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GEODESIC FLOWS ON CLOSED RIEMANNIAN MANIFOLDS

WITHOUT FOCAL POINTS
UDC 517.9
Ja. B. PESIN

Abstract. In this paper it is proved that a geodesic flow on a two-dimensional compact
manifold of genus greater than 1 with Riemannian metric without focal points is isomorphic
with a Bernoulli flow. This result generalizes to the multidimensional case. The proof is
based on establishing some metric properties of flows with nonzero Ljapunov exponents (the
K-property, etc.), and also the construction of horospheres and leaves on a very wide class of
Riemannian manifolds, together with a study of some of their geometric properties.

Bibliography: 24 titles.

Introduction

Studies connected with geodesic flows on manifolds have not only a long history
(which is expounded in detail in [1], §3), but have served as the impetus for the creation
of a general theory of U-systems* (cf. [1], [2] and [7]). In the case when the manifold
is compact and has negative curvature, the geodesic flow is a U-flow,* so it is topologically
transitive, has the K-property, etc. (cf. [1]). We shall be interested in properties of geodesic
flows on manifolds without focal points. Topological properties of such flows were studied
by Eberlein [14]. In particular, he proved that a geodesic flow on a compact manifold
satisfying the axiom of uniform visibility (cf. §5) and without conjugate points is topologic-
ally transitive. The first result establishing some metric properties of geodesic flows on two-
dimensional manifolds without focal points was obtained by Kramli [5]. In [11] we
generalized his theorem, proving that geodesic flows on compact surfaces without focal
points of genus greater than one are ergodic. In the present paper we shall extend the study
of metric properties of geodesic flows, relying, as in [11], on results of two kinds.

First is the description of metric properties of dynamical systems (i.e. diffeomorphisms
and flows) preserving a measure equivalent with the smooth Lebesgue measure and having
nonzero Ljapunov exponents on a set of positive measure (cf. [9] —[12]). However for
flows in [11] only ergodicity on a set of positive measure was proved. In part I of the

AMS (MOS) subject classifications (1970). Primary 28A65, 58F15, 34C35; Secondary 53C20.
*Editor’s note. In English one speaks of Anosov systems and flows.
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present paper we shall prove under some additional hypotheses the K-property and the
Bernoulli property on a set of positive measure. Our result is analogous to the theorem on
the alternative for U-flows (cf. [1], Theorem 14).

Second is the construction and description of the properties of horospheres. It is
well known (cf. [2]) how to construct horospheres in Lobacevskil space. With the help
of the invariant contracting and expanding foliations for geodesic flows one can define
horospheres on any compact manifold of variable negative curvature. Eberlein (cf. [16]
and [22]), considering level lines of a Busemann function, constructed horospheres on
manifolds of nonpositive curvature; he also studied some of their geometric properties (cf.
also [21]). In part II of the present paper we shall construct horospheres on manifolds
without conjugate points, satisfying a certain condition which we call the axiom of asymp-
toticity (cf. §5). This condition will be satisfied, for example, if the manifold has no
focal points or satisfies the axiom of uniform visibility. We shall also study a series of
geometric properties of horospheres (cf. §7).

We note that in [11] results related to the construction of horospheres were only
formulated. In this paper they are proved in detail.

On the basis of the results obtained, in part IIl we shall continue the study of metric
properties of geodesic flows begun in [11]. We shall show that geodesic flows on com-
pact surfaces without focal points of genus greater than 1 are isomorphic with Bernoulli
flows.

The author expresses profound gratitude to D. V. Anosov for his attention to the
work and helpful discussions.

PART 1. METRIC PROPERTIES OF FLOWS WITH NONZERO
LJAPUNOV EXPONENTS

§1. Preliminary information and results

1.1. In the present paper, a flow f? on a smooth Riemannian manifold M is con-
sidered; f' is defined by a vector field X and preserves a finite measure v, equivalent to
the measure induced by some Riemannian metric. The smoothness of M and the Riemann-
ian metric can be assumed to be of class C” without loss of generality; the scalar product
and norm in the tangent space TyM are denoted by ( , ), and [l - ||, (sometimes the
index x will be omitted). On the tangent bundle 7M there is defined a measurable function

x* (%, 0) =1ti—m'—:-ln|]df'v]|, ve T M,

called the Ljapunov characteristic exponent (cf. [3], [8] and [10]) (the number x*(x, v)
is called the characteristic exponent of the vector v at the point x).

Our basic assumption is that the set A = {x € M: x*(x, v) # 0 for any v € T, M,
v # aX, a € R}, which is measurable and invariant with respect to f?, has positive meas-
ure. In the present section some metric properties of the flow on the set A are described.

1.2. ProposITION 1.1 (cf. [10], §1, and [11], §9). There exist a measurable set
A C A, (A) = v(A), measurable functions A(x), Clx, €) and K(x, €), x € A, € > 0, and
a measurable family of subspaces E,,, E,, C T, M such that for any t € R
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L. C(f'(x), ) <C(x, e)e* ", K(f'(x), &) =K(x, e)e~*;
2. 0<<A(x) <1, A(f* (x)) = (x),
3. TM=E . ®{aX(x)}®E,, ac=R,
dPEix =Egt, i=1,2

4. v*(x, v) <0 for each veE,,

xt(x, v)>0 forany  veE,;
5. forany t>0

ldfv] < C (%, &) (A (x))e¥ |0},

41> C o 0 e fo) S E

analogous inequalities are valid for v € E,,;
6. the angle ¥(x) between the subspaces E,, and E,, admits the estimate y(x) =
K(x, ¢).

1.3. We set for any integer s > 1

A= {xEK X)) <l— —13- swhere s is the smallest number satisfying this inequality }.

It is obvious that Xs is a measurable set which is invariant with respect to 77, while
Uss1As =A and if sy #5,, then A, N Ay, = & . Forx €A, we set e(x) = €
= (1/100)In(1 + 2/s). The function e(x) is measurable and invariant with respect to f’.
For I > 1 we set

AM=xek,:Ckxew <, KM x ex)<I).

The set AL is measurable, while U 5 A, = A, and A’; C A%+ 1. One can show (cf.
(117, Proposition 4.6) that the subspaces £, and E,, depend continuously on the point
x in the set A, We also set

Aes(Aty) = {x= A, (A : dimE,, = k).
ProposiTioN 1.2. (cf. [10], Theorem 1.3.1). 1. For any x € 1_~\}” (the bar de-
notes closure) there exist subspaces E;,, i = 1, 2, satisfying Proposition 1.1, while Mx) =
1= 1/s, Qx, e(x)) =1 and K(x, e(x)) = I"'.

2. The subspaces E,;,, i = 1, 2, depend continuously on the point x in the set

>l

1
k,s*

1.4. In this subsection local stable and unstable manifolds are defined for flows.
Let us assume that f* € C’, r > 2. We set k(x) = (1 — 1/s)e>¢s for x € Ks_ If §(x)
is a measurable function on the set A ;, we write

B'0(x) ={u=Ep: |ul. <@}, i=1,2,

B?@(x) ={usEi D {eX (®)}:|ul< 8(x), a =R},
U (x, 8(x)) = exp, B' (8 (x)) X B*(8.(x)).

Also let p(x, ) denote the distance in M induced by the Riemannian metric.
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P ROPOSITION 13. (cf. [10], §2.2). There exist measurable functions 8'(x), 6(x) and
A(x), x € A, and a family of maps ¢(x): B(8(x)) — B*(5(x)) of class C"~!, depending
measurably on x € A o satisfying the following conditions:

1. The set V-(x) = {exp,(u, o(x)u): u € B'(8(x))} is a submanifold of M of class
cr-1.

2. xEV(x), T,V (x)=E

3. Forany y € V™(x) and t > 0 we have f*(y) € U(f!(x), 8'(f*(x))) and

P FO)<A® @Yo (x, y). a.n
4, Forany t >0

¥ (> @e™, 8= inf &@>0,

x=X,
3 (M) >80 ™™, b= inf 8(9>0,
xEAs
AF @) <A@ ™, A= sup A (x) < oo,
"EAs

5. fAV-(x) N UGFH(x), 8(F*(x))) € V=(f'(x)) forany tER.
The submanifold V=(x) is called the local stable manifold passing through the point x.
Analogously one defines the local unstable manifold
V* (x) = {expx (&, $ (x) u): us B (d (x))},
where Y(x): B?(8(x)) — B3(8(x)) is a map of class C"~!, The manifold ¥ *(x) has
properties 2—5 of Proposition 1.2 (with ¢ changed to — #).

ProPosITION 14 (cf. [10], Theorem 2.3.1 and Remark 2.3.1).
1. Ifx, y €A, y € Ulx, %5(x)) and y & V~(x), then
- - 1 ,
@NYIE) N U(n0) =2

2. Ifx € X x; € X’s, i=12, , and x; —> x, then V™ (x;) N U(x, q) — V(x)
N U(x, q) in the Cl -topology, where 0 < q <&l

3. Forany x,y € A,”andy € Ulx, %8%),

- z
V- N U@ D {expJt (u, Py () : us B! (? 65)} )
where ,: B'(%8}) — B*(8}) is a map of class ™™, while
max max [Py (@)]+ [d (@)]1< 1

veRenw (e 2 65) uepr (2-55)

The analogous assertion is valid for the manifold V*(y).
Let 8~(x) be a positive measurable function on the set A. Forx € Aand 7> 0 we

set ,
V@ = U V(7 @),
_ i<z
Vo) = U U ).

PEV-(ONURS (1) lfl<r
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Analogously one defines submanifolds ¥ +%(x) and V*9(x).

PROPOSITION 1.5 (cf. [11], Theorem 9.1). There exists a measurable function 5(x) =
8,(x),0 <8(x) <8(x),x €A, satisfying (1.2), such that V=°(x) C ¥~(x) and V" °(x) C
V+o(x).

1.5. Let W' and W2 be two smooth submanifolds, transverse to the local stable mani-
folds passing through points y € A% ;N U(x 1%438). There exist sets W! C W! and W2 C w2

for which the succession map p: Wl —> W2 is defined. Namely, if y € W! N V—(w) and
w € AL N Ulx, %8%), then p(y) = W2 N V—(w).

P ROPOSITION 1.6 (cf. [10], Theorem 3.2.1). There exist constants q% and J, satisfying
the following conditions:

1. Any succession map constructed as indicated above is absolutely continuous in
the neighborhood Ulx, q').

2. The jacobian J(p)(y) (v is a point of density of the set W' 0 A’k,s) satisfies

W)W —1|<J: max d (Eax, Esy)-
E(l(x.:—og)

Similarly one can construct a succession map using local unstable manifolds and
prove the assertion analogous to Proposition 1.6.
In what follows, one denotes by v, v}, v;® and v} © measures on the manifolds

V=(x), V *(x), V-9x) and V*O(x) respectively, induced by the Riemannian metric.
1.6. Ergodicity.

TueoreM 1.1 (cf. [11], Theorem 7.2). There exist measurable sets A;, i = 0, 1,
2, ..., such that

LAAQAN=C, if], ll_JAt———'A, Ay C Ay for some k and s,

2.v(Ay) =0,v(A) >0 for i>0;

3. [{ (M) =A; for any te=R;
4. the flow f|A; is ergodic for i > 0.

1.7. We shall assume that the reader is familiar with the basic concepts of general
measure theory and ergodic theory, and also with the concepts connected with measurable
partitions, entropy, the K-property, and the Bernoulli property ([13], [19]).

