCy
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and write g = fL. Note that L depends only on R and hence only on ¢. If
Ve CJI,, then

“(g( ||§Z:1 o ))

Ty a(g" 'v)=3a(g" v) =
a(fgmryy)

a(g"v) =

>3"la(gr)=3"" 13 max a()
xeX, VEC1

Thus, for neN and ye F © we have

mma(g (1)) =3" max a(v).
veC), x€X,veCl

If K < L the conclusion of Lemma 15 is obtained by taking

(5) C < min mlna(f €2) /s

1<n<L Uec

where A >1 can be chosen arbitrarily, e.g., as below. This is positive by our
nondegeneracy assumption (1) or (2) or (3) on a (see page 4). For K > L
we continue as follows.

Recall that the choice of L gives

m1n a(g(v)) =3 max a(v).
veC; xeX,veCl

For any x € U.(F®)) we can choose y € F® such that d(x,y) <e. Then

m1n a(gv))
min a(g(v)) = mina(g( ”W
VE

and by continuity of a and of the cone family C, we can choose € so small
that the last fraction is bounded below by 2/3. (Thus, € depends on L and
R and hence ultimately only on ¢. Note also that this is the only place
where we use continuity of a and the cone family C, instead of mere
boundedness conditions.) This gives

(6) mma(g(v)) > % mina(g(w)) 22 max a(w)
veCl 3 we Cy zeX,weC}

=2 max a(w) = 2rnaxa(v),
2€U(F®)),weCl veCl
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which implies that a(g(v)) =2a(v) whenever ||v] =1. Thus, forany neN
such that nL < K we find that

mina(g"(v)) =mina(g(g” ' (v))) =2mina(g” ' (v)) = ...
veCy veCt veCy

>2" 'mina(g(v)) =2" max a(w)

veCl zeX,weC}
by (6). ,
a(f.(w))L C
With C’::( M) , C:=— max a(w), A:=2YL p=
zeX,wec! a(w) 2 zeX,weC}

kL+7r,0<r<L,and ve C;i we get

a(ff(v))  a(f"(v)
a(fFlw) " alfl ")

a(f'w) = a(f*4" () = a(g* ()

C/
>C'-2¥ max a(w)=—%Y"M" max a(w)=C-A". O
zeX,weCl 2 zeX,weC}

We now conclude the proof of Theorem 3. Recall that we chose ¢ as
in Proposition 12 which determines R via Proposition 13(1), and these
parameters in turn determine the choice of € in Lemma 15.

Suppose that ¢ >0 and choose 7 <¢ and N as in Proposition 13(3).

Consider any x € FV . If there is a ko € Ny such that f*(x) € U.(F©®)) for
k < ko and f%(x) ¢ U.(F®) then f%(x) € XI'. Thus for any v € C} we
have

a(f™(v)) = a(froxOn=ko) (pmin(nko) )y,

> emax(O,n—ko)/Na(ﬁ:nin(n,ko)(U)) > Clmin(n,ko) emaX(O,n—ko)/N > CY"
for all n € N, where y:=min(A, e!’N) > 1. Note that the same estimate
holds if f"(x) € UG(F(‘()) forall n €N, so it holds forall xe F®

It is easy to check that this implies that F™ < Xomax(1,-logc)/logy - BY
Proposition 11(3) we conclude that F"*V = &, and hence 7 = ¢, which is
contrary to our choice of 7.

Remark 16 (Fathi). One might recast the arguments in a slightly different
way that does not use as much descriptive set theory; we indicate this
in the case where f: M — M is pointwise hyperbolic. Denote by F the
family of closed (hence compact) nonempty f -invariant subsets that are
not uniformly hyperbolic; it is stable under nested intersections due to
the stability of uniformly hyperbolic sets. To see that F = &, note that
otherwise by Zorn’s Lemma there is an element of F that is minimal with
respect to inclusion—and yet, by the arguments using the filtration X,



12 BORIS HASSELBLATT, YAKOV PESIN, AND JORG SCHMELING

and the Baire Category Theorem, contains a proper subset that is not
uniformly hyperbolic. A contradiction.

By Brouwer’s Reduction Principle one should here even be able to re-
place Zorn’s Lemma by an induction over the integers.
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