In this section, we shall dwell only on the concept of metric transitivity (cf. [1],
§5). It will be assumed that the measure v is normalized. Let £ be a measurable parti-
tion of the space (M, v). The partition £ is called metrically transitive if there exists no
measurable £-set of intermediate measure (i.e. a §-set 4 for which 0 < »(4) < 1)

1.8. Now we introduce the concept of a parallelepiped at a point w € Al k,s» Which
is used in the following constructions, and we shall study some of its properties.

A measurable set 11 is called a 8-parallelepiped at the point w € X’k,s if it satisfies
the following conditions:
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L welc AN B@8) (=9 ks) [f. [11], Theorem 7.4(1)].
2.7-°(y)NV*(2)ll forany y,zeIl

We shall say that the measurable set 4 C M intersects the parallelepiped Il leafwise
if forany w €A NIl we have VT(W) NI CANIL
The following assertions are proved just as in [11] (cf. Lemmas 8.1 and 8.4).

PROPOSITION 1.7. For any number §, 0 < § < 8/8, and any w € A’ one can
find a number r > 0, independent of w, and a 6-parallelepiped 11 at w, such that A
N B(w, r) C 1L

ProrosITION 18. Let 11 be a §-parallelepiped, a a finite partition of M with
piecewise-smooth boundaries, and § > 0. There exzsts an N, > 0 such that for any N
= N 2 N, and B-almost any element A € \/Nf aIA k,s One can find a set E C A,
intersecting 11 leafwise, for which W(E)W(4))~! =1 - 8.

1.9. “Measurable foliations”. We fix k > 0 and s > 1, and for x € A ; we set
W= U @), wrw=_U FFEe). a4
-0 <0 -0t

The following assertions are proved in [12].

THEOREM 1.2 (cf. {12], Theorem 3). For any x, y € X,m and t € R one has
the following assertions:

LW=(x)NW-(y) =8, if yEW-(x).

2W-(x)=W-(y), if yeW-(x).

3. W=(x) is an immersed k-dimensional submanifold in M of class CT—* without
boundary.

4. F1 (W~ (x)) =W~ (f' (%))

5. Ify € W(x), then > t(w—(x))(ft(x)’ o)) — 0.as t —> oo (here Prtw—(x))
is the distance in the submanifold f*(W—(x)) induced by the Riemannian metric).

6. Assertions 1—5 remain valid if in them one replaces W—(x) by W *(x) (and in
5 lets t tend to — %),

Let x be a density point of the set X’k,s, and 4 C K’k,s, N U(x, 5!/8) a measur-
able set of positive measure. For y € 4 we denote by n{y), i =1, 2, . . ., the se-
quence of moments at which the semitrajectory {f"(»)}, n = 0, lands in the set A.

THEOREM 13 (cf. [12], Theorem 4). For almost any y € A

v = U v @ o).

The sets A; N W{x), x € A; (cf. Theorem 1.1) form a partition of A ;, which we
denote by ¢;.

- (&)

(l) The function Y is constructed in [11] for the case of a dlffeomorphlsm The proof for
the case of a flow differs only in that the role of V™ (x) is played by 1728 (x)
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THEOREM 14 (cf. [12], Theorem 1). There exists a partition n of the set A,
which has the following properties:
1. For almost any x € A; the set C,(x) is mod 0 an open subset of W™(x).

2. f'n=m.

3. {; fk'r]=e.

k=0

4, kz_\wfkn=v(§,).

1.10. In conclusion we give some notation which is used constantly in this paper.

H is the universal Riemannian covering manifold of M (dim M = m).

SM (SH) is the (2m — 1)-dimensional manifold in TM (TH) consisting of line ele-
ments, i.e. pairs (x, v), x EM (H),v € T, M (T, H), where |lvll = 1 (sometimes the line
element will be denoted simply by v).

(), 71,(¢) and v, ,(?) are respectively a geodesic in M or H (parametrized by arc
length), the geodesic defined by the line element v (i.e. v,(0) = v), and a geodesic joining
x and y (in this case we assume that x = v,,(0) and y = v,,(¢), where ¢ > 0).

§m—1(x, ) is the (m — 1)-dimensional sphere in H with center at the point x and
radius ¢, which is a submanifold of H of class C"~! (r is the smoothness class of the
Riemannian metric).

Graph(y) is the graph of the map ¢.

The phrase “Proposition 4.4(1)” means assertion 1 of Proposition 4.4.

§2. The K-property

THEOREM 2.1. Assume that the flow f*|A; has continuous spectrum (cf. [13],
82). Then it is a K-flow.

ProoOF. We shall show that the partition &; is metrically transitive. For the case
of a U-system this assertion was proved by Anosov (cf. [1], Theorem 13); we shall ad-
here to basically the same scheme of argument. One can assume that A; C A, ;. We
set Al =R N AL

Let us assume that there exists a measurable &;-set A of intermediate measure,

LemMmaA 2.1, There exists a Borel §-set B of intermediate measure.

ProoF. For some [ > 0 we have (4 0 A') > 0. By virtue of Proposition 1.6
there exists a point x € 4 N A’ such that the set C = ¥*(x) N 4 N A’ is measurable
and »}(C) > 0. There exists a closed set D C C such that »(D) > 0. According to
Proposition 1.6 the set B = {J,cpW (v) has positive measure. We denote by Q the
set of rational numbers. It is easy to see that in (1.4) the union can be taken over ¢t €
Q. We have

B= U U V- Fe= U (U Vo).
vED 15Q 1= yefo)
Since the set f(D) is closed, by virtue of Proposition 1.4(2) the set Uyeﬂ(D)V_(y)
is Borel, and consequently B is Borel. The lemma is proved.
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The following assertion is proved in the same way as Lemma 21.3 in [1].

LEMMA 2.2. There exists a T > 0 such that the set C = U|t|<1 fY(B) has inter-
mediate measure.

We proceed to the proof of the theorem. We choose numbers e and / such that

0<e <%v ©), 2.1)

v (ANAD < v (). 22)
By virtue of Proposition 1.7 (cf. also [11], Lemma 8.3) there exists a covering of the
set A! by parallelepipeds ,, ..., I, with centers at the points x,, . . . , x,,, whose
diameters are less than %r. (The number 7 is defined in Lemma 2.2. One can show
that each II; is contained mod O in the set A;; cf. [11], Theorem 7.1.) From the con-
tinuity of the spectrum of the flow f on the set A; follows (cf. Lemma 21.1 in [1])
the existence of a number A > 0 and a sequence of numbers f,, — o such that for
anyj=1,...,m

V(7 B) N II)) >A. (2.3)

We denote by 17] the measure in the quotient space r[,./g,.—°, where 7 0 is the partition of
Il; by the submanifolds V=) (the measure f;; is absolutely continuous with respect to the
measures v}, where x € I;). From (2.2), the definition of the set C (cf. Lemma 2.2) and
Proposition 1.6 follows the existence of a § > 0 such that

Viye A v e NI > 8. 2.4)

We choose any number vy such that 0 <y <¥min{8, €}. There exists a measurable finite
partition @ = {4, ..., 4;} of the manifold M, each element of which has piecewise
smooth boundary, and an a-set D such that

v(C AD) < ¥. (2.5)

We consider the parallelepiped II,. From Proposition 1.8 for § < %min, ¢, <4
follows the existence of a T > 0 such that for any ¢ > T one can find a set F, satisfying
the condition

v(F) <y (2.6)

and such that the set P, = f~*(D)\F, intersects I1, leafwise. It follows from (2.4)—(2.6) that

for any ¢, > T one can find a y, € I, such that the set Q, = ;‘o(yn) N Ptn N, is
measurable and

Via (@) > (1=¥ = LIV (7 () N ). @7)

From what was said above it follows that
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(zELQJ V@) N L Py, N L f7' (D) O 1,
1l
Hence from (2.5), (2.7) and Proposition 1.6(2) it follows that for 1, > T

VRO NI - (@) > 1— (2 + - 5) Ji

One argues analogously for the parallelepipeds I1,, . . ., IT,,. After this, taking account of
(2.2) we get that for sufficiently large ¢,

VIR C) N A) - AN > T —my (@ + T —e.

Since the number v can be chosen arbitrarily small (independently of m and §), this in-
equality contradicts (2.1). Thus, we have proved that »(§;) = v. Now Theorem 2.1 follows
from Theorem 1.4, the definition of a K-system and a result of D. Rudolph [20].

§3. The Bernoulli property

THEOREM 3.1, Assume that the flow F' = f IA; has continuous spectrum. Then it
is isomorphic with a Bernoulli flow.

The method of proof of this theorem goes back to Ornstein [19] and is a simple modi-
fication of the construction used in [11] to prove the analogous assertion in the case of a
diffeomorphism. We shall only indicate those changes which must be made in the proof
presented there (cf. [11], Theorem 8.1). Our construction is based on the concept of §-
parallelepiped, introduced in §1.8. We fix € > 0, and let / > 0 be such that

V(AN Aks) - V(AN LT —s.

Lemma 3.1. (cf. [11], Lemma 8.5). Forany 8 > O there exists a 6,,0 <5, <38
such that for any 8 -parallelepiped Tl and any set E C 11, W(E) > 0, intersecting 11 leafwise,
one can find a bijective map 6: F onto (with respect to the normalized measures on E
and M), satisfying the following conditions:

1) The jacobian J(8)(») of the map 0 at the point y € E satisfies J(6)(y) ~ 1| < §
2) P (F (), FOWN<S, t>0, y=E.

PROOF. Let II be a §-parallelepiped at the point w, and let w, € Il. We consider
the succession map p,, wi of a measurable subset of ¥~ O(w) onto a measurable subset of
V‘o(wl), defined by means of the local stable manifolds V*(y), y €11 (cf. §1.5). If §,
is sufficiently small, then on the basis of (1.3) the jacobian J(p,, ,, 1) satisfies

| o) —1 1< 58, (3.1

Lowering the number &, , one can assume by virtue of (1.1) that for any y,, y, € V" (w)
and t >0

P (F (5, F(y)) <8 (32)

Hence (3.2) holds for any y,, y, € ?‘O(w) and r > 0. Let E be a measurable set of posi-
tive measure which intersects IT leafwise, and let
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8,: E N V()22 TN V0 (w)

be any bijective measure-preserving map (keeping in mind the properly normalized measure
v;;0). If y €EE, then

2=V N V() =T NV (@)
Moreover, z € E, so that z € £ C ?‘O(w). Hence the formula
0(y) =V*0,@) N V() = Puy 8y Puy (9)

properly defines the map 6. The first assertion follows from (3.1), and the second from
(3.2) and the condition 8(y) € V~%(y) for y € E. The lemma is proved.
The proof proceeds further just as in [11] (cf. the proof of Theorem 8.1).

PART II. THE CONSTRUCTION OF HOROSPHERES AND LEAVES
FOR GEODESIC FLOWS

§4. Preliminary information. The structure of the variational
equation for geodesic flows

In this section we give a brief survey of the concepts and results relating to Riemann-
ian manifolds without conjugate points and without focal points, and to geodesic flows on
these manifolds. Here it will be assumed that the reader is acquainted with the elements of
Riemannian geometry; in particular, we shall not dwell on such concepts as Riemannian
connection, vector field along a curve, parallel translation, geodesic, etc., which can be found,
for example, in the book [4]. The circle of questions we are interested in is connected
with the limit solutions of the Jacobi equation constructed by Eberlein which play an im-
portant role in the study of variational equations for the geodesic flow.

4.1. Jacobi fields. Everywhere in this chapter M denotes a complete smooth Rie-
mannian m-dimensional manifold, equipped with a Riemannian metric of class C3. A
Jacobi field is a vector field along a geodesic v, satisfying the Jacobi equation

Y” 4 RxyX =0, (4.1)

where the primes denote covariant differentiation along v (another notation is 9/97), R is

the curvature tensor and X = v (f) is the unit tangent vector field along y. We denote by
J(7) the 2n-dimensional space of Jacobi fields along v. Let {{(#)},i=1,...,m, be the
system of vector fields along v obtained by parallel transport of an orthonormal system at
the point ¥(0), where ,,(¢) = ¥(t). Then (4.1) can be written in matrix form:

d?
EY@+R@Y@=Q 4.2
where Y(?) is an m-dimensional vector and R(r) = (R;{(2)) is the matrix

Rij(®) = (Ripouln @), (@, i, j=1, ..., m,

Let 7: TM —> M be the natural projection and K: T(TM) — TM be the map of
the Riemannian connection. It is known (cf. [17], §1) that for any v € TM
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ToTM = Kerdn @ Ker K, dimKerdn = dim Ker K.

We introduce a scalar product in the space T,,7M by setting
By Do = <dnE, dANDaw) + <KE, KNDao).

In this metric the subspaces Ker dm and Ker K are orthogonal.

Let vE TM and & € T, TM, and let v, be the geodesic with initial vector v. We de-
fine a Jacobi field Y, by the initial conditions Y,(0) = dn and Yi(0) = Kt.

The map £ — Y, is a linear isomorphism of 7,,TM onto J(y,) (cf. [17], Proposition
1.7).

Let Z(s), — € <s <¢, be a curve in TM with Z(0) = v(0). We consider a variation
r(z, s) of the geodesic y of the form

rt,s)=exp(Z(s), t>0, —eLs<e. (4.3)

The variation r(z, s) is called geodesic if the curve afs) = m(Z(s)) is a geodesic and the
vectors Z(s) and a(s) are orthogonal.

PROPOSITION 4.1 (cf. [6], Lemma 14.3). The vector field

Y (&) =21t 5) oo (44
ds
along the geodesic v is a Jacobi field along .

4.2. Conjugate and focal points. The points x = ¥(¢,) and y = (t,) are called con-
jugate if there exists a Jacobi field Y # 0 along v such that Y(r,) = Y(¢,) = 0. The points
x = ¥(t;) and y = 1(t,) are called focal if there exists a Jacobi field Y along v such that
¥(z,) = 0, Y'(¢;) # 0 and (@/d)(IY()*),~,, = O.

ProrosiTiON 4.2 (cf. [4]). 1. The points ¥(t,), t; > 0, and ¥(0) are conjugate if
and only if there exists a variation r(t, s) of the form (4.3), where r(0, s) = ¥(0), - e <
< ¢, for which the point (t,) is the limit of points of intersection of the geodesic ¥(t) and
r(t, s) (s fixed) as s — 0.

2. The points ¥(t,), t; > 0, and ¥(0) are focal if and only if there exists a geodesic
variation r(t, s) of the form (4.3) for which (t,) is the limit of points of intersection of
¥(®) and r(t, s) (s fixed) as s — 0.

ProrositioN 4.3 (cf. [1], §22). If on the geodesic y no two points are conjugate,
then forany t,, t, € R,v; € TAY(tl)M and v, € Ty(rz)M there exists a unique Jacobi field
Y(t) along v such that v, = Y(t,) and v, = Y(t,).

One says that a Riemannian manifold has no conjugate (focal) points if on each geo-
desic no two points are conjugate (focal).

It is easy to see that if a Riemannian manifold has no focal points, then it also has
no conjugate points. One can also prove that if a manifold has nonpositive curvature, then
it has no focal points (cf. [17], §1).

We shall also mention some results describing geometric properties of manifolds with-
out conjugate points and without focal points.
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PROPOSITION 4.4. Assume that the manifold M has no conjugate points.

1. The universal Riemannian covering H of M is diffeomorphic with R™ by means of
the map exp,, x € M (cf. [4], §7).

2. Geodesics in H realize the distance between any two of their points. Any two geo-
desics in H intersect in no more than one point (cf. [4], §7.2).

3. If the curvature of M at any point and in any two-dimensional direction is greater
than or equal to — a?, then any two intersecting geodesics v, (®) and 7,(t) in H diverge, i.e.
P(Y((8), 72 (8)) — = as t — = (cf. [14], p. 168).

4, Let S™~(x, 1) be an (m — 1)-dimensional sphere in H. Then for any y €
8™ =1(x, ) the geodesic v, ,(s) is orthogonal to S™ ~*(x, 1) (cf. [6], Lemma 10.5).

PROPOSITION 4.5 (cf. [18]). If the manifold M has no focal points, then the sphere
S™=1(x, 1) is a (strictly) convex set.

4.3. Limit solutions. Starting with this subsection we shall assume that the manifold
M has no conjugate points. We consider the matrix Jacobi equation corresponding to (4.2)
(D(?) is an m x m matrix):

LDO+ROD O =0. 45)

PROPOSITION 4.6 (cf. [17], §2). Let D(t), s > 0, be the solution of (4.5) with
boundary conditions D(0) = I and D(s) = 0. Then there exists a solution D~ () of this
equation satisfying the conditions

D~(0)=1, D~(f)= lim D,(t),
2D” (Olo = lim £-Di(@=, det(D” () F0

forany t € R.

The solution D~(¢) is called the negative limit solution of equation (4.5). Analogously
one constructs the positive limit solution D (¢) of (4.5).

For any v € SM, if V(v) is the vector field defined by the geodesic flow in SM (see
§4.5, below), we set

X-(0) ={te TeSM: <L, V() =0, Y (8) = D~ () dt},
X*(0) = {ES ToSM: (&, V (0)> =0, Yy (f) = D* (f) dnt).

The subspaces X~ (v) and X*(v) are called respectively the stable and unstable sub-
spaces of T, SM.

ProposiTiON 4.7 (cf. [17], Propositions 2.4 and 2.11). 1. For any v € SM, X~ (v)
and Xt (v) are vector subspaces of T,,SM of dimension m — 1.

2. daX—(v) =daXt() = {w€E Tr(wyM: wis orthogonal to v}.

3. Let 71 SM — SM be the involution 7(v) = —v. Then X (- v) = drX~(v) and
X—(-v) =drX*(v).

4. If the curvature of M at any point and in any two-dimensional direction is greater
than or equal to — a*, a > 0, then for any £ € X~ (v) (or £ € XT(v))
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| KE] < a]dnk|. (4.6)

ProrosiTION 4.8 (cf. [17], §3). Assume that the Riemannian manifold has no focal
points. Then for any Jacobi field Y, £ € X~ (v) (respectively £ € X*(v)), the function
1Y (DIl is nonincreasing (respectively, nondecreasing).

PROPOSITION 4.9 (cf. [17], Proposition 2.7). Let the curvature of the manifold M
at any point and in any two-dimensional direction be greater than or equal to — a*, a > 0,
and let Y(¢) be a perpendicular Jacobi field along the geodesic v(1), i.e. (Y(D), Y(t)) = 0,
while Y(0) = 0. Then for any t >0

1Y (0] <acoth @)Y ()], “7)

4.4. Isometries. The constructions described in the preceding subsections can be
carried over to the universal Riemannian covering H of the manifold M. In particular, for
each v € SH one can construct stable and unstable subspaces X~(v), X*(v) C T, SH. The
fundamental group m, (M) (we shall not indicate the base point explicitly) of M acts by
isometries on the covering H.

PRrOPOSITION 4.10 (cf. [17]). For any v € SH and ¢ € 7,(M)
d(dp) X~ (v) = X" (dpv), d(de) X" (v) = X* (dv).

4.5. Geodesic flows and Jacobi fields. The geodesic flow f? is the flow in the mani-
fold SM given by the formula (cf. [1], §22) f*(v) = v,(¢) for v € SM. The flow f* can be
carried over to a flow (also denoted by f?) on SH. We denote by V the vector field on SM
(respectively SH) defined by f?.

ProPOSITION 4.11 (cf. [17], Propositions 1.7, 2.4 and 2.12). Let vE SM and § €
T, SM (respectively v € SM and ¢ € T SH). Then the following assertions are true:

1. Ye() =dnodfts, Yi() =KodfE.
2. Vel =1V @OF +1Ye O
3. If £ EX~(v) or £ € X*(v), then Y (1) # 0.
4. dPX-(v) =X~(F'(v)),  df'X*(0) =X* ([ (0)).
5. £ € X~ (v) (respectively £ € X*(v)) if and only if ¢, V) = 0 and lldn ° dftEl <
const for t > O (respectively for t <0).
§5. Axiom of asymptoticity

5.1. Formulation of the axiom of asymptoticity. Starting with this section it is as-
sumed that the manifold M has no conjugate points and the curvature of M at any point
and in any two-dimensional direction is greater than or equal to — 2%. We also stress that
geodesics are parametrized by arc-length. Geodesics v, and v, on the universal Riemannian
covering H are called asymptotic for t > 0 if one can find a constant C > 0 such that
p(v1(0), v,(¥)) < C for any ¢ > 0. Analogously one can define asymptotic geodesics for
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t <0 (geodesics which are asymptotic for ¢t > 0 are simply said to be asymptotic). The re-
lation of asymptoticity for ¢ > O (respectively for + <0)is an equivalence relation. A
class of equivalent elements is called an infinitely distant point, and the set of equivalence
classes is called the absolute and is denoted by H(e). The class of geodesics asymptotic to
¥(t) for t > 0 (for ¢t < 0) is denoted by y(+ o) (respectively y(— ).

The action of the fundamental group =, (M) on H can be extended to H(es). Namely,
if p € (M) and p = v,(+ =) € H(), then pp) = 74,,(+ =) = (LY, )+ ).

We choose an arbitrary point x € H, a vector v € SH, a sequence of line elements
v, — v, a sequence of points x,, — x and a sequence of numbers ¢, — + c. We denote
by 7,, a geodesic joining the points x,, and 'yvn(tn). It is easy to see that the sequence of
vectors v ,,(0) is compact, so that the sequence of geodesics has a limit geodesic.

DEFINITION 5.1. The manifold M satisfies the axiom of asymptoticity if for any choice
of x,, x €H, v,,v€SH, x, — x, v,, — v and t,, — o= any limit geodesic of the above-
constructed sequence of geodesics v,, is asymptotic to the geodesic 7.

It follows from Proposition 4.4(3) that the sequence of geodesics v, has a unique
limit geodesic, i.e., it converges.

PROPOSITION 5.1. If the manifold M satisfies the axiom of asymptoticity, then for
any geodesic vy and any point x € H one can find a unique geodesic y' passing through x
and asymptotic with .

PrROOF. We choose an arbitrary sequence of numbers ¢, — + oo and consider the
sequence of geodesics vy, = Yxv(tn) (). It is easy to see that the sequence of geodesics
v, has a limit geodesic, which by the axiom of asymptoticity is asymptotic to y. The
uniqueness of the asymptotic geodesic passing through a given point follows from Proposi-
tion 4.4(3).

5.2. THEOREM 5.1. If the manifold M has no focal points, then it satisfies the axiom
of asymptoticity.

ProoF. We choose arbitrary points x, y € H and a geodesic vy passing through x,
where y & . We fix ¢, > 0 and consider the family of spheres

(8™ (¥ (1), 5): 0< 5 <P (¥, ¥ () = ).

In what follows the parameter on the geodesic y(#) will be reckoned from the point
w = ¥(to — t,) in the direction of the point z = y(¢y). We consider the geodesic segment
6,1(u), 0 <y < a, on the sphere S™~1(z, t,), 5t1(a) =y, 8,1(0) = w, and on equipping
it with unit vectors orthogonal to §™ ~!(z, t;) and directed to the center, we get a smooth
curve Z(u, t,) in SH. We consider the variation n(u, s) = exp(sZ(y, ¢;)), 0 <s <t,. The
points of intersection of the geodesics v¥(s) = 7 (u, 5) with $™ ~1(z, s) (s fixed) form a
smooth curve 8(u), 8,(0) = 7(s), 84(@) = 7,,(s). We denote by I/(s) the length of the
curve 8 (u).

LEMMA 5.1. Forany ty >0
I5)<1(0), 0Lt 5.1
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Proor. Let Y, (s) be the Jacobi field along the geodesic y*(s) generated by the varia-
tion 7(u, 5) (cf. (4.4)),0 <u <a It is obvious that Y,(z,) = 0 and (Y (s), y*(s)) = O
Since M has no focal points, by virtue of Proposition 11.6

Ve >[Yulsd|: (52)

if s; <s,. We have
1) = [1Yu(s)]du. (5:3)

It follows from (5.2) and (5.3) that I(s,) > I(s,) if 0 <5, <5, < ¢, whence (5.1) fol-
lows. The lemma is proved.

LEMMA 5.2. For any t, > 0 we have p(x, ¥(t,)) < p(x, ).

ProOOF. Depending on the disposition of the points x, z and w = y(0), two cases are
possible.

1. The point w lies between x and z. It follows from the triangle inequality that

olx, w) + p(w, z) < p(x, y) + p(», z). Since p(w, 2) = p(y, z) = t,, it follows that p(x, w)

< p(z, ).

2. The point x lies between w and z. It follows from the triangle inequality that
p(z, x) = p(z, y) = p(x, y). Since p(z, x) = t, — p(x, w) and p(z, y) = ¢,, it follows that
o(x, w) < p(x, y). The lemma is proved.

LEMMA 5.3. There exists an € > O such that for t, > 1 it follows from the condition
p(x, y) < e that I1(t,) < 4po(x, ).

PROOF. We join the points w = y(0) and y by a geodesic segment ¥(7) (¥(0) = w)
and through the points ¥(r) and z we draw a geodesic which intersects ™ ~1(z, t,) at a
point A(r). We denote the variation obtained in this way by 7 (7, 5) (F (1, 0) = A(7);
F(r, t;) = z). Let Y ,(s) be the Jacobi field corresponding to 7(r, s). We have ¥,(¢;) =0
and

(Fols), L7z, 5))=0.
os

According to Proposition 4.9 there exists a C > 0 such that IIY;(s)II < C||?,(s)|| for any
to 2 1and 0 <5 <¢,. We also have that y(r) = r (7, 5(7)), where s(r) 2 0 for 0 < 7 <

p(y, w). Moreover, for any « > 0 one can find an € > 0 (independent of ¢,) such that if
p(x, ¥) < e, then s(r) < a for any 0 < 7 < p(y, w) (because by virtue of Lemma 5.2,
o(y, w) < p(x, ¥) + o(x, w) < 2p(x, ¥)). Using the inequality

IHY"(S)“'\ ﬂY.,(s)l

we get
(1)

[Ye 6N =17=)]+ yumsn\ ds >|Y=(0)]

s(t)

— 5 IV 0)lds 172 0] — C5.(9)| P O1> =17 O],
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if the number a is chosen small enough that 1 — Ca > %. It follows that IIA(T)H = II?T(O)H
< 2||?T(S(T))" < 2lly(mll = 2. Hence I(¢;) < the length of A(7) < 2p(w, y) < 4p(x, ¥).
The lémma is proved.

Let v, — v, x, — x and ¢#,, — o, If the points x and #(v) are sufficiently close,
then from Lemmas 5.1-5.3 follows the existence of 7, — 0 such that the function
p('yvn(t + 7,), 7,(?)) is nonincreasing for ¢ € [0, ¢,,] and is bounded above:

4p (%, 7(04) ) <5p (%, 70(v))

(if n is sufficiently large). Hence follows the validity of the axiom of asymptoticity for suf-
ficiently close points x and m(v). Since the relation of asymptoticity is an equivalence re-
lation, from this follows the validity of the axiom of asymptoticity for any x € H and v €
SH, The theorem is proved.

5.3. The axiom of visibility. We shall say that a Riemannian manifold satisfies the
axiom of uniform visibility (cf. [14] —[16] and [22]) if for any e > 0 there exists an R =
R(€) such that from each point x € H, any geodesic segment v for which p(x, Y} = R is
visible at an angle less than e.

PropOSITION 5.2 (cf. [14], Theorems 4.2 and 5.1). A compact two-dimensional mani-
fold M of genus greater than 1 satisfies the axiom of uniform visibility.

PRrorosITION 5.3 (cf. [14], Propositions 1.13 and 1.7). If the compact manifold M
satisfies the axiom of uniform visibility, then the following assertions hold:

1. One can introduce a topology on the absolute H(=°) and construct a homeomorphic
map of the closed unit ball in R™ onto the set H U H(=), which associates the interior of
the ball with the set H and the sphere S™ ~! with the absolute H().

2. For any two geodesics v,(t) and 7,(t) there exists a geodesic ¥(t) such that ¥(+ <)
=7,(+ o) and y(= ) = 72(_ o),

3. If p, q € H(*) and U and V are open neighborhoods of p and q respectively (cf.
assertion 1), then there exists an isometry ¢ of the space H such that (U) C V.

From the results of [14] (cf. Lemma 1.6) there also follows

PROPOSITION 54. If the manifold M satisfies the axiom of uniform visibility, then it
also satisfies the axiom of asymptoticity.

THEOREM 5.2 (cf. [14], Theorem 3.7). If-the compact manifold M satisfies the
axiom of uniform visibility, then the geodesic flow in SM is topologically transitive.

§6. Invariant foliations for a geodesic flow

6.1. THEOREM 6.1. If the smooth m-dimensional compact manifold M with Riemann-
ian metric of class C3 has no conjugate points and satisfies the axiom of asymptoticity, then
the distributions X~ and X' are integrable, and their maximal integral submanifolds form
continuous C-foliations W= and W* respectively of the manifold SH (for the definition
of continuous foliation cf. [1], §4).

PRoOOF. We shall only prove the integrability of the distribution X~ (v), since for
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X*(v) the argument is analogous. We consider the sphere S™~(x, £),x €H, t > 0. Let
yES™ Ux, ),wE TyS"'“l(x, 1), wll = 1, and let ,(s), - € < s < ¢, be a geodesic seg-
ment on the sphere such that §,(0) = y and 8,(0) = w. We consider the variation

re (u) S) = Yét(s)x (u)’ Yét(s)x (O) = 61 (S).
By virtue of Proposition 4.1(1) the vector field

Yo (u) = -j— re (1, ) = (6.1)

is a Jacobi field along the geodesic Ty (1) satisfying

Y (0)=w, Yt =0. (6.2)

By virtue of Proposition 4.4(4)
Vi), Vor (> =0, 0<ut (6.3)

Let n,(s) be a vector at the point 8,(s), normal to ™~ !(x, 7). Since (St(s), n(s) = 0 for
any s € [~ e, €], one has

(B (5), 1t (5)> = — <8 (6), e (5)), —e<s <8 (6.4)

Since the parameter u is the length of the geodesic segment, one has

0
e r:(u, s) |u=o = Yo(s)x (0) = ne (s)-
u

From what was said above and Lemma 8.7 of [6] it follows that

ro) =2 9 | -9 9 =9
Y0 = du Js re(t, s) ‘ZZ?)' T 0s du re(t ) \?:oo' Os ") L=o.

Hence the curvature K(¢, w) of the curve 8 (s) for s = 0 admits the estimate
LKt ©) ] =< 8 (5), e (6) > oy | <[ @Y Q) = YO |-

Since by virtue of (6.2) and (6.3) the field Y,(u) satisfies the hypotheses of Proposition 4.9,
from this and (4.7) follows

| K (¢, w)| < acoth (at). (6.5

Let v € SH, n(v) = x. We fix € > 0 and we consider the geodesic area element ortho-
gonal to the vector v (i.e. the set of geodesic segments of length 2e whose initial vector is
orthogonal to v), which we shall denote by II(v, €) (this is a submanifold of H of class C?2).
In a neighborhood of x (for sufficiently small €) the set expy !(S™ ~!(v,(?), 1)) can be
represented as the graph of a function ¢ (), u € expy 1(Il(, €)), of class C2, where ¢,(0)
= 0 and dy0)/du = 0 (of course p,(x) depends on x and v, but we shall not indicate this
dependence explicitly in the notation). We identify 7, H with R” and expy ! (Il(v, €)) with
a neighborhood of zero in R?~1, We denote by &;;(») the components of the Riemannian
metric in T\, M, y € M, and let g (y) = (expy 1)"'g,-]{y). For sufficiently small ¢ (by the
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compactness of M, e can be chosen independently of x) by virtue of the properties of the
map exp, (cf. [4], §2) we have fory €B(x, €),y =y, - - ., Ym)»

—lgn(y)l lg i< 2)gy @)
! gu(y)l aykgif(y)|<2l%gi;(y)|-

Hence and from (6.5) follows the boundedness of the curvature of the surface which is the
graph of the function ¢(u), u €-exp ! (TI(v, €)) (uniformly for > 1 and v € SH). Hence
there exists a constant C > 0, independent of x and v, such that for ¢t > 1 and u €

exp; 1(Tl(v, €)) we have

ﬂ = (p:(u)) <Ca. (6.6)

Hence the family of functions {y,(«)} is relatively compact in the C!-topology. Let ¢ be
the limit function of this family.

LemMa 61. 1. g €C1.

2. If y € Graph(y), then a geodesic passing through the point exp,, y, orthogonal to
the submanifold W(x) = exp, Graph(y), is asymptotic to the geodesic 'yv(t)

3. If 6 ,(5), = s < ¢, is a geodesic segment on the submamfold W(x) where § (0)
= x, and Z(s) is an assignment along this segment of vectors normal to W(x), then a varia-
tion of the form (4.3) defines by (4.4) a Jacobi field Y(t) = Y,(t), where £ € X~ (v) and
dnt = §,0).

PRrOOF. Assertion 1 follows from the construction of the function ¢.

2. The function g is the limit in the C'!-topology of the functions Pr > where t,, is
some sequence of numbers, ¢, — o. If y € Graph(y), then there exists a sequence of
points y,, — y, where y,, € Graph(y). We set z,, = exp, », and z = exp, . Since the
geodesic ¥, = 7, . (s, is orthogonal to the sphere S™ =1y (tp), t,) at the point z,, the
sequence of geodesics 7, converges to a geodesic orthogonal to the submanifold W(x) at
z. Since M satisfies the axiom of asymptoticity, this geodesic is asymptotic to 7v,(¢).

3. We choose an arbitrary vector w € T, M, orthogonal to v, and let §,(s), — e <s
< ¢, be a geodesic segment on the sphere S ~1(y,(¥), ¢) such that §,(0) = x and 5,(0) =w
Taking an orthonormal system of parallel vector fields along the geodesic v,(7), we write the
Jacobi field (6.1) in the form Y (u) = D (u)w, where D(u) is a solution of the matrix equa-
tion (4.5) with boundary conditions D,(0) = I and D,(¢) = 0. On the basis of Proposition
4.6 the limit

limY; () = lim Dy, (u)w = Dy (W) w =Y ()
ty—0 tp—0 :

exists. The lemma is proved.

We consider a point y € W(x) and denote by (¥, ¢) a geodesic passing through y
and orthogonal to W(z), where we assume that y(y, 0) = y. By virtue of Proposition 5.1
and Lemma 6.1(2) the geodesics y(y,, f) and y(y,, ¢) do not intersect if y;, #* y,. Hence
the set
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U= U U v
yeWx) —e<i<e

is an open neighborhood of x. To each point z &€ U(x) we assign the vector w(z) which is
the unit tangent vector to the geodesic y(y, t), passing through z. Let {Z(u) be any other
limit function of the family {¢,(u)}, and let W(x) = exp,. Graph(p). According to Lemma
6.1, x € W(x), and if z € W(x), then a geodesic y passing through z and orthogonal to the
submanifold W(x) is asymptotic to v,(f). Hence y = y(y, ), where y is the point of inter-
section of v and W(x) Hence W(x) is orthogonal to the field w(z). Introducmg any local
coordinates in a neighborhood of x, considering the intersections of W(x) and u{x) with all
possible planes passing through v, and using the classical uniqueness theorem in the theory
of differential equations, we conclude that ¢(u) = o(u), u € expy 1(1I(v, €)). In particular,
Y, > as t —> oo,

We denote by & ~(v) an assignment to the submanifold W(x) of orthonormal vectors
directed to the same side as the vector v. It follows from Lemma 6.1 that G- (v) is an
(m — 1)-dimensional submanifold of SH of class C!, which has the following characteristic

property:

there exists a neighborhood U(v) such that if w € g ~(v) Y U(v),
then the geodesic v ,,(t) is orthogonal to the submanifold m(G ~(v)) (6.7)
and is asymptotic to the geodesic ,(f).

It also follows from Lemma 6.1(3) that

ve & @), T,,é" (V) =X~ (V). 6.8)

LeEMMA 6.2. The submanifold G ~(v) depends continuously in the C'-topology on
v ESH.

ProoF. Letuv,,v€SH, v, —>vasn—> o Wesety,(1) =7, (0, x, =1(,), x
= n(v) and y(r) = v,(f), and we consider the sphere S™ ~1(x,, 7). By virtue of (6.6), for
sufficiently small € > 0 and ¢ > 1 the surface W, , = exp; (™ ~'(x,, £)) can be repre-
sented as the graph of some functlon of class C2, denoted by Y(n, t, u), u € exp;, 1(H(v,,, €)),
and the surface W, = €Xpy,, Lm( 6 ~(v,))) as the graph of some function of class C 1 de-
noted by Y(n, u), u € expy;] 1(H(v €)), where Y(n, t) = Y(n) as t — + oo in the Cl
topology for any n > 0. It follows that for sufficiently small € > O the surfaces W, , and
W, can be represented as the graphs of functions denoted by y(n, ¢, u) and respectlvely
Y(n, u), where u € expy '(Tl(v, €)). Moreover, the family of functions {{(n, ?), Y¥(n)} is
compact in the C!-topology. Let ¥ be the limit function of the family of functions
{¢(n)}. We choose sequences of numbers 7, —> oo and ¢, — o such that E(nk, te) — .
We set

= {exps (4, § () : u = exp! (T (v, €))}.

Let y € W. We choose a sequence of points Yi € Wnk 15 such that y, — y as k — o,

By virtue of the axiom of asymptoticity the geodesics 7 x> joining the points y, and 1, k(tk)
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converge to some geodesic ¥ asymptotic to y. Moreover, v is orthogonal to the submani-
fold W (because the geodesics ¥, are orthogonal to W, ot k). Hence and from property
(6.7) follows the required assertion. The lemma is proved.

An immediate consequence of property (6.7) is

LEMMA 63. Forany vESH and w € G ~(v)
& N UwECE& @.

This lemma allows one to “paste together” the submanifolds & ~(v) passing through
different line elements v € SH. Namely, we shall call line elements v and w equivalent (cf.
[2], §2), if one can find line elements v; = v, v,, .. ., v, =W such that y; € % R CR
i=2,...,p. From Lemmas 6.2, 6.3 and condition (6.8) it follows that the set of equiva-
lence classes forms the required continuous C!-foliation. Theorem 6.1 is proved.

Let v € SH. We denote by &~ (v) (& *(v)) the leaf of the foliation &~ (& ™) con-
taining the line element v.

DEFINITION 6.1. The leaf ©~(v) (respectively & (v)) is called the stable (respec-
tively unstable) horosphere passing through the line element v.

Some properties of horospheres are established in the following assertions.

ProPOSITION 6.1. 1. G~ (—v) = GT(), and GT(—v)= & (v).

2. If 9 € (M), then dp G~ (v) = G ~(dyv) and dp St (v) = G (dyv).

3. There exists a 8§ > 0 such that, for any v € SH,

a) ifw€& 67(v) N B(v, 6), then the geodesic v, (1) is orthogonal to the submanifold
(G ~(v) N B(v, 8)) and is asymptotic to the geodesic v, (t);

b) if wE G *T() N B(v, 8), then v,,(¢) is orthogonal to n(S *(v) N B(v, 8)) and is
asymptotic to v_,(f).

PRrRoOF. Assertion 1 follows from Proposition 4.7; assertion 2 from Proposition 4.10
and the construction of the leaf &~(v); assertion 3 from assertion 1, property (6.7) and
the continuity of the foliations G ~ and G*.

ProOPOSITION 62. 1. © ~(v) is a connected (m — 1)-dimensional closed submanifold
of SH.
2. Forany t €R, t # 0, we have f'(6 ~(0)) N 6~ (v) = &.

Proovr. It is obvious that the set G ~(v) is connected.

LEMMA 64. For any y € m(G ~(v)) there exist sequences of numbers t, —> + o0
and points y,, such that y, — y and y, € S™ (v, (t,), 1,,).

Proor. The set of points satisfying the assertion of the lemma is nonempty (it con-
tains the point m(v)) and closed in #( & ~(v)) (this is easily proved by a diagonal process).
We shall show that this set is open. In fact, arguing just as in the proof of Lemma 6.2, we
get that if y, — y, then the family of submanifolds

{7 (¥a(ta), ta) 1B (n(0), &) }
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is compact in the C !-topology for some € > 0. If W is the limit submanifold then by virtue
of the axiom of asymptoticity any geodesic orthogonal to W is asymptotic to v,(f). Hence
it follows from (6.7) that W C #(G ~(v)). Now the lemma follows from the connectedness
of (G ~(v)).

Let y, z € 7(G ~(v)) and ¢, — o°. On the basis of Lemma 6.4 there exists a se-
quence z,, — z such that z, € S™~1(y,(z,), t,). We consider a vector w,, orthogonal to
S™M=1(y,(t,), t,) at the point z, = m(w,) and directed to the center, and a vector w €
© ~(v), m(w) = z. We have w, — w. Hence p,, = n(f*(w,,)) — n(f’(w)) = p and p,, €
S"=Y(y,(¢, + D, t,). We consider the sphere S™ ~(y,(t, + ©), t, + ). Each point of
such a sphere is distant by ¢ from the sphere §™ ~!(v,(z, + 1), ¢,). By virtue of Lemma
6.4 there exist y,, € S™~1(y,(t, + ©), t, + ?) such that y, — y. Hence from what was
said above it follows that p(y, p) = t. Since the points y and z were chosen arbitrarily,
assertion 2 follows from this. We shall prove assertion 1. If w € &~(v) N U(v) and
we G (v) (cf. (6.7)), then 7,,(?) intersects m(G ~(v)) at some point v,,(z,), where f70(w)
€ 6 ~(v), which contradicts assertion 2. The proposition is proved.

THEOREM 6.2. If the compact manifold M with Riemannian metric of class C3 has
no conjugate points and satisfies the axiom of asymptoticity, then the distributions X~ and
Xt are integrable and their integral submanifolds form continuous C!-foliations (denoted
as before by G~ and G1) of the manifold SM.

THEOREM 6.3. The foliations G~ and G * are invariant with respect to the geodesic
flow f? (considered in SM or SH).

PROOF. LetvESM(orvESH) and we G = FH(G —(v) N B(f*(v), 8) (cf. Proposi-
tion 6.1(3)). It is obvious that the geodesics 7, (s) and v,,(s) are asymptotic. From Proposi-
tions 4.11(4) and 4.7(2) it follows that 7,,(s) is orthogonal to w(@). Hence, by virtue of
Proposition 6.1(3), G =6 =(f*(v)) N B(f*(v), 8). One argues analogously for the folia-
tion ©*. The theorem is proved.

For v € SM (or v € SH) we denote by Z(v) the one-dimensional subspace of T, SM
(respectively T, SH) generated by the vector V(v) . Also let G0 denote the smooth folia-
tion of the manifold SM or SH formed by the trajectories of the geodesic flow.

THEOREM 64. If the manifold M has no conjugate points and satisfies the axiom of
asymptoticity, then the pair of foliations &~ and S is integrable in the sense of [1] (cf.
8§4), and leaves of the corresponding foliation (denoted by &~°) are integral submanifolds
of the distribution X~ ® Z. The foliation G~ is invariant with respect to the flow f?,
and its leaves have the following properties:

1.w € ©~°) if and only if the geodesics v,(t) and v,,(?) are asymptotic for t > 0.

2. d(G %)) = ©~%dyv) for any v € SH and ¢ € 1, (M).

The pair of foliations G and &° has analogous properties (the corresponding folia-
tion is denoted by G *9).

ProoF. For v € SM we set

G20 = U U F ).

weEG—(v) —coLi<®
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From Theorem 6.3 it follows that € ~°() = __ .,<.. G ~(f*(v)). Hence for sufficiently
small § > 0 the set € ~°(v) N B(v, 8) is a submanifold of SH of class C!, and T, 6 ~%(v) =
X~(v) ® Z(v). From Proposition 6.1(3) it follows that for any w € G ~°(v) the geodesics
7,(t) and 7v,,(r) are asymptotic for + > 0. Moreover, there exists a § > 0 such that, for any
v € SH and w € B(v, 8) such that y,(+ ) = v,,(+ =), we have w € G (). If vy, w E SH
and 7,(+ %) = 7,,(+ ), then we choose wy =v, w, ..., w, = w such that w; €
B(w;_,,8)and 7Wi(+ o) = 7Wi-1(+ =), i=1,...,p. It follows from what was said above
that w € G~%(v). Assertion 1 is proved. Assertion 2 follows from Proposition 6.1(2). The
theorem is proved.

DEFINITION 6.2. The leaf G~ () (tespectively &% O(v)) is called the stable (unstable)
leaf passing through the line element v.

§7. Some consequences

7.1. THEOREM 7.1. If the compact manifold M has no conjugate points and satisfies the
axiom of asymptoticity, then the distributions X~ and X+ (considered in SM or SH) are con-
tinuous.

The proof follows from Theorems 6.1 and 6.2,

It follows from the results of the preceding section and also Theorem 5.1 and Propositions
5.2 and 5.4 that horospheres and leaves can be constructed on any compact Riemannian mani-
fold satisfying one of the following conditions:

1. The manifold has no focal points.(?)

2. The manifold has no conjugate points and satisfies the axiom of visibility.

3. The manifold has no conjugate points and dim M = 2 (actually, if the genus of M is
2 or greater, then M satisfies the axiom of visibility; in the case of the torus any metric with-
out conjugate points, as is known [23], coincides with the standard metric).

7.2. Limit spheres. Let v € SH, x = n(v) and p = v,(+ *).

DEFINITION 7.1. The set L(x, p) = n(G —(v)) is called the limit sphere with center at the
point p, passing through the point x (we note that p € L(x, p)).

Immediately from the definition of limit sphere and Propositions 5.1, 6.1 and 6.2 we
get

THEOREM 7.2, Assume that the compact Riemannian manifold M has no conjugate
points and satisfies the axiom of asymptoticity.

1. The limit sphere L(x, p) is an (m — 1)-dimensional submanifold of H of class C* (m =
dim M). The set L(x, p) is closed in H.

2. For any x € H and p € H(=) there exists a unique limit sphere with center at p,
passing through x.

3. The leaf G (v) is the limit sphere L(x, p) (x = 7(v), p = 7,(+ ) equipped with
orthogonal unit vectors directed to the same side as the vector v. The leaf G (v) is the limit
sphere L(x, q) (@ = 7,(— *°) = 7_,(+ *)) fitted with orthogonal unit vectors directed to the
same side as — v.

(2) Added in proof. The existence and some properties (cf. our Proposition 7.3 and Theorem 7.5(c))

of limit spheres on manifolds without focal points are obtained in [24] from consideration of the Busemann
function.



GEODESIC FLOWS ON CLOSED RIEMANNIAN MANIFOLDS 1217

4. For any v, w € SH such that v,(t =) = y,(— =), the geodesic v, () inter-
sects the limit sphere L(n(v), 7,(+ «)) ina unique point.

5. If v € my(M), then f(L(x, p)) = L(Ax), ¥p)).

We consider the limit sphere L(x, p), x € H, p € H(«). For y € L(x, p) we denote by
¥(y, ?) the geodesic passing through y orthogonal to L(x, p) and parametrized so that y(y, 0)
=0and y(y, + ) = p.

ProrosiTION 7.1. Let x, y € H and p € H(>), and let the number t, be such that
v(x, ty) € L(y, p). Then

p(L(x, p), Ly, p))=p(x, v(x, &) =|4].

The proof follows directly from Definition 7.1 and Theorem 6.4.
For x € H and p € H() we set

- — b, B, p= U UV
B~ (x, p) yegm) Uy ( et
The set B~ (x, p) is called the interior of the limit sphere or the (open) limit ball with
center at p, passing through x. The set B*(x, p) is called the exterior of the limit sphere.
From Theorem 7.2 follows

PROPOSITION 7.2. 1. H=B~(x, p) U B*(x, p) U L(x, p).
2. The sets B—(x, p) and B*(x, p) are open and simply-connected.

7.3. Elements of uniqueness. On manifolds without focal points limit spheres have
certain additional properties which we shall study here.

PROPOSITION 7.3. If the manifold M has no focal points, then a limit sphere is a
convex set.

PROOF. Since a limit sphere is locally a limit of spheres (cf. Lemma 6.1), the assertion
follows from Proposition 4.5.

We shall call a line element v € SH an element of nonuniqueness if there exists a vec-
tor w € SH such that

Yo (+ oo) = Yuw (+ °°), Yo (_' °°) = Yw (—-—oo) (7-1)

The other v € SH are called elements of uniqueness.
We denote by Pe—(v) the distance in the submanifold & ~(v) induced by the Rie-
mannian metric.

THEOREM 7.3. Assume that the manifold M has no focal points.

1. If v is an element of nonuniqueness, then there exists a vector w € SH, orthogonal
to v, and a geodesic segment 5(s), 0 < s < a, in SH such that §(0) = n(v), 5(0) = w, 8(s) €
L(n(v), v,(+ ) for any s € [0, a], and the union of the geodesics passing through points
of 8(s) orthogonal to L(n(v), v,(+ =) is the image under a global geodesic isometric imbed-
ding of the strip {(s, ) €ER?: 0<s5<q — o0 <t < o},
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2. If v is an element of uniqueness, then for any w € W~ (v) the function

, v
Y (t) = p@-(ft(g)) (f (U), f’ (w))
is monotone increasing, and tends to + o« ags t —> — oo,

Proor. 1. We consider the set

= U U ¥z (9),
- 2eESH, z,u=0
which is an (m — 1)-dimensional submanifold of H of class C?, dividing H into two parts
(actually, exp 2v)H(v) = R™~1), Since a limit sphere is a convex set (cf. Proposition 7.3),
it is situated on one side of the submanifold II(v), namely, the one to which the vector v is
directed.

LeMMA 7.1. If v is an element of nonuniqueness, then there exists a point y €
L(n(v), 7,(+ =), y # 7(v) = x, such that the geodesic segment & xy in H joining x and y
lies on L(n(v), v,(+ =)).

PRrOOF. We choose a vector w € SH such that (7.1) holds. Let y be the point of
intersection of v,,(#) and L(m(v), 7,(+ *)). Without loss of generality one can assume that
y = m(w). It suffices to show that B=(x, v,(~ =) = B~(y, 7,,(— =)). Let, for example
(cf. Proposition 7.2), B~ (x, v,(— =) C B~(y, 7,,(~ *)) (strict inclusion) and y &

B=(x, 7,(~ =)). Then B~(y, 7,(~ <) N B*(x, 7,,(+ ) # &. But this is impossible,
because by virtue of the choice of y and (7.1), B~(y, 7,(— =) = B~(x, 7,,(~ ), and, by
virtue of Theorem 7.2, B~(x, v,,(= «)) N B*(x, 7,,(+ *)) = @. Thus, y € II(v). Hence
it follows from Proposition 7.3 that &, , € L(m(v), 7,(+ =)). The lemma is proved.

We now draw through the points of the geodesic segment &, geodesics orthogonal
to L(m(v), v,(+ =)). It follows from Definition 7.1 that these geodesics are asymptotic.
We denote the two-dimensional manifold so obtained by P. Since the element f’(v) is an
element of nonuniqueness, repeating the preceding argument we get that the curve n(f 1‘(ny))
(Z, is the curve §,,, fitted with unit vectors orthogonal to L(m(v), 7,(+ o0))) is a geodesic
in H and lies in P. Hence from the elementary geometry of geodesic quadrangles it follows
that the curvature at any point z € P in the two-dimensional direction T, P is equal to zero.
Since M has no focal points, by virtue of Proposition 3.17 in [17} any Jacobi field generated
by the above construction is parallel. It follows that the geodesics v(z,;, 1) and ¥(z,, ),
where z,, z, € 8,,,, are asymptotes, i.e. p(¥(z;, 1), ¥(zy, ) = p(¥(24, *), Y(z,, 1)) = const.
for any ¢ € R. Hence the imbedding x: R x [0, a] (4 is the length of §,,), x(¢, u) =
Yz, 1), z = 8,,(u), is the one desired (cf. [22]}, §5).

2. The proof of monotonicity of the function Y(¢) is analogous to the proof of
Theorem 5.1. We fix ¢ > 0 and we consider the family of limit spheres

{L(vo(s—1), o (+00)), 0<<s <<t}

We choose a geodesic segment & (u) € L(y,(- 1), 1,(+ =), 0 <u <a, §(0) =
7(f ~*(v)), (@) = n(f "*(w)). Equipping it with unit vectors orthogonal to the limit sphere,
we get a curve Z,(u) in SH. We consider the variation n(u, 5) = exp(sZ,(u)), 0 <s <¢,
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0 <u <a The points of intersection of y*(s) = r(u, 5) with L(y,(s — ), 7,(+ *)) form a
smooth curve §(u), 8 (0) = v,(s — 1), 8(a) = v, (s = £). We denote by /(s) the length of
this curve. To prove the assertion it suffices to show that y(s — 1) < Y(— ) for any 5, 0 <
s < t. For this, we shall show that /(s) < (¢) for any s € {0, ¢]. We consider the Jacobi
field Y, (s) along the geodesic ¥*(s), generated by the variation r (u, s) (cf. (4.4)). Since M
has no focal points, it follows from the properties of limit spheres (cf. Theorem 6.1 and
Lemma 6.1(3)) and Proposition 4.8 that Y, (s) satisfies (5.2). Hence, by virtue of (5.3),
I(s)) <I(s5) if 0 <s5; <5, <t It follows that Y(s — ) <I(s) <I() < Y(- ).

Now we shall show that (¢} — oo as ¢t — — oo, If the functions {(?) were bounded
as t — — oo, then from the definition of limit sphere it would follow that o(y, (- ¢), v,,(— £))
< ¥(f) < const. for any ¢ > 0, so that v (¢) and v, (f) would be asymptotic for t < 0. But
this contradicts the fact that the line element v is an element of uniqueness. The theorem
is proved.

7.4. Strengthened axiom of uniform visibility.

DEFINITION 7.2 (cf. [14] —[16] or [22], Axiom 2). A manifold M without conjugate
points satisfies the strengthened axiom of uniform visibility if it satisfies the axiom of uni-
form visibility and for any two geodesics y,(¢) and -y, (?) one can find a unique geodesic
¥() such that y(— ) = v,(~ ) and y(+ ) = 7,(+ ) (cf. Proposition 5.3(2)), or in
other words, if any two points on the absolute can be joined by a unique geodesic; equiva-
lent definition: any element v € SH is an element of uniqueness.

It follows from Theorem 7.3 that if the manifold M has no focal points and satisfies
the strengthened axiom of uniform visibility, then the foliation & — is expanding as t —

— oo (i.e. for any v € SH and w € G~ (v) we have Y(#) — oo as t — — oo; cf. Theorem 7.3).

THEOREM 74. If the compact two-dimensional manifold M has no focal points and
satisfies the strengthened axiom of uniform visibility, then the foliation & ~ is contracting
ast— + oo,

PROOF. We must show that for any v € SH and w € & ~(v) the function y(£) — 0
as t — + oo, From the hypotheses of the theorem, Proposition 7.3 and Theorem 7.3(2) it
follows that the limit sphere L(m(v), p), p = 7,(+ =), is strictly convex, and the function
Y(t) is monotone decreasing.

Let t, — + o, v, = f(v), w, = f"(w), x,, = m(v,) and y, = n(w,,). We choose
a sequence of isometries ¢, such that the sequence of points {¢,(x,)} lies in a compact
domain in H. Since the geodesics v,(7) and v,,(f) are asymptotic, p(x,, y,) < const. for
any n > 0, so that the sequence of points {¢,(y,)} is situated in a compact domain of H.
Hence, without loss of generality, one can assume that ¢, (x,,) — 7, ¢, (¥,) — s, dv,v,
— U, dp,w, — w and ¢,(p) — q. Since ¢,(v,) € v,(L(x,, P)) = L(pn(x,,), 0n(P))
(cf. Theorem 7.2(5)), one has s € L(7, q).

Let us assume that Y(z,,) = a > 0. Then p(x,,, ¥,,) = b > 0, and hence

0(Pn (%), @n(yn)) =b.

Thus p(7, s) > b. On the other hand, it follows from the axiom of visibility that %, (x,, v,,)
= 0 (cf. [14], Lemma 1.6; %,(b, c) denotes the angle under which the geodesic segment
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bc is visible from the point ). Hence from the formula for the sum of the angles of a
geodesic triangle with vertices at the points x,,, y,, and p (cf. [4], §3.6, formula (21)) it
follows that %, (x,, p) + %y On, P) — m as n —> . Thus, one can assume that

n

Lonwn) (@n (X0), u(p))>a= 5

which means %(r, g) > n/2. But this contradicts the strict convexity of the limit sphere
L(s, q) and the condition r € L(s, q), r # 5. The theorem is proved.

In conclusion, we mention two criteria for a manifold without focal points to satisfy
the strengthened axiom of uniform visibility. For manifolds of nonpositive curvature these
results were obtained in [22] (cf. §5).

THEOREM 7.5. Assume that the compact Riemannian manifold M has no focal points.
Then the following assertions are equivalent.

1. M does not satisfy the strengthened axiom of uniform visibility.

2. There exists a global geodesic isometric imbedding of the strip {(x, y): 0 <x <
¢, — o <y <} in H for some ¢ > 0 (cf. Proposition 5.2(1)).

3. There exists a global geodesic isometric imbedding of the rectangle {(x, y): 0 <
x<¢, 0<y<T} forsomec>0and any T > 0.

ProoOF. The equivalence of assertions 1 and 2 follows from assertion 1 of Theorem
7.3 and Definition 7.2. The proof of the equivalence of assertions 2 and 3 is a simple modi-
fication of the proof of Lemma 4.2 in [14].

7.5. The topology of the absolute. The results presented in this section are generali-
zations to the case of manifolds satisfying the axiom of asymptoticity of results obtained
in {22] (cf. §2) for Hadamard manifolds and in [14] (cf. also Proposition 5.3(1)) for mani-
folds satisfying the axiom of visibility.

Let x € H, v € SH and n(v) = x. We shall call the set C(v, €) = {p € H U H(>):
%, (v,(+ =), p) <€} the cone in H U H() with vertex at x, axis v and angle €; and we
shall call the set T(v, €, r) = C(v, e\ {y €EH: p(x, ¥) <r} the truncated cone in HU H()
with vertex at x, axis v, angle € and radius r.

THEOREM 7.6. Assume that the compact manifold M satisfies the axiom of asympto-
ticity. Then on H U H(=°) one can introduce a topology k satisfying the following condi-
tions:

1. The restriction of k to H coincides with the topology in H induced by the Riemann-
ian metric.

2. H is an open everywhere dense subset of H \U H(=); the sets H(*°) and H \J H()
are compact.

3. For any p € H(=0) the collection of cones containing p is a local basis for the
topology k at p.

4, For any p € H(°) and x € H the collection of truncated cones containing p with
vertex at x is a local basis for the topology k at p.

ProOOF. We fix a point x € H and we consider the map ¢, : B — H U H(>) (B is
the open unit ball in T, M) defined by
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exps (1 —|o, ), y= B,
Yo, (4 o), Yy = 0B,

where v,, is a vector in T, M with initial point at zero and end at y. By virtue of Proposition
4.4 the map ¢, |B is a homeomorphism and ¢, 0B is bijective. It follows from Proposition
5.1 that ¢, |8B is a map onto the absolute H(e). The topology of the closed ball B induces,
with the help of the map ¢, a topology on H U H(e°). We shall show that this topology is
independent of the choice of x. Let y € H. It suffices to show that for any closed set 4

C H U H(=) the set D = (p;l(A) is also closed. This follows immediately from the foliowing
lemma.

Px(y) = {

LEMMA 7.2. Letx,y € H, p, p,, € H U H(>) and ¢; '(p,) — ¢; ' (p). Then ¢y;1(p)
— ;1 (p).

Proor. If p € H (so that p,, € H for all sufficiently large n), then the assertion is
obvious. Let p € H(e). We consider the following two cases:

1. p, € H. We consider the geodesics v, = Yxpp and ¢, = Oypps and also geodesics
v and ¢ such that y(0) = x, y(+ *) = p, ¢(0) = y and o(+ ) = p (cf. Proposition 5.1).
We set v, = 7,(0), w, = 6,(0), v = %0) and w = 6(0). Since ¢7!(p,) — ¢ !(p), one
has v, — v, and hence, by virtue of the axiom of asymptoticity, w,, — w.

2. p, € H(=). By virtue of Proposition 5.1, there exist geodesics v,,, 0,,, ¥ and o
such that v,,(0).= y(0) = X, 0,(0) = 0(0) = », 'y,,(-i.— ®) = g,(+ ) =p, and y(+ =) =
o(+ =) = p. We set v, = v,(0), w,, = 7,(0), v = v(0) and w = 6(0). We have w, €
& ~%uv,). Since v, —> v, by virtue of the continuity of the foliations &~ (cf. Theorem
6.4) any limit point w of the sequence w,, lies in G ~%(v). Hence p = y,(+ =) = vy (+ ),
whence it follows that w = w (cf. Proposition 5.1) and w,, —> w. The lemma is proved.

Assertions 1—4 follow immediately from our method of introducing the topology on
the set HU H(e°). The theorem is proved.

ProvposiTION 74. Let v,, v € SH, v, — v and p = v,(+ ). For any truncated
cone T(v, €, r) with vertex at the point x = n(v) and axis v, there exist N> 0and T >0
such that for any n > N and t > T the point 7un(t) lies in T(v, €, r).

PrROOF. Let us assume the contrary. Then for some € > 0 and r > 0 there exists a
sequence of numbers 7, — o such that v, (¢,) does not lie in T(v, €, r). We consider the
sequence of geodesics g,, joining the points x and 'yvn(t,,), and let o be a limit geodesic
(which exists, since the sequence of vectors w,, = ¢,(0) is compact). By virtue of the axiom
of asymptoticity (applied in relation to x, x,, = x, w,, = 0,(0) and w = 0(0)) we get that
the geodesics ¢ and 7y are asymptotic, so that w = v and w,, — v. Hence for sufficiently
large n and ¢ we get that ¢ 1(0,(£)) C ¢ '(T(v, € r)). But this is impossible, since Yo, (tn)
& T(v, €, r). This contradiction proves the required assertion.

Directly from the results obtained we get

CoROLLARY 7.1. Ifv,, v &€ SH and v, — v, then 7vn(+ 00) > 7, (+ ) as n —> oo,

COROLLARY 72. Letx€H, x,, v, y EHUH(>®), x, > x,y, ¥y, v, =
'i'x,,yn ) and v = 'ixy(o). Then v, — v as n — o,
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COROLLARY 7.3. The function y,: SH — H U H() defined by Y, (v) = v,(?) is
continuous for 0 <t < oo,

COROLLARY 74. The function ¢: H U H() — SH defined by ¢(x, y) = &xy(O) is
continuous.

CoROLLARY 7.5. For any x € H and any geodesic v, im,_, ¢ L(y(2)) exists and is
equal to o7 1 (v(+ *)).

PART 1II. METRIC PROPERTIES OF GEODESIC FLOWS

§8. The condition of negativity of the characteristic exponents
for a geodesic flow

It is well known (cf. [1] and [2]) that the geodesic flow f* has a smooth measure,
which we shall denote by u. Let v € SM. We consider some orthonormal system of parallel
vector fields along 7,(7), and a vector w orthogonal to v. We set

w(t) =D~ w(|D~ (O w])™,
Kv,w (t) = <R'i?v(t)w(t)¢” (Z)’ w (t)>9

where D™ (¢) is the solution of (4.5) constructed in Proposition 4.6. We consider the set

A= [v e SM: for any w e SM, orthogonal to p,

llm—SK,,w(s)ds< 0}

The set A is measurable and invariant with respect to the flow f?. Let x* be the character-
istic exponent of the dynamical system f* (cf. §1.1).

THEOREM 8.1 (cf. [11], Theorem 10.5). Assume that the Riemannian manifold M
has no focal points. Then x* (v, §) <0 (x*(v, §) > 0) if vE Aand £ € X~ () (¢ € X*(v)).

In the two-dimensional case this theorem admits a converse.

THEOREM 8.2. Assume that the Riemannian manifold M has no conjugate points and
dim M = 2. Let v € SM be such that x* (v, £) < 0 for some (and consequently any) ¢ €
X~(). Thenv€A.

PRrROOF. To prove the theorem we shall need

LEMMA 81, Let y: Rt — R be a continuous function, where

t
Sup | ()| = < oo and ﬁﬁ-}jw(s)ds=b<o.
Then ¢

¢
—_L%%f 2(s)ds = ¢ >0,
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PrROOF OF THE LEMMA. We choose a number € € (0, min(e/2, — 5/4)) and consider
the set X = {s € [0, ¢]: |¥(s)| = €¢}. There exists a T > 0 such that for any t > T

t
b 1 1
— <1 {vera= 7“(—¢<s»ds +- (—«p(s))ds}
0 X [oNX
1 1
< Tames (X)+ i (t — mes (X)).
(Here mes denotes Lebesgue measure on the line.) Hence
b Na—eu>—2.
mes(X)>( 5 8)(0 )"t > %
Thus
— ds > —e?*—.
c> th% , PA(s)ds> —e o
The lemma is proved.
We proceed to the proof of the theorem. We fix a vector w, |[w|l = 1, orthogonal to
v, and we choose a vector £ € X~ (v), ll§]l = 1, for which dn§ = w. By means of the usual
substitution the scalar Jacobi equation reduces to the scalar Ricatti equation (cf. [11], §10.5):

2(t) + 22 () + Kow () =0, @.1)

while according to Proposition 4.7(4)
suplz ()| <a<< oo,
20 .

and by the hypotheses of the theorem and (4.6)
1 Y 1 1
fim = S 2(9)ds =[im - In|Y3 (O] = Tim - Indn o df|

=,]E3 % In|dfE] = X* (0, &) <O.

Hence, integrating (8.1) on the segment [0, ¢] and using Lemma 8.1, we get that
t

t
4 =—Tim L2
; SKv,w(s)ds__ }g ; Sz (s)ds<C 0.

0 0

li
{00
The theorem is proved.

COROLLARY 8.1. If the compact Riemannian manifold M has no focal points and
u(A) > 0, then u(A) > 0, where A is the set defined in §1.1.

§9. Ergodic properties of geodesic flows on manifolds
without focal points

9.1. THEOREM 9.1. Let M be a compact Riemannian manifold without focal points
satisfying the axiom of uniform visibility. Then either uy(A) = 0, or u(A) = 1. In the latter
case the geodesic flow is isomorphic to a Bernoulli flow (the set A is defined in §1.1).
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PRrRoOOF. Let us assume that u(A) > 0. We consider the local stable and unstable
manifolds ¥~ (v) and V*(v), v € A. We denote by k: H — M the covering map. In what
follows, a small circle over the notation for vectors, sets, etc. indicgltes that tlgey are con-
sid%red in the Riemannian universal covering H or in SH. Thus k(v) = v, k(V~()) = V—(v),
k(A)=A

LEMMA 9.1. V-(0) C 6 (), ¥ *(t) C 6 *() forayv €X.
PROOF. Letw € I;_(lj). By virtue of (1.1)
b(f @), n(F@) >0 as t—oo. ©.1)

Hence, in particular, 1S (+ o) =7, (+ °°) Let us assume that w ¢ & _(8) We consider

the hmlt sphere L(7r(v) Y5 (+ ). Let z be the point of intersection of y,2(¢) and
L(7r(v), v3(+ =3). Then by virtue of Proposition 7.1

B (m (' ) m (F @) + P (2 = @) >0,
which contradicts (9.1). The lemma is proved.

LEMMA 92. For any 8 > 0 and a > 0 one can find a number T(8, o) such that for
any v € A' _1sand wl, w2 ev- (v) such that pé_(v)(wl, w2) =aq,and any t >
T(8, ), one has the inequality

B s, (FF (@D, [ (03)) >0,

o
Proor. If this is not so, then there exist § > 0, @ > 0 and sequences Bn € X£n—1,s,
o
‘Z’l" Mﬁ;g € V_(Sn) and kn —> oo such that /;é "(5n)\(“‘;rll’ M?g) =« and

Be-gtn@y (™ @), " @l) < . 9.2)

Since the set -N/{’ _1,s 18 compact (cf. Proposition 1.2), passing to a subsequence we get that
v, —VE A' ~Ls We choose a sequence of isometries ¢, € 7,(M) of the space H such
that d¢nu — . Agam passing to a subsequence we can assume by virtue of Proposition
6.1(2) that dcp,,w1 — wl and dgp"w2 — w2, where wl, w2 ev- (v) and P & (v)(wl, Wz)
=qa. According to Theorem 7.3(1) the line element v is an element of umqueness More-
over, by virtue of Proposition 2.3.1 of [10], x+(w, E) < 0 for any w € V (v) and 2 €
T, oV~(v). Using Theorem 7.3(1) again, we conclude that any line element w € V'~ (v) is
an element of uniqueness. Hence and from Theorem 7.3(2) follows the existence of a num-
ber 7(8, a) > 0 such that for any ¢ = T(5, a)

Do o (F (), [ (@) > 28.

Rl
Hence for sufficiently large n

(77 @), T @) > 5o,

a_pwrmww»

Using the monotonicity of g &~ —1(S,, 't “’(»3’,'), f "(\;;')) on elements of uniqueness
{(cf. Theorem 7.3(2)), we get that for sufficiently large k,, = 715, &)
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~Rpn ,°p ~kp ©p 3
p@g_(f"kn(%n)) (f (wl)r f (w, )) >a > *2— 8.

But this contradicts (9.2). The lemma is pfoved.
From Lemma 9.2 immediately follows

LEmMMA 9.3. For any & > O there exists a measurable function T(v) such that for any
vE Aand t = T(v)

(V- ©) DB (@), 8).

Since for almost any v € AL, _1,s the semitrajectory {f*(v)}, ¢ > 0, lands in the set
le—l, s infinitely many times, from Lemma 9.3 and Theorem 1.3 we get

LemMmA 94. &~ (v) = W (v) for almost all v € A.

We proceed to the proof of the theorem. Since the manifold M satisfies the axiom of
uniform visibility, by virtue of Theorem 5.2 the flow f? is topologically transitive. Thus
from Lemma 9.4 it follows that 17 satisfies the hypotheses of Theorem 9.5 in {11]. From
this theorem it follows that f ! is ergodic on A, We shall show that A = SM (mod 0).

Let v € 7(’ _1,s- We consider a ball $ on L), Y5(+ =) with center at 1r(v)

We identify H U H() w1th the closed unit ball in T, H We consxder the set A,(v) C

H, t > 0, bounded by Q, segments of the geodesics y53(s), 7(W) € BQ -we G -(@©), 0

< t and the domain Qt C L(y3(®), r3(+ =), whose boundary is the set {y,2(?), 1T(W) €
0 - w € 6 (v)} If Q is chosen sufﬁmently small so that Q C n(V‘(v)), then as fol-
lows from Theorem 7.3(2), any line element w -we b (v), for which n(w) € Q is an
element of unlqueness Hence any two geodesics Yw, () and 'yw2(t) in H diverge if 1r(w,)
EQand w €6 (v)z—l 2,

We cons1der the domain Q.. C H(e) whose boundary is the set {ys(+ =), 1r(w) €
BQ -we 6 (v)} We put

ét (5)= {Z;JE SH : ﬂ?((;))E Zt (;)), Y[Z (—|— OO)E Qoo}
We shall show that for almost all v € K

w (0) C A (mod 0).. ©.3)
We fix ¢ € [0, =] and put
Ge)=_U U F@ bo=yU &

—issst g weV+(—v) weECyv)

It ig easy to see that Bm(v) C D,»(v) for any vE A But, by virtue of Lemma 9 4, D (v)
C A (mod 0) for any ¢ > 0, and hence D (v) C A (mod 0). Hence B (v) c A(mod 0)

Let U c H and V C H(=°) be open balls. We consider the open set R = {w € SH:
1r(w) € U 7,3(+ ) € V}. It follows from Proposmon 5 3(3) that for any b € SH there
exists an isometry ¢ of the space H such that ¢(R) CcB (v) Hence on the basis of Lemma
9.5 and the inclusion (9.3) we have RcC A (mod 0). Thus we have proved that A = SM
(mod 0) and the geodesic flow in SM is ergodic. We shall show that it is isomorphic to a
Bernoulli flow.
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We note that from the condition u(A) > 0 and the Gauss-Bonnet formula (cf. [4],
§7.8) it follows that the manifold M is not homeomorphic to a two-dimensional torus.
Hence from a theorem of V. I. Amol'd (cf. [1], §23) it follows that the flow f* has no
continuous eigenfunctions.

LeMMA 9.5 (cf. [1], Lemma 20.2). If p is a measurable eigenfunction of the flow f?,
then there exists a continuous eigenfunction y such that ¢ = Y (mod 0).

ProoF. For some X and almost all v € SM we have o(f*(v)) = 2™ M y(v). Setting
to = 1/X, we get that ¢ is invariant mod O with respect to the diffeomorphism f*0. Since
A = SM (mod 0), for almost all v € SM and w € & ~(v) we have

Pe~(stoncey) " @), f*" (@) -0

as n — oo, Now it is easy to show by the method of Hopf (cf. [2], Theorem 4.4, and [11],
Theorem 6.1) that the function ¢ is constant mod O on stable horospheres; analogously one
can show that ¢ is constant mod O on unstable horospheres. The rest of the proof of the
lemma proceeds just as in the case of U-flows (cf. [1], §20, proof of Theorem 6).

Thus, we have proved that the flow f? has no eigenfunctions in SM. Hence the asser-
tion to be proved follows from Theorems 2.1 and 3.1,

In the two-dimensional case Theorem 9.1 can be strengthened.

THEOREM 9.2. If the compact two-dimensional manifold M of genus greater than 1
has no conjugate points, then either W(A) = 0, or u(A) = 1. In the latter case the geodesic
flow is isomorphic to a Bernoulli flow and A = SM (mod 0) (the set A is defined in §1.1).

Proor. Since dim M = 2, it follows from Theorems 8.1 and 8.2 that for v € A the
conditions ¢ € X~(v) and x* (v, £) < 0 are equivalent and A C A. By virtue of Theorem
1.1, the set A decomposes into a countable number of ergodic components of positive
measure. Since dim M = 2, Lemma 9.1 shows that the hypotheses of Theorem 9.5 of [11]
are satisfied, so that each ergodic component is mod 0 an open set, and G~ (v) = W~ (v) for
almost all v € A. Since the genus of M is at least 2, M satisfies the axiom of uniform visi-
bility (cf. Proposition 5.2), and consequently the flow f* is topologically transitive (cf.
Theorem 5.2). Hence f* is ergodic on A (cf. [11], §9).

We shall show that A = SM (mod 0). From what was said above and the results of
[1 1] (cf §87 and 9) 1t follows that, for almost all & € A almost all line elements w €
S (v) 11e in the set A (we are using the notation of the previous theorem). We fix a line
element v € A with the indicated property. Let Q_, be a segment on the absolute H(e0)
containing the point y2(— ). We join the ends of this segment with the point y3(+ )
by geodesics (cf. Proposition 5.3(2)). Let x and }? be the points of intersection of these
geodesics and the limit sphere L(Tr(lj), 72 (+ *9)). From what was said above it follows that
almost all line elements w such that —w € & —(3) and n(uc;) € [x° , ; ] lie in A. 1t remains
to repeat the concluding part of the proof of Theorem 9.1. The theorem is proved.

In [11] (cf. Theorem 10.6) it is proved that if M is a compact two-dimensional mani-
fold of genus greater than 1, then u(A) > 0. Hence from Theorem 9.2 and Corollary 8.1
follows
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THEOREM 9.3. (cf. [11], Theorem 10.7). If a compact two-dimensional manifold of
genus greater than 1 has no focal points, then the geodesic flow is isomorphic to a Bernoulli

flow.
From the formula for the entropy of a flow (cf. [11], §5) and Theorem 9.2 follows

THEOREM 94. If a geodesic flow on a compact two-dimensional manifold of genus
greater than 1 without conjugate points has positive entropy, then it is isomorphic to a
Bernoulli flow.

We note that a geodesic flow on a two-dimensional torus with Riemannian metric
without focal points has zero entropy (since this metric is equivalent to the standard one).
REMARK 9.1. The absence of focal points is used in the proof of Theorem 9.1 to as-
sure that from the condition v € A one can derive with the help of Theorem 7.3(1) that
y is an element of uniqueness, However, if a priori it is known that any element 0 € SH is
an element of uniqueness, the condition of absence of focal points can be discarded. Thus
we arrive at the following theorem.

THEOREM 9.5. If the manifold M is compact, has no conjugate points and satisfies
the strengthened axiom of uniform visibility, than either u(A) = 0, or u(A) = 1. In the
latter case the geodesic flow is isomorphic to a Bernoulli flow.

REMARK 9.2. Modifying the proof of Lemma 9.5 and using Theorem 1.2(5), it is
easy to prove the following assertion.

THEOREM 9.6. Let f': M — M be a flow of class C2, preserving a measure v equiv-
alent to the Riemannian volume. Assume that Ak s =M (mod 0) for some k and s (cf.
§1.3) and there exist continuous foliations W~ and W+ of M such that W‘lAk s = WA
and W Ag,s = WHIA ¢ (cf. §19). Then any measurable eigenfunction of the flow f*
mod 0 is continuous.

This theorem allows one to supplement Theorems 2.1 and 3.1 in the following way.

THEOREM 9.7. Under the hypotheses of Theorem 9.6 either the flow f* is isomorphic
to a Bernoulli flow, or it can be represented as the suspension of a diffeomorphism of a
compact manifold having almost everywhere nonzero Ljapunov characteristic exponents.

PRrROOF. If the flow f7 has continuous spectrum, then it is isomorphic to a Bernoulli
flow (cf. Theorem 3.1). If it has an eigenfunction, then it is mod 0 continuous (cf. Theo-
rem 9.6). Considering its level lines and arguing just as in the case of U-flows (cf. [1},
§20, the proof of Theorem 12), it is easy to show that these level lines are compact mani-
folds, and the succession diffeomorphism on each of these manifolds has almost everywhere
nonzero Ljapunov exponents. The theorem is proved.
